Hawking-Unruh Radiation and Radiation of a Uniformly Accelerated Charge

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (February 3, 1998; updated March 4, 1998)

Abstract

Hawking-Unruh radiation is a measure of the quantum fluctuations in the radiation of accelerated charges. In the case of uniform acceleration, the existence of Unruh radiation adds confidence that radiation exists at all, and helps clarify aspects of the equivalence between radiation in uniform acceleration and in a uniform gravitational field.

1 Hawking-Unruh Radiation

According to Hawking [1], an observer outside a black hole experiences a bath of thermal radiation of temperature T = h̄g 2πck

, (1)

where g is the local acceleration due to gravity, c is the speed of light, h̄ is Planck’s constant and k is Boltzmann’s constant. In some manner, the background gravitational field interacts with the quantum fluctuations of the electromagnetic field with the result that energy can be transferred to the observer as if he(she) were in an oven filled with black-body radiation. Of course, the effect is strong only if the background field is strong.

An extreme example is that if the temperature is equivalent to 1 MeV or more, virtual electron-positron pairs emerge from the vacuum into real particles.

As remarked by Unruh [2], this phenomenon can be demonstrated in the laboratory according to the principle of equivalence: an accelerated observer in a gravity-free environment experiences the same physics (locally) as an observer at rest in a gravitational field. Therefore, an accelerated observer (in zero gravity) should find him(her)self in a thermal bath of radiation characterized by temperature T = h̄a^⋆ 2πck

, (2)

where a^⋆ is the acceleration as measured in the observer’s instantaneous rest frame.

This topic has been reviewed in the Journal in Ref. [3].

The Hawking-Unruh temperature finds application in accelerator physics as the reason that electrons in a storage ring do not reach 100% polarization despite emitting polarized synchrotron radiation [4]. Indeed, the various limiting features of performance of a storage ring that arise due to quantum fluctuations of the synchrotron radiation [5] can be understood quickly in terms of eq. (2) [6, 7].

Here we consider another aspect of the Hawking-Unruh effect. Suppose the observer is an electron accelerated by an electromagnetic field E. Then, scattering of the electron off photons in the apparent thermal bath would be interpreted by a laboratory observer as an

“extra” contribution to the radiation rate of the accelerated charge [8]. The power of the “extra” radiation, which I call “Unruh radiation”, is given by

dU_{Unruh} dt = (energy flux of thermal radiation) ×(scattering cross section). (3)

For the scattering cross section, we use the well-known result for Thomson scattering, σ_{Thomson} = 8πr^2_0/3, where r_0 = e^2/mc^2 is the classical electron radius and m is the mass of the electron. The energy density of thermal radiation is given by the usual expression of Planck: dU dν = 8π c^3 hν^3 e^{hν/kT} − 1

, (4)

where ν is the frequency. The flux of the isotropic radiation on the electron is just c times the energy density. Note that these relations hold in the instantaneous rest frame of the electron. Then dU_{Unruh} dtdν = 8π c^2 hν^3 e^{hν/kT} − 1 8π 3 r^2_0. (5)

On integrating over ν we find

dU_{Unruh} dt = 8π^3h̄r^2_0 45c^2 ( kT h̄ )_4 = h̄r^2_0a^{⋆4} 90πc^6

, (6)

using the Hawking-Unruh relation (2). The presence of h̄ in eq. (6) reminds us that Unruh radiation is a quantum effect.

This equals the classical Larmor radiation rate, dU/dt = 2e^2a^{⋆2}/3c^3, when

E^⋆ = √ 60π α E_{crit} ≈

E_{crit} α , (7)

where E_{crit} is the quantum electrodynamic critical field strength,

E_{crit} = m^2c^3 eh̄ = 1.6 × 10^{16} V/cm = 3.3 × 10^{13} Gauss, (8)

that was first noted in the context of Klein’s paradox [9, 10, 11]. In this case, the acceleration a^⋆ = eE^⋆/m is about 10^{31} Earth g’s.

The “Unruh radiation” deduced above is, however, not really a new type of radiation. Sciama [12] has emphasized how the apparent temperature of an accelerated observed should be interpreted in view of quantum fluctuations. Unruh radiation is a quantum correction to the classical radiation rate that grows large only in situations where quantum fluctuations in the radiation rate become very significant. This phenomenon should be contained in the standard theory of quantum electrodynamics, but a direct demonstration of this is not yet available.

2 Radiation During Uniformly Accelerated Motion

The existence of Unruh radiation provides an interesting comment on the “perpetual problem” of whether a uniformly accelerated charge emits electromagnetic radiation [13]. This famous problem arises in discussions of the radiation reaction that began with Lorentz [14], and Planck [15, 16]. The (nonrelativistic) equation of motion including the radiation reaction is (in Gaussian units) mv̇ = F_{ext} + F_{react}, (9) where F_{ext} is an external force on the electron due either to an electromagnetic or gravitational field, F_{react} =

2e^2 3c^3 v̈ + O(v/c) (10) is the radiation reaction force, v is the velocity of the electron and the dot indicates differentiation with respect to time.

The “perpetual problem” is whether a charge radiates if its acceleration is uniform, i.e., if v̈ = 0. In this case the radiation reaction force (10) vanishes and many people have argued that this means there is no radiation [17, 18, 19, 20].

An additional perspective on this problem comes with the use of covariant notation. The relativistic version of (9) in 4-vector notation is

mc^2 du^μ ds = F^μ_{ext} + F^μ_{react}, (11)

with external 4-force F^μ_{ext}, and radiation-reaction 4-force given by

F^μ_{react} =

2e^2 3 d^2u^μ ds^2 − Ru^μ c , (12)

where R = −

2e^2c 3 du_ν ds du^ν ds = 2e^2γ^6 3c^3 [ v̇^2 −

(v × v̇)^2

c^2 ] ≥ 0 (13)

is the invariant rate of radiation of energy of an accelerated charge, u^μ = γ(1, v/c) is the 4-velocity, γ = 1/ √ 1 − v^2/c^2, ds = cdτ is the invariant interval and the metric is (1, −1, −1, −1).

The time component of eq. (11) can be written dγmc^2 dt = F_{ext} · v + dQ dt − R, (14)

where Q = 2γ^4e^2v · v̇

3c^3

, (15)

is an energy first identified by Schott [21, 22] as being stored “in the electron in virtue of its acceleration”, and which was given the name “acceleration energy” by him. The space components are dγmv dt = F_{ext} +

2e^2γ^2 3c^3

(16) × [ v̈ +

3γ^2 c^2

(v · v̇)v̇ + γ^2 c^2

(v · v̈)v +

3γ^4 c^4

(v · v̇)^2v ] .

Equations equivalent to (14-16) were first given by Abraham [23]. Von Laue [24] was the first to show that these equations can be obtained by a Lorentz transformation of the nonrelativistic results (9-10). The covariant notation of eqs. (11-13) was first applied to the radiation reaction by Dirac [25]. An interesting discussion of the development of eqs. (14-16) has been given recently by Yaghjian [26].

In the case of uniform acceleration, Schott [22] argued that “the energy radiated by the electron is derived entirely from its acceleration energy; there is as it were internal compensation amongst the different parts of its radiation pressure, which causes its resultant effect to vanish”. This view is somewhat easier to follow if “acceleration energy” means energy stored in the near and induction zones of the electromagnetic field, as argued by Thirring [28] and by Fulton and Rohrlich [31]. Other commentary on this problem includes that of Drukey [27], Bondi and Hoyle [29], DeWitt[30, 36], Rohrlich[32, 37], Rosen [33], Bradbury [34], Leibovitz [35], Nikishov [38], Ginzburg [13], Herrera [39] and Coleman [40], all of whom concur that a uniformly accelerated charge radiates.

3 Implications of Hawking-Unruh Radiation

An immediate consequence of the existence of Unruh radiation is that its interpretation as a measure of the quantum fluctuations about the rate of classical radiation implies that the classical radiation exists.

At present, Unruh radiation for uniformly accelerated motion exists only as a theoretical concept, not yet confirmed in the laboratory. Experimental evidence for Hawking-Unruh effects does exist for uniform circular motion, as mentioned in the Introduction.

It is noteworthy that while discussion of radiation by an accelerated charge is perhaps most intricate classically in case of uniform acceleration, the discussion of quantum fluctuations is the most straightforward for uniform acceleration.

In addition, Hawking-Unruh radiation helps clarify a residual puzzle in the discussion of the equivalence between accelerated charges and charges in a gravitational field. Because of the difficulty in identifying an unambiguous wave zone for uniformly accelerated motion of a charge (in a gravity-free region) and also in the case of a charge in a uniform gravitational field, there remains some doubt as to whether the “radiation” deduced by classical arguments contains photons. Thus, on p. 573 of the article by Ginzburg [13] we read: “neither a homogeneous gravitational field nor a uniformly accelerated reference frame can actually “generate” free particles, expecially photons”. We now see that the quantum view is richer than anticipated, and that Hawking-Unruh radiation provides at least a partial understanding of particle emission in uniform acceleration or gravitation. Hence, we can regard the concerns of Bondi and Gold [29], Fulton and Rohrlich [31], the DeWitt’s [36] and Ginzburg [13] on radiation and the equivalence principle as precursors to the concept of Hawking radiation.

Acknowledgments

I wish to thank Bill Unruh for discussions on Hawking-Unruh effects.

References

[1] S.W. Hawking, Black Hole Explosions, Nature 248, 30-31 (1974),

http://physics.princeton.edu/~mcdonald/examples/QED/hawking_nature_248_30_74.pdf

Particle Creation by Black Holes, Comm. Math. Phys. 43, 199-220 (1975),

http://physics.princeton.edu/~mcdonald/examples/QED/hawking_cmp_43_199_75.pdf

[2] W.G. Unruh, Notes on Black Hole Evaporation, Phys. Rev. D 14, 870-892 (1976),

http://physics.princeton.edu/~mcdonald/examples/QED/unruh_prd_14_870_76.pdf

Particle Detectors and Black Hole Evaporation, Ann. N.Y. Acad. Sci. 302, 186-190 (1977), http://physics.princeton.edu/~mcdonald/examples/QED/unruh_anyas_302_186_77.pdf

[3] J.F. Donoghue and B.R. Holstein, Temperature measured by a uniformly accelerated observer, Am. J. Phys. 52, 730-734 (1984),

http://physics.princeton.edu/~mcdonald/examples/QED/donoghue_ajp_52_730_84.pdf

[4] J.S. Bell and J.M. Leinaas, Electrons as Accelerated Thermometers, Nuc. Phys. B212, 131-150 (1983), http://physics.princeton.edu/~mcdonald/examples/QED/bell_np_b212_131_83.pdf The Unruh Effect and Quantum Fluctuations of Electrons in Storage Rings, Nuc. Phys. B284, 488-508 (1987), http://physics.princeton.edu/~mcdonald/examples/QED/bell_np_b284_488_87.pdf J.S. Bell, R.J. Hughes and J.M. Leinaas, The Unruh Effect in Extended Thermometers, Z. Phys. C28, 75-80 (1985),

http://physics.princeton.edu/~mcdonald/examples/QED/bell_zp_c28_75_85.pdf

[5] M. Sands, The Physics of Electron Storage Rings, SLAC-121, (1970); also in Proc.

1969 Int. School of Physics, ‘Enrico Fermi’, ed. by B. Touschek (Academic Press, 1971), p. 257, http://www.slac.stanford.edu/pubs/slacreports/slac-r-121.html

[6] K.T. McDonald, The Hawking-Unruh Temperature and Quantum Fluctuations in Particle Accelerators, Proc. of the 1987 IEEE Part. Accel. Conf., E.R. Lindstrom and L.S. Taylor, eds. (Washington, D.C., Mar. 16-19, 1987) pp. 1196-1197,

http://physics.princeton.edu/~mcdonald/accel/unruh.pdf

[7] K.T. McDonald, The Hawking-Unruh Temperature and Damping in a Linear Focusing Channel, contributed to the Proc. of the Workshop on Quantum Aspects of Beam Dynamics (Monterey, CA, Jan. 4-9, 1998),

http://physics.princeton.edu/~mcdonald/accel/linearchannel.pdf

[8] K.T. McDonald, Fundamental Physics During Violent Acceleration, in Laser Acceleration of Particles, C. Joshi and T. Katsouleas, eds., AIP Conf. Proc. No. 130, (New York, 1985), pp. 23-54, http://physics.princeton.edu/~mcdonald/accel/malibu.pdf

[9] O. Klein, Die Reflexion von Elektronen an einem Potentialsprung nach der relativistischen Dynamik von Dirac, Z. Phys. 53, 157-165 (1929),

http://physics.princeton.edu/~mcdonald/examples/QED/klein_zp_53_157_29.pdf

[10] F. Sauter, Über das Verhalten eines Elektrons im homogenen elektrischen Feld nach der relativistischen Theorie Diracs, Z. Phys. 69, 742-764 (1931),

http://physics.princeton.edu/~mcdonald/examples/QED/sauter_zp_69_742_31.pdf

Zum ‘Kleinschen Paradoxon’, Z. Phys. 73, 547-552 (1931),

http://physics.princeton.edu/~mcdonald/examples/QED/sauter_zp_73_547_31.pdf

[11] W. Heisenberg and H. Euler, Folgerungen aus der Diracschen Theorie des Positrons, Z. Phys. 98, 718-732 (1936),

http://physics.princeton.edu/~mcdonald/examples/QED/heisenberg_zp_98_714_36.pdf

[12] D.W. Sciama, The Thermodynamics of Black Holes, Ann. N.Y. Acad. Sci. 302, 161-165 (1977); D.W. Sciama, P. Candelas and D. Deutsch, Quantum Field Theory, Horizons and Thermodynamics, Adv. in Phys. 30, 327-366 (1981),

http://physics.princeton.edu/~mcdonald/examples/QED/sciama_ap_30_327_81.pdf

[13] V.L. Ginzburg, Radiation and Radiation Friction Force in Uniformly Accelerated Motion, Sov. Phys. Uspekhi 12, 565-574 (1969),

http://physics.princeton.edu/~mcdonald/examples/EM/ginzburg_spu_12_565_69.pdf

[14] H.A. Lorentz, La Théorie Électromagnétique de Maxwell et son Application aux Corps Mouvants, Arch. Neérl. 25, 363-552 (1892),

http://physics.princeton.edu/~mcdonald/examples/EM/lorentz_theorie_electromagnetique_92.pdf

reprinted in Collected Papers (Martinus Nijhoff, The Hague, 1936), Vol. II, pp. 64-343.

[15] M. Planck, Über electrische Schwingunger, welche durch Resonanz erregt und durch Strahlung gedämpft werden, Ann. Phys. Chem. 60, 577-599 (1897),

http://physics.princeton.edu/~mcdonald/examples/EM/planck_ap_60_577_97.pdf

[16] M. Planck, Vorlesungen über die Theorie der Wärmestrahlung, (J. Barth, Leipzig, 1906), sec. III.

[17] M. Born, Die Theorie des starren Elektrons in der Kinematik des Relativitätsprinzips, Ann. Phys. 30, 1-56 (1909),

http://physics.princeton.edu/~mcdonald/examples/EM/born_ap_30_1_09.pdf

[18] G. Nordström, Note on the circumstance that an electric charge moving in accordance with quantum conditions does not radiate, Proc. Roy. Acad. Amsterdam 22, 145-149 (1920), http://physics.princeton.edu/~mcdonald/examples/EM/nordstrom_praa_22_145_20.pdf

[19] W. Pauli, Relativitätstheorie, Enzyl. Math. Wiss. Vol. V, part II, no. 19, 543-773 (1921);

translated as Theory of Relativity (Pergamon Press, New York, 1958).

[20] See http://www.mathpages.com/home/kmath528/kmath528.htm for discussion of how Feynman indicated that he agreed (at one time) that a uniformly accelerated charge does not radiate.

[21] G.A. Schott, Electromagnetic Radiation and the Mechanical Reactions Arising from It (Cambridge U. Press, 1912), especially Chap. XI and Appendix D.

[22] G.A. Schott, On the Motion of the Lorentz Electron, Phil. Mag. 29, 49-69 (1915),

http://physics.princeton.edu/~mcdonald/examples/EM/schott_pm_29_49_15.pdf

[23] M. Abraham, Zur Theories der Strahlung and des Strahlungsdruckes, Ann. Phys. 14, 236-287 (1904), http://physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_14_236_04.pdf

[24] M. von Laue, Die Wellenstrahlung einer bewegten Punktladung nach dem Relativitätsprinzip, Ann. Phys. 28, 436-442 (1909),

http://physics.princeton.edu/~mcdonald/examples/EM/vonlaue_ap_28_436_09.pdf

[25] P.A.M. Dirac, Classical Theory of Radiating Electrons, Proc. Roy. Soc. A 167, 148-169 (1938), http://physics.princeton.edu/~mcdonald/examples/EM/dirac_prsla_167_148_38.pdf

[26] A.D. Yaghjian, Relativistic Dynamics of a Charged Sphere (Springer-Verlag, Berlin, 1992).

[27] D.L. Drukey, Radiation from a Uniformly Accelerated Charge, Phys. Rev. 76, 543-544 (1949), http://physics.princeton.edu/~mcdonald/examples/EM/drukey_pr_76_543_49.pdf

[28] W.E. Thirring, Principles of Quantum Electrodynamics (Academic Press, New York, 1958), Chap. 2, especially p. 24.

[29] H. Bondi and T. Gold, The field of a uniformly accelerated charge, with special reference to the problem of gravitational acceleration, Proc. Roy. Soc. (London) 229A, 416-424 (1955), http://physics.princeton.edu/~mcdonald/examples/EM/bondi_prsla_229_416_55.pdf

[30] B.S. DeWitt and R.W. Brehme, Radiation Damping in a Gravitational Field, Ann.

Phys. 9, 220-259 (1960),

http://physics.princeton.edu/~mcdonald/examples/EM/dewitt_ap_9_220_60.pdf

[31] T. Fulton and F. Rohrlich, Classical Radiation from a Uniformly Accelerated Charge, Ann. Phys. 9, 499-517 (1960),

http://physics.princeton.edu/~mcdonald/examples/EM/fulton_ap_9_499_60.pdf

[32] F. Rohrlich, The Equations of Motions of Classical Charges, Ann. Phys. 13, 93-109 (1961), http://physics.princeton.edu/~mcdonald/examples/EM/rohrlich_ap_13_93_61.pdf

[33] N. Rosen, Field of a Particle in Uniform Motion and Uniform Acceleration, Ann. Phys.

17, 26-275 (1962), http://physics.princeton.edu/~mcdonald/examples/EM/rosen_ap_17_26_62.pdf

[34] T.C. Bradbury, Radiation Damping in Classical Electrodynamics, Ann. Phys. 19, 323- 347 (1962), http://physics.princeton.edu/~mcdonald/examples/EM/bradbury_ap_19_323_62.pdf

[35] C. Leibovitz and A. Peres, Energy Balance of Uniformly Accelerated Charge, Ann.

Phys. 25, 400-404 (1963),

http://physics.princeton.edu/~mcdonald/examples/EM/liebovitz_ap_25_400_63.pdf

[36] C.M. DeWitt and B.S. DeWitt, Falling Charges, Physics 1, 3-20 (1964),

http://physics.princeton.edu/~mcdonald/examples/EM/dewitt_physics_1_3_64.pdf

[37] F. Rohrlich, Classical Charged Particles (Addison-Wesley, Reading, MA, 1965).

[38] A.I. Nikishov and V.I. Ritus, Radiation Spectrum of an Electron Moving in a Constant Electric Field, Sov. Phys. JETP 29, 1093-1097 (1969),

http://physics.princeton.edu/~mcdonald/examples/QED/nikishov_spjetp_29_1093_69.pdf

[39] J.C. Herrera, Relativistic Motion in a Constant Field and the Schott Energy, Nuovo Cim. 70B, 12-20 (1970),

http://physics.princeton.edu/~mcdonald/examples/EM/herrera_nc_70b_12_70.pdf

[40] S. Coleman, Classical Electron Theory from a Modern Standpoint, in Electromagnetism: Paths to Research, D. Teplitz, ed. (Plenum, New York, 1982), pp. 183-210,

http://physics.princeton.edu/~mcdonald/examples/EM/coleman_epr_183_82.pdf