Radiation from a Superluminal Source

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (November 26, 1986; updated February 26, 2016)

Abstract

The sweep speed of an electron beam across the face of an oscilloscope can exceed the velocity of light, although of course the velocity of the electrons does not. Associated with this possibility there should be a kind of Čerenkov radiation, as if the oscilloscope trace were due to a charge moving with superluminal velocity.

1 Introduction

The possibility of radiation from superluminal sources was first considered by Heaviside in 1888 [1]. He discussed this topic many times over the next 20 years, deriving most of the formalism of what is now called Čerenkov radiation. However, despite being an early proponent of the concept of a velocity-dependent electromagnetic mass, Heaviside never acknowledged the limitation that massive particles must have velocities less than that of light. Consequently many of his pioneering efforts (and those of his immediate followers, Des Coudres [2] and Sommerfeld [3]), were largely ignored, and the realizable case of radiation from a charge with velocity greater than the speed of light in a dielectric medium was discovered independently in an experiment by Čerenkov in 1934 [4].

In an insightful discussion of the theory of Čerenkov radiation, Tamm [5] deduced its close connection with what is now called transition radiation, i.e., radiation emitted by a charge in uniform motion that crosses a boundary between metallic or dielectric media. The present paper was inspired by a work of Bolotovskii and Ginzburg [6] on how aggregates of particles can act to produce motion that has superluminal aspects and that there should be corresponding Čerenkov-like radiation in the case of charged particles. The classic example of aggregate superluminal motion is the velocity of the point of intersection of a pair of scissors whose tips approach one another at a velocity close to that of light.

Here we consider the example of a “sweeping” electron beam in a high-speed analog oscilloscope such as the Tektronix 7104 [7]. In this device the “writing speed”, the velocity of the beam spot across the faceplate of the oscilloscope, can exceed the speed of light. The transition radiation emitted by the beam electrons just before they disappear into the faceplate has the character of Čerenkov radiation from the superluminal beam spot, according to the inverse of the argument of Tamm.

2 Model Calculation

As a simple model suppose a line of charge moves in the −y direction with velocity u ≪ c, where c is the speed of light, but has a slope such that the intercept with the x axis moves with velocity v > c. See Figure 1a. If the region y < 0 is occupied by, say, a metal, the charges will emit transition radiation as they disappear into the metal’s surface. Interference among the radiation from the various charges then leads to a strong peak in the radiation pattern at angle cos θ = c/v, which is the Čerenkov effect of the superluminal source.

Figure 1: a) A sloping line of charge moves in the −y direction with velocity v_y = u ≪ c such that its intercept with the x axis moves with velocity v_x = v > c. As the charge disappears into the conductor at y < 0 it emits transition radiation. The radiation appears to emanate from a spot moving at superluminal velocity and is concentrated on a cone of angle cos^{−1}(c/v). b) The angular distribution of the radiation is discussed in a spherical coordinates system about the x axis.

To calculate the radiation spectrum we use equation (14.70) from the textbook of Jackson [8], dU dω dΩ = ω^2 4π^2c^3 � dt d^3r ^n × J(r, t) e^{iω(t−(^n·r)/c)}

�_2 , (1)

where dU is the radiated energy in angular frequency interval dω emitting into solid angle dΩ, J is the source current density, and ^n is a unit vector towards the observer.

The line of charge has equation, y = u v x − ut, z = 0, (2)

so the current density is, J = −Ne δ(z) δ � t − x v + y u � ^y, (3)

where N is the number of electrons per unit length intercepting the x axis, and e < 0 is the electron’s charge.

We also consider the effect of the image current,

J_{image} = +(−Ne) δ(z) δ � t − x v − y u � ^y. (4)

We will find that to a good approximation the image current just doubles the amplitude of the radiation. For u ≈ c the image current would be related to the retarded fields of the electron beam, but we avoid this complication when u ≪ c. Note that the true current exists only for y > 0, while the image current applies only for y < 0.

We integrate using rectangular coordinates, with components of the unit vector n given by n_x = cos θ, n_y = sin θ cos ϕ, and n_z = sin θ sin ϕ, (5) as indicated in Fig. 1b. The current impinges only on a length L along the x axis. The integrals are elementary and we find, noting ω/c = 2π/λ, dU dω dΩ = e^2N^2L^2 π^2c u^2 c^2 cos^2 θ + sin^2 θ sin^2 ϕ (1 −^{u2}_{c2} sin^2 θ cos^2 ϕ)^2 � sin �_{πL}

λ (^c_v − cos θ) � πL λ (^c_v − cos θ)

�_2

. (6)

The factor of form sin^2 χ/χ^2 appears from the x integration, and indicates that this leads to a single-slit interference pattern.

We will only consider the case that u ≪ c, so from now on we approximate the factor 1 −^{u2}_{c2} sin^2 θ cos^2 ϕ by 1.

Upon integration over the azimuthal angle ϕ from −π/2 to π/2 the factor cos^2 θ + sin^2 θ sin^2 ϕ becomes^π_2 (1 + cos^2 θ).

It is instructive to replace the radiated energy by the number of radiated photons: dU = ℏω dN_ω. Thus,

dN_ω d cos θ = α 2π dω ω N^2L^2 u^2 c^2

(1 + cos^2 θ) � sin �_{πL}

λ (^c_v − cos θ) � πL λ (^c_v − cos θ)

�_2

, (7)

where α = e^2/ℏc ≈ 1/137. This result applies whether v < c or v > c. But for v < c, the argument χ =^{πL}_λ (^c_v − cos θ) can never become zero, and the diffraction pattern never achieves a principal maximum. The radiation pattern remains a slightly skewed type of transition radiation. However, for v > c we can have χ = 0, and the radiation pattern has a large spike at angle θˇ_C such that, cos θˇ_C = c v , (8)

which we identify with Čerenkov radiation. Of course, the side lobes are still present, but not very prominent.

3 Discussion

The present analysis suggests that Čerenkov radiation is not really distinct from transition radiation, but is rather a special feature of the transition radiation pattern which emerges under certain circumstances. This viewpoint is relevant to Čerenkov radiation in any real device which has a finite path length for the radiating charge. The walls that define the path length are sources of transition radiation, which is always present even when the Čerenkov condition is not satisfied. When the Čerenkov condition is satisfied, the so-called formation length^1 for transition radiation becomes longer than the device, and the Čerenkov radiation can be thought of as an interference effect.

1See [9] for a discussion of the formation length and related concepts from a somewhat different perspective than that presented here.

If L/λ ≫ 1, then the radiation pattern is very sharply peaked about the Čerenkov angle, and we may integrate over θ, noting that,

dχ = πL λ d cos θ, and

�_∞ −∞ dχ sin^2 χ χ^2

= π, (9)

to find,

dN_ω ≈ α 2π (Nλ)^2 dω ω L λ u^2 c^2 � 1 + c^2 v^2 � . (10)

In this, we have replaced cos^2 θ by c^2/v^2 in the vicinity of the Čerenkov angle. We have also extended the limits of integration on χ to [−∞, ∞]. This is not a good approximation for v < c, in which case χ > 0 always and dN_ω is much less than stated. For v = c, the radiation rate is still about one half of the above estimate.

For comparison, the expression for the number of photons radiated in the ordinary Čerenkov effect is,

dN_ω ≈ 2πα dω ω L λ sin^2 θˇ_C. (11)

The ordinary Čerenkov effect vanishes as θ^2_Č near the threshold, but the superluminal effect does not. This is related to the fact that at threshold ordinary Čerenkov radiation is emitted at small angles to the electron’s direction, while in the superluminal case the radiation is at right angles to the electron’s motion. In this respect the moving spot on an oscilloscope is not fully equivalent to a single charge as the source of the Čerenkov radiation.

In the discussion thus far, we have assumed that the electron beam is well described by a uniform line of charge. In practice the beam would be discrete, with fluctuations in the spacing and energy of the electrons. If these fluctuations were too large we could not expect the transition radiation from the various electrons to superimpose coherently to produce the Čerenkov radiation. Roughly, there would be almost no coherence for wavelengths smaller than the actual spot size of the electron beam at the metal surface. Thus, there would be a cutoff at high frequencies which serves to limit the total radiated energy to a finite amount, whereas the expression derived above is formally divergent. Similarly, the effect will be quite weak unless the beam current is large enough that Nλ ≫ 1.

We close with a numerical example inspired by possible experiment. A realistic spot size for the beam is 0.3 mm, so we must detect radiation at longer wavelengths. A convenient choice is λ = 3 mm, for which commercial microwave receivers exist. The bandwidth of a candidate receiver is dω/ω = 0.02, centered at 88 GHz. We take L = 3 cm, so L/λ = 10 and the Čerenkov “cone” will actually be about 5^∘ wide, which happens to match the angular resolution of the microwave receiver. Supposing the electron-beam energy to be 2.5 keV, we would have u^2/c^2 = 0.01. The velocity of the moving spot is taken as v = 1.33c = 4 × 10^{10} cm/sec, so the observation angle is 41^∘. If the electron beam current were 1 μA, then the number of electrons deposited per cm along the metal surface would be N ≈ 150, and Nλ ≈ 45.

Inserting these parameters into the rate formula (10) we expect about 7 × 10^{−3} detected photons from a single sweep of the electron beam. This supposes we could collect over all azimuth ϕ, which would require some suitable optics. The electron beam would actually be swept at about 1 GHz, so we could collect about 7 × 10^6 photons per second. The corresponding signal power would be 2.6 × 10^{−25} Watts/Hz, whose equivalent noise temperature is about 20 mK. This must be distinguished from the background of thermal radiation, the main source of which would be in the receiver itself, whose noise temperature would be about 100^∘K [10]. A lock-in amplifier could be used to extract the weak periodic signal; an integration time of a few minutes of the 1-GHz-repetition-rate signal would suffice, assuming 100% collection efficiency.

Realization of such an experiment with a Tektronix 7104 oscilloscope would require a custom cathode ray tube that permits collection of microwave radiation through a portion of the wall not coated with the usual metallic shielding layer [11].

4 Appendix: Bremsstrahlung

Early reports of observation of transition radiation were considered by skeptics to be due to Bremsstrahlung instead. The distinction in principle is that transition radiation is due to acceleration of charges in a medium in response to the far field of a uniformly moving charge, while Bremsstrahlung is due to the acceleration of the moving charge in the near field of atomic nuclei. In practice, both effects exist, and can be separated by careful experiment.

Is Bremsstrahlung stronger than transition radiation in the example considered here? As shown below, the answer is no, but even if it were we would then expect a Čerenkov-like effect arising from the coherent Bremsstrahlung of the electron beam as it hits the oscilloscope faceplate.

The angular distribution of Bremsstrahlung from a nonrelativistic electron will be sin^2 θ with θ defined with respect to the direction of motion. The range of a 2.5-keV electron in, say, copper is about 5 × 10^{−6} cm [12], while the skin depth at 88 GHz is about 2.5 × 10^{−5} cm. Hence, the copper is essentially transparent to the backward hemisphere of Bremsstrahlung radiation, which would emerge into the same half space as the transition radiation.

The amount of Bremsstrahlung energy dU_B emitted into energy interval dU is just Y dU where Y is the so-called Bremsstrahlung yield factor. For 2.5-keV electrons in copper, Y = 3 × 10^{−4} [12]. The number dN of Bremsstrahlung photons of energy ℏω in a bandwidth dω/ω is then dN = dU_B/ℏω = Y dω/ω. For the 2% bandwidth of our example, dN = 6×10^{−6} per beam electron. For a 3-cm-long target region there would be 500 beam electrons per sweep of the oscilloscope, for a total of 3×10^{−4} Bremsstrahlung photons into a 2%-bandwidth about 88 GHz. Half of these would emerge from the faceplate as a background to the 7×10^{−3} transition-radiation photons per sweep. Altogether, the Bremsstrahlung contribution would be about 1/50 of the transition-radiation signal in the proposed experiment.

References

[1] O. Heaviside, Electrical Papers, The Electrician Press (London, 1892), reprinted by Chelsea Publishing Company (Bronx, New York, 1970), Vol. II, ppm. 492-494, 496-499, 515-518, http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_2.pdf Electromagnetic Theory, The Electrician Press (London, 1893, 1899, 1912), reprinted by Chelsea Publishing Company (Bronx, New York, 1971), Vol. II, pp. 533-555,

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_2.pdf

Vol. III, pp. 15-130, 373-380, 485-489,

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_3.pdf

[2] Th. Des Coudres, Zur Theorie des Kraftfeldes elektrisher Ladungen, die sich mit Überlichtgeschwindigkeit bewegen, Arch. Néer. (Harlem) 5 652 (1900),

http://kirkmcd.princeton.edu/examples/EM/descoudres_anse_5_652_00.pdf

[3] A. Sommerfeld, Simplified Deduction of the Field and Forces of an Electron, Moving in Any Given Way, K. Akad. Weten. Amsterdam 7, 346 (1905),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_knaw_7_346_05.pdf

Zur Elektronentheorie III. Über Lichtgeschwindigkeits- und Überlichtgeschwindigkeits- Elektronen, Nachr. Kgl. Ges. d. Wiss. Göttingen 5, 203 (1905),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_ngwg_203_05.pdf

[4] P.A. Čerenkov, C.R. Acad. Sci. U.S.S.R. 8, 451 (1934); Visible Radiation Produced by Electrons Moving in a Medium with Velocities Exceeding that of Light, Phys. Rev. 52, 378 (1937), http://kirkmcd.princeton.edu/examples/EM/cerenkov_pr_52_378_37.pdf

[5] I. Tamm, Radiation Emitted by Uniformly Moving Electrons, J. Phys. U.S.S.R. 1, 439 (1939), http://kirkmcd.princeton.edu/examples/EM/tamm_jpussr_1_439_39.pdf

[6] B.M. Bolotovskii and V.L. Ginzburg, The Vavilov-Čerenkov Effect and the Doppler Effect in the Motion of Sources with Superluminal Velocity in Vacuum, Usp. Fiz. Nauk. 106, 577 (1972); Sov. Phys. Uspekhi 15, 184 (1972),

http://kirkmcd.princeton.edu/examples/EM/bolotovskii_spu_15_184_72.pdf

[7] H. Springer, Breakthroughs Throughout Push Scope to 1 GHZ, Electronic Design 27(2), 60 (Jan. 18, 1979), http://kirkmcd.princeton.edu/examples/EM/springer_ed_27_2_60_79.pdf

[8] J.D. Jackson, Classical Electrodynamics, 2^{nd} ed. (Wiley, 1975),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce2_75.pdf

[9] K.T. McDonald, Classical Radiation Processes in the Weizsäcker-Williams Approximation (Aug. 25, 1999), http://kirkmcd.princeton.edu/examples/weizsacker.pdf

[10] D.T. Wilkinson (private communication).

[11] D. Stoneman, New Ventures Engineering, Tektronix, Inc. (private communication).

[12] Extrapolated from the table on p. 240 of Studies in Penetration of Charged Particles in Matter, National Academy of Sciences – National Research Council, PB-212 907 (Washington, D.C., 1964), http://kirkmcd.princeton.edu/examples/detectors/nss-39_64.pdf