A Maxwellian Perspective on Particle Acceleration

Max S. Zolotorev and Swapan Chattopadhyay E.O. Lawrence Berkeley National Laboratory, University of California, Berkeley, CA 94720 Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544

(Draft, Feb. 24, 1998, updated Sep. 7, 1999)

Abstract

In a Maxwellian view, an accelerator of charged particles converts electromagnetic field energy into mechanical energy of the particles. A conventional accelerator based on a resonant cavity emphasizes interference between the drive fields and the the spontaneous radiation fields (those fields radiated when charged particles pass through an otherwise empty cavity). In this case the interference term, and hence the particles’ energy gain, is linear with the drive field. Particles can also extract positive mechanical energy from a drive wave in free space, where the corresponding decrease in field energy occurs due to interference between the drive fields and the radiated fields of the charged particles as a result of their motion in the drive field. This viewpoint leads to the conclusion that a focused laser pulse in vacuum (far from any matter) can impart an energy gain ΔU_{max} ≈ γ_0η^2mc^2 to a free electron of initial Lorentz factor γ_0. This gain is quadratic in the strength η = eE_0/mωc of the laser field. A condition for maximal energy gain is that the Rayleigh range of the laser focus be equal to the formation length γ^2_0η^2λ, and consequently the maximal accelerating gradient varies inversely with electron energy. The maximal energy gain can, in principle, be achieved with linearly or circularly polarized laser beams with optical elements far from the laser focus, or with an axicon beam where the optical elements form a laser cavity of length approximately equal to the Rayleigh range.

1 Introduction

The development of tabletop teraWatt lasers has renewed interest in the use of lasers to transfer energy to(accelerate) beams of electrons, as was first proposed by Shimoda in 1962 [1]. In particular, the highest electric fields can be obtained by short laser pulses focused in vacuum, so the question arises as to what extent vacuum laser acceleration of free electrons is possible. This topic has been a subject of debate for some years [2], and recently the vacuum laser acceleration of electrons to 1 MeV has been reported [3]. Here, we give a qualitative but general argument that identifies the dependence of energy transfer from a laser to an electron on relevant dimensional quantities. This approach complements numerical analyses that are typically based on approximate solutions to Mawell’s equations [4, 5, 6, 7].

The key principle is that any energy gained by an electron from a system of electromagnetic fields must result from a corresponding decrease in the electromagnetic field energy.

Furthermore, the decrease in field energy is due to interference between the drive fields of the laser or electromagnetic cavity and the fields of the electron.

We are particularly interested in cases where the electron exhibits an energy gain after it has ceased to interact with the drive fields. In general, the total electromagnetic field energy can have been reduced only if a component of the radiation fields of the electron continues to occupy the same volume as the drive fields (until possible absorption of these fields by matter). The radiation fields include both the response fields induced by the motion of the electron in the drive fields, as well as the “spontaneous” radiation due to the electromagnetic interaction with the matter of the accelerating structure independent of the strength of the drive fields.

The interference of the spontaneous radiation with the drive fields is therefore responsible for that part of the acceleration which is linear in the strength of the drive fields. The interference between the drive field and the response radiation is quadratic in the strength of the drive field, and is usually neglected. However, in the case of vacuum laser acceleration there is no spontaneous radiation, and the leading acceleration term is quadratic in the strength of the laser field. The absence of vacuum laser acceleration that is linear in the laser field strength has been called the Lawson-Woodward theorem [8, 9].

The use of an energy argument is convenient when discussing such processes as vacuum laser acceleration, inverse Čerenkov acceleration, inverse transition radiation acceleration, etc., for which a simple identification of the accelerating force is elusive (due in part to the lack of an analytic solution to Maxwell’s equations for a focused laser beam).

Before exploring the case of vacuum laser acceleration in sec. 5, we first comment on particle acceleration in a static electric field (sec. 2), in a resonant cavity (3ec. 3) and in a plane electromagnetic wave (sec. 4).

2 Acceleration in a Static Field

The usual picture of acceleration in a static electric field of strength E_0ẑ in the z direction is that the Lorentz force F = eE_0ẑ acting on a charge e over distance L imparts energy ΔU_e = eE_0L to the charge.

Let us re-examine this case from a Maxwellian view that emphasizes field energy. When the charge is at distance d from one of the electrodes that supports the field E_0, the electric field E_e of the charge can be obtained via the image-charge method. A short calculation in cylindrical coordinates shows that the cross term (interference term) of the field energy is (in Gaussian units),

U_{int} = ∫ E_0ẑ · E_e(r) 4π dVol = E_0ẑ 4π · ∫ ( er_1 r^3_1 − er_2 r^3_2 ) dVol = eE_0 4π ∫_∞ 0 dz ∫_∞ 0 πdr^2 ( z − L [r^2 + (z − L)^2]^{3/2} − z + L [r^2 + (z + L)^2]^{3/2} )

= eE_0 4 ∫_∞ 0 dz 2 if z > L

−2 if z < L − 2

= −eE_0

∫_L 0 dz = −eE_0L, (1)

with geometry as shown in Fig. 1. When the particle has traversed a potential difference V = E_0L, it has gained energy eV and the field has lost the same energy.^1

Figure 1: Electric charge e and its image charge −e at positions (r, θ, z) = (0, 0, ±d) with respect to a conducting plane at z = 0. Vectors r_1 and r_2 are directed from the charges to the observation point (r, 0, z).

In a practical “electrostatic” accelerator, the particle is freed from an electrode at potential −V and emerges with energy eV in a region of zero potential. However, the particle could not be moved to the negative electrode from a region of zero potential by purely electrostatic forces unless the particle lost energy eV in the process, leading to zero overall energy change. An “electrostatic” accelerator must have an essential component (such as a battery) that provides a nonelectrostatic force that can absorb the energy extracted from the electrostatic field while moving the charge from potential zero so as to put the charge at rest at potential −V prior to acceleration.

3 Acceleration in a Resonant Cavity

Consider a generic cavity with length L along the direction of motion of an electron, taken to be the z axis. The cavity is excited with a field of amplitude E_0 and wavelength λ ≫ L. Consequently, kL ≪ 1, where k is the wave number. A practical accelerating cavity would have entrance and exit apertures of radius a much smaller than the cavity length L, and hence much smaller than λ.

The usual view is that an electron gains energy ΔU_e ≈ eE_0L when it traverses the cavity with the appropriate phase. Let us see how this energy transfer is accounted for in a Maxwellian view.

An electron passing through an otherwise field-free cavity will radiate “spontaneously”. In the case of a cavity containing a drive field as well, the interference between the drive

1See also [11].

field and the spontaneous radiation leads to energy transfers to the electron that are linear in the drive field. So, we concentrate our discussion on the “spontaneous” radiation in the cavity, and neglect the response (“stimulated”) radiation.

First, consider the spontaneous radiation of an electron as is passes through the aperture in a metallic plate. In the limit of zero aperture radius, transition radiation arises, and the spectrum would extend up to the γω_P , where γ = 1/ √ 1 − β^2 is the Lorentyz factor of the electron and ω_P is the plasma frequency of the metal. For an aperture of finite radius a, the radiation is simply that part of the transition radiation spectrum associated with radii greater than a.

Transition radiation can be thought of in terms of the Weizsäcker-Williams approximation [10]. As the electron suddenly emerges from the metal plate, its attraction to the image charge causes an acceleration, and hence radiation, perpendicular to the plate. The spectrum of the radiation is the Fourier transform of the pulse of electric field on the plate. At a radius a from the trajectory of an electron with Lorentz factor γ, the radial electric field has strength E ≈ γe/a^2 and the pulse lasts for time ≈ a/γc, where c is the speed of light. Hence, the spectrum extends up to wave number k_{max} ≈ γ/a, and the pulse energy is U ≈ E^2 Vol ≈ γ^2e^2/a^4 · a^2 · a/γ = γe^2/a. In effect, all of the pulse energy is radiated as transition radiation, and so the pulse spectrum is, dU dk ≈ U k_{max}

≈ e^2. (2)

This result is independent of the radius a, and so applies to aperture radiation for all wave numbers up to k ≈ γ/a when the metal plate has an aperture of radius a. Since in the present case we seek interference between the aperture radiation and the cavity fields whose wavelength is much larger than a, eq. (2) holds for the relevant part of the spectrum.

The basic result (2) is usefully re-expressed in terms of photons of angular frequency ω = kc. The number n of photons radiated per energy interval is,

dn = dU ℏω ≈ e^2 ℏc dℏω ℏω = α dω ω , (3)

where ℏ is Planck’s constant and α = e^2/ℏc is the fine-structure constant. Because this result follows from the Weizsäcker-Williams approximation, it will characterize a large variety of basic radiation process in addition to transition radiation. [We give examples later in the paper....]

The cavity has a second metallic plate at distance L from the first. As the electron passes through the aperture of the second plate, it again emits aperture radiation, whose spectrum is identical to eq. (2), but whose maximum wave number is only 1/a for radiation in the backward direction. This backward radiation can be thought of as the result of reflection of part of the forward radiation from the second plate, and so has a 180^∘ phase change compared to the forward radiation. Also, because the electron passes through the second aperture later than the first, there is a phase lag of,

Δφ = kL ( 1 β − cos θ ) ≈ kL ( 1 − cos θ + 1 2γ^2 ) , (4) between the two radiation fields, where θ is the relevant angle of emission of the radiation, and the approximation holds for relativistic electrons. To have the electric field vector parallel to the z axis, we are interested in radiation for θ ≈ 90^∘. Then, Δφ ≈ kL ≪ 1, and the radiated electric field E_{1+2} from apertures 1 and 2 can be written as,

E_{1+2} = E_1(1 − e^{ikL}) ≈ −ikLE_1 ẑ. (5)

The spectrum of the spontaneous radiation into the cavity is then,

dU_{1+2} ≈ k^2L^2 dU_1 = e^2L^2k^2 dk. (6)

This energy excites the varies modes of the cavity, whose mode number density obeys,

dN ≈ Vol k^2 dk, (7)

according to the Rayleigh-Jeans law. Hence, the energy U_{rad} and electric field E_{rad} radiated into a single mode are related by,

U_{rad} ≈ dU_{1+2} dN ≈ e^2L^2 Vol ≈ E^2_{rad}Vol, (8)

and so,

E_{rad} ≈ −i eL Vol ẑ. (9)

Finally, we consider the interference term in the total field energy when the cavity is driven by a wave of strength E_0 in a particular mode, and find,

U_{int} ≈ (E_0 · E_{rad})Vol ≈ −eE_{0,z} L, (10)

for a suitable choice of phase of the drive field. Hence, as expected, the electron can extract energy ΔU_e ≈ eE_{0,z}L from the cavity.

While the form of eq. (9) could have been anticipated on dimensional grounds, the more detailed argument shows the basic connection between particle acceleration in cavities and transition radiation. Since transition radiation arises when time dependent image charges are present, the role of image charges add to the conceptual link between acceleration in cavity fields and in static fields.

4 Acceleration by a Plane Wave

A plane wave can be approximated by the far zone of a spherical wave. The electric field amplitude rises slowly to strength E_0, then remains essentially constant for a long time, before slowly returning to zero. Can such a wave transfer net energy to an electron?

The answer is negative, as perhaps first noted by di Francia [12] and by Kibble [13]. A plane wave can, however, impart significant “temporary” acceleration to an electron when the latter is overtaken by the wave [14, 15, 16], but in general the electron loses its temporary energy gain on exiting the plane wave.

Because the motion of an electron in a plane wave is well known, the relation between the energy and momentum of the electron and of the field can be demonstrated in detail [17]. The oscillatory transverse momentum of the electron inside the plane wave is compensated by the interference between the electric field of the wave and the Coulomb field of the electron. The longitudinal momentum change and the energy gain of the electron while inside the wave are compensated by the interference between the wave fields and the oscillating fields of the electron. However, the relevant interference terms of the field energy and momentum densities are significant primarily within one wavelength of the electron, rather than in the far zone. Once the wave has passed the electron by, these near-zone interference terms vanish, along with the “temporary” acceleration of the electron.

It is convenient to use the example of a plane wave to introduce an invariant measure of whether the wave field is “strong” or “weak”. We define the dimensionless Lorentz invariant η by, η = e √ ⟨A_μA^μ⟩ mc^2 = eE_{0,rms} mωc = eE_{0,rms}λ

mc^2

, (11)

where A is the four-vector potential, the average is with respect to time, m is the mass of the electron and ω = kc is the angular frequency of the wave. For weak fields, η ≪ 1.

When a slowly modulated plane wave overtakes an electron, the latter oscillates transversely to the wave vector k. The case of circular laser polarization is simpler. In its longitudinal (or average) rest frame the electron moves in a circle in the transverse plane characterized by Lorentz factors,

γ^⋆_⊥ = √ 1 + η^2, β^⋆_⊥ = η √ 1 + η^2

, (12)

where quantities measured in this frame are denoted with the superscript ⋆. Thus, the transverse motion is relativistic for large η. For linear polarization, the motion is a “figure 8” [14] where γ^⋆_⊥ and β^⋆_⊥ vary over a cycle with average values given by (12).

An electron that is overtaken by a slowly modulated plane wave also takes on a “temporary” longitudinal velocity [13, 15, 16] described by Lorentz factors,

γ_‖(γ_‖β_‖) = γ_0{1(β_0) + η^2[1 + β_0]/2} √ 1 + η^2

, (13)

where β_0 = v_{0,z}/c and γ_0 = 1/ √ 1 − β^2_0, which apply to the electron’s motion prior to the arrival of the wave, assumed to be parallel to the axis of the beam. To a reasonable approximation, γ_‖ ≈ γ_0 √ 1 + η^2, (14)

which for strong fields becomes γ_‖ ≈ γ_0η.

The “drift velocity” β_‖ of the electron inside the laser beam also follows from eqs. (13),

β_‖ = β_0 + η^2(1 + β_0)/2 1 + η^2(1 + β_0)/2

. (15)

For an electron initially at rest, β_‖ = η^2/(2 + η^2), so that if, in addition, the field is weak, β_‖ ≈ η^2/2.

The (invariant) amplitude r_⊥ of the transverse oscillation of an electron inside the wave is, r_⊥ = ηλ^⋆ √ 1 + η^2 ≈ 2ηγ_‖λ √ 1 + η^2

≈ γ_0ηλ. (16)

A very useful concept that emerges from considerations of plane waves is the effective mass of the electron [13], m = γ^⋆_⊥m = m √ 1 + η^2. (17)

When one wishes to average over the oscillatory transverse motion of an electron in the wave, this can be conveniently done by absorbing the transverse energy into the effective mass, with the stated result. The effective energy,

U_{eff} = mc^2 = mc^2 √ 1 + η^2, (18)

is then the total energy of the electron in a frame where the electron has zero longitudinal velocity (inside the wave).

For situations in which the electromagnetic wave is well approximated by a plane wave with with a slowly modulated amplitude, the effective energy (18) can be used to characterize the average behavior over a wave period of an electron as it enters and leaves the wave. For weak fields (η ≪ 1), the effective energy is, to within a constant,

U_{ponderomotive} ≈ mc^2η^2 2 , (19)

and is called the ponderomotive potential [13, 18]. Associated with this is an effective force,

F_{eff} = −∇U_{ponderomotive} = − mc^2 2 ∇η^2, (20)

which indicates that an electron is repelled from the high-field region of the wave.

5 Vacuum Laser Acceleration

By vacuum laser acceleration we mean energy gain of an electron that interacted with a laser beam in vacuum, and where any mirrors or lenses that define the laser beam are at distances large compared to the Rayleigh range from the focus.

5.1 Properties of Focused Laser Beams

We consider a configuration suitable for vacuum laser acceleration such as that illustrated in Fig. 2.

An axially symmetric laser beam of central wavelength λ is focused to a waist of radius w_0. Asymptotically, the beam occupies a cone of half angle θ_0 given by,

θ_0 = λ πw_0 = 2 kw_0

(21)

Figure 2: Scheme for vacuum laser acceleration of an electron by a laser pulse of length τ that is focused from the left to a waist of radius w_0 and has a Rayleigh range z_0 = πw^2_0/λ. An electron initially near the laser focus (left side of figure) is accelerated to the right and eventually falls behind the laser pulse in the far-field region (right side of figure).

which we also call the diffraction angle. The depth of focus is characterized by the Rayleigh range,

z_0 = w_0 θ_0 = πw^2_0 λ = 2 kθ^2_0

. (22)

The characteristic values w_0 and θ_0 are twice the standard deviations of the corresponding Gaussian distributions of the laser intensity near the focus, and in the far field, respectively.

In this section and in secs. 5.3-5 we consider the fundamental Gaussian mode of a linearly or circularly polarized laser beam. In our initial discussion, the laser pulse is “short”, meaning that its pulse length τ obeys cτ < z_0, where c is the speed of light.

The laser pulse overtakes an electron of negligible initial velocity in the vicinity of the laser focus. Much later, the laser pulse has advanced well beyond the electron and the Coulomb fields of the electron no longer interfere with those of the laser pulse. This situation is indicated schematically on the right side of Fig. 2, in which the center of the laser pulse is at distance r ≫ z_0 from the focal point.

We denote the peak electric field of the laser pulse at the focus by E_0, and the electric field on the optic axis at distance r from the focus by E_{laser}(r). At a point r = (r, θ, ϕ), the far field of the laser is, E_{laser}(r, t) = E_{laser}(r)e^{−θ2/θ20} g(φ)e^{iφ}, (23)

where the phase φ is kr − ωt and g is the pulse envelope function of characteristic width φ_0 = cτ/λ, with g(0) = 1 and g(±∞) = 0. A useful approximation to the laser pulse shape is, g(φ) = sech(φ/φ_0). (24)

The energy U_{laser} in the laser pulse is the same at the focus and at distance r, and proportional to the square of the field strength times the pulse volume in the simplest approximation, U_{laser} ≈ E^2_0 w^2_0cτ ≈ E^2_0 θ^2_0z^2_0 cτ ≈ E^2_{laser}(r)r^2θ^2_0cτ . (25)

We suppress numerical factors such as 1/4π throughout this paper. The first forms of (25) can also be rewritten in terms of the dimenionless parameter η defined in (11) as

U_{laser} ≈ η^2mc^2 z_0 r_e cτ λ , (26)

where r_e = e^2/mc^2 is the classical electron radius.

From (25) we also conclude that the electric field strength of the laser far from the focus is related by, E_{laser}(r) ≈ z_0 r E_0e^{iΔφ}, (27)

for θ <∼ θ_0, where the phase shift Δφ between the far laser field and the field at the focus is not yet determined.

5.1.1 The Gouy Phase Shift

The phase shift can be found by an inverse application of Kirchhoff diffraction theory, in which a field component E_i(x) near the laser focus is reconstructed from the far field E_i(r) [19], E_i(x) ≈ ik 2π ∫ S e^{−iks} s E_i(r) dArea, (28)

where s is the magnitude of the vector r − x.

For example, a laser beam that is linearly polarized along the x axis has far field E_x(r) given by eq. (23), and a longitudinal component E_z(r) ≈ −θ cos ϕE_x(r) so that the field E is transverse to the radius vector r. Then, eq. (28) leads to the forms,

E_x = E_0fge^{−fϱ2} e^{iφ}, E_z = −iθ_0fξE_x, (29)

where E_0 is the peak electric field at the focus, and, f = 1 1 + iζ = 1 − iζ 1 + ζ^2 = e^{−i tan−1 ζ} √ 1 + ζ^2

, (30)

in terms of the normalized spatial coordinates ξ = x/w_0, υ = y/w_0, ϱ^2 = ξ^2 + υ^2 = ρ^2/w^2_0 and ζ = z/z_0. The fields given by eq. (29) satisfy Maxwell’s equations with the neglect of terms of order θ^2_0 [20], and supposing that g^′/g ≪ 1, i.e., that the pulse width is large compared to a single cycle.

The phase, − tan^{−1} z/z_0, of function f is known as the Gouy phase [21], and implies a 90^∘ phase shift between the far field of the laser beam where f ≈ −iz_0/r and the center of the focus, half of which shift occurs within one Rayleigh range of the focus. Thus, eq. (27) can now be written as, E_{laser}(r) ≈ −i z_0 r E_0. (31)

5.1.2 Phase and Group Velocity

The total phase φ_{tot} of the wave is,

φ_{tot} = kz − tan^{−1} z z_0 + ρ^2zz_0 w^2_0(z^2 + z^2_0 )

− ωt

≈ kz − z z_0 + ρ^2z w^2_0z_0

− ωt, (32)

where ρ^2 = x^2 + y^2 and the approximation holds for ρ < w_0 and |z| < z_0. Near the focus we can identify an effective wave number k_{eff} given by,

k_{eff} ≈ k − 1 z_0 + ρ^2 w^2_0z_0 = ω c [ 1 − θ^2_0 2 ( 1 − ρ^2 w^2_0 )] , (33)

noting that 1/z_0 = kθ^2_0/2. Hence, the phase velocity, v_p = ω/k_{eff} , exceeds the speed of light whenever the transverse position ρ of the electron is less than the waist w_0. This is not ideal for energy transfers between wave and electron. However, when discussing energy, it is more relevant to consider the group velocity of the laser beam, v_g = dω/dk_{eff} .

In eq. (33), the optical parameters θ_0 and w_0 depend on the frequency, in general. If the optical transport system fixes the diffraction angle θ_0, then the waist varies with frequency according to w_0 = 2c/ωθ_0 and the group velocity is v_g = c/[1 −^{θ20}_2 (1 − 3ρ^2/w^2_0)]. If instead the waist is fixed, then,

v_g = c 1 +^{θ20}_2 ( 1 −^{ρ2}_{w20}

) ≈ c [ 1 − θ^2_0 2 ( 1 − ρ^2 w^2_0 )] . (34)

In the latter case, the group velocity is less than c near the focus, and seems to be the physically reasonable case.

Part of the complexity of v_{phase} and v_{group} is due to the fact that energy and momentum flow transversely as well as longitudinally in a focused laser beam. If we also define a velocity v_{flow} of the energy flow only along, the z direction, we can obtain this by averaging v_{group} over ρ. Assuming expression (34) v_{group} is valid for ρ ≤ w_0, we find,

v_{flow} = c 1 + θ^2_0/4 ≈ c ( 1 − θ^2_0 4 ) . (35)

The same result is found far from the focus by averaging v_z = c cos θ. See also Ref. [22].

5.1.3 The Formation Length

In our Maxwellian perspective we will be concerned with the electromagnetic radiation of an electron in a laser focus. A useful concept is the formation length, the distance over which the radiation moves one wavelength ahead of the electron, after which the radiation can be considered to be separate from the electron.

An electron inside a wave has longitudinal velocity β_‖ that differs from its initial longitudinal velocity β_0 according to eq. (15). Then, the formation length is given by,

L_{formation} = λ 1 − β_‖ ≈ γ^2_‖λ 2 ≈ γ^2_0(1 + η^2)λ. (36)

For a strong laser beam with η ≫ 1, the formation length is,

L_{formation} ≈ η^2γ^2_0λ. (37)

5.2 General Remarks on Laser Acceleration

5.2.1 A Constraint on z_0

We first note a constraint that arises when it is desired that an electron interact with a laser beam near its focus. According to eq. (16), the amplitude r_⊥ ≈ γ_0ηλ of the transverse oscillation of an electron of initial Lorentz factor γ_0 in a wave could be larger than the waist w_0 of the laser beam. In that case, the electron would exit the side of the laser pulse and be effectively lost from the accelerated electron beam. To avoid this, the laser waist should satisfy w_0 >∼ γ_0ηλ, and hence the Rayleigh range should obey z_0 >∼ γ^2_0η^2λ Since z_0 >∼ λ for any pratical focusing optics, this provides little constraint on weak laser fields. But for strong fields with η ≫ 1, this constraint can be usefully written z_0 >∼ L_{formation}, according to eq. (37). If the Rayleigh range is less than a formation length, the interaction between a strong wave and electron, and hence any laser acceleration, would be reduced by z_0/L_{formation}.

On the other hand, if the Rayleigh range is longer than a formation length, the electron slips past the crest of the electromagnetic wave, and the acceleration would, in general, be less. Hence, we conclude that, z_0 ≈ L_{formation} (38)

is desirable for laser acceleration in strong fields.

5.2.2 An Estimate of Maximal Laser Acceleration

The distance over which a focused laser pulse is intense is roughly the Rayleigh range z_0. For a peak electric field E_0, the maximum energy that could be transferred to a charge e over this length is ΔU_{max} ≈ eE_0z_0. However, laser pulses have largely transverse electric fields, so this maximum is not readily achieved. The peak component of the electric field along the optical axis is of order θ_0E_0 = w_0E_0/z_0. Therefore, a better estimate is,

ΔU_{max} ≈ eE_0θ_0z_0 = eE_0w_0 = w_0 λ ηmc^2. (39)

We add to this the constraint (38) that the Rayleigh range be the formation length for best acceleration. For a strong field, this implies that w_0 ≈ γ_0ηλ, so we obtain,

ΔU_{max} ≈ γ_0η^2mc^2. (40)

We will find below in secs. 5.5-6 that energy transfers of this order can be achieved with an “axicon” focus laser beam, provided the mirrors that create this focus are located approximately at ±z_0 about the focal point. This form of laser acceleration is, therefore, not what we have called vacuum laser acceleration, but (as we will see) depends on the interference of the laser beam with the transition radiation from the electron.

Can the energy gain (40) be achieved in a vacuum laser acceleration configuration, with all optical media far from the laser focus? An optimistic answer is suggested by an argument analagous to Budker’s view of acceleration in a pulsed helical delay line (can we give a reference?), and confirmed by the Maxwellian argument in sec. 5.4.

5.2.3 The Snowplow Model

Near the focus, the energy in the laser pulse flows with a velocity slightly less than the speed of light. If this pulse of energy overtakes an electron, the electron can be pushed forward by the ponderomotive force (20) and experience a net energy gain. Consider this in the rest frame of the energy flow of the laser pulse, in which the electron initially approaches the pulse. If the energy of the electron in this frame is less than the ponderomotive potential of the pulse, the electron is reflected elastically, and moves away from the pulse. Back in the lab frame the electron ends up with a large energy.

This argument does not apply to plane waves, whose energy flow velocity is the speed of light. In this case, the plane wave eventually passes over any electron in its way, and the trailing edge of the wave decelerates the electron back to its initial velocity.

We saw in eqs. (34)-(35) that the group velocity near the focus of the fundamental mode of laser beam is a function of the radius, with an average value of,

β_g ≈ 1 − θ^2_0 4 . (41)

The corresponding Lorentz factor is,

γ^2_g ≈ 2 θ^2_0

= kz_0. (42)

According to this view, there is a possibility of accelerating an electron provided the group velocity of the laser focus exceeds the longitudinal velocity of the electron. Equivalently, we require that, γ_g > γ_0, (43) where γ_0 is the initial Lorentz factor of the electron, which is assumed to have initial velocity along the laser beam.

For a relativistic electron that satisfies condition (43), its energy U^⋆ in the rest frame of the laser group velocity is U^⋆ = γ^⋆mc^2 = γ_gγ_0(1−β_gβ_0)mc^2 ≈ γ_gγ_0(1−β_0)mc^2 ≈ γ_gmc^2/γ_0. If the electron were initially at rest, then γ_0 = 1 and its energy in this frame would be U^⋆ = γ_gmc^2 = γ_gmc^2/γ_0.

If the electron is to be reflected from the wave, its longitudinal velocity must be reduced to zero before it penetrates to the center of the focus. Thus, its energy U^⋆ must be less than the ponderomotive potential, i.e., the effective energy (18) of transverse motion of an electron with zero longitudinal velocity at the laser focus. Hence, we need, √ 1 + η^2 >∼ γ_g γ_0

> 1. (44)

This cannot be satisfied for a weak field with η ≪ 1. We expect significant vacuum laser acceleration only for strong laser fields that satisfy,

η^2 >∼ γ^2_g γ^2_0 ≈ kz_0 γ^2_0

, (45)

or equivalently, z_0 <∼ L_{formation}.

We saw in sec. 5.2.1 that the amplitude of the transverse oscillation of the electron will be larger than the laser waist, and consequently ejected sideways from the laser focus, unless z_0 >∼ L_{formation}. Comparing with the above, we again conclude that we should have z_0 ≈ L_{formation} for best laser acceleration, which is equivalent to the requirement that,

kz_0 ≈ γ^2_0η^2. (46)

In the group-velocity frame, the velocity of the electron is reversed by the wave, but the Lorentz factor γ^⋆ remains the same. Back in the laboratory frame, the final Lorentz factor of the electron is, γ_f ≈ 2γ_gγ^⋆ ≈ γ^2_g γ_0 ≈ kz_0 γ_0

≈ η^2γ_0. (47)

The energy gain of the electron is,

ΔU_e = (γ_f − γ_0)mc^2 ≈ γ_0η^2mc^2 (48)

This saturates the estimate (40), and suggests that a configuration for vacuum laser acceleration exists.

5.2.4 Laser Energetics

The energy gain formula (40) is noteworthy in that the gain is a multiplicative factor, rather than additive as is the case for acceleration in an rf cavity of fixed length. However, to achieve the gain (40), the Rayleigh range and formation length must increase with the input electron energy according to eq. (37). Therefore, the energy gradient,

ΔU_{max} z_0 ≈ mc^2 γ_0λ

, (49)

falls off with increasing electron energy, and the process of laser acceleration will be less efficient at higher energies.

We elaborate on this issue by considering the required energy in the laser pulse. For a laser focus with z_0 ≈ L_{formation}, the main part of the acceleration occurs while only a single cycle of the laser beam overtakes the electron. The volume of the laser pulse near its focus could then be as little as w^2_0λ ≈ z_0λ^2, with minimum pulse energy,

U_{laser,min} ≈ E^2_0 z_0λ^2 = z_0 r_e η^2mc^2 ≈ γ^2_0η^4 λ r_e mc^2

≈ γ^2_0η^410^{−5} J, (50) where the numerical value is for an optical laser. Then, eq. (40) can also be written as,

ΔU_{max} ≈ γ_0r_e z_0

U_{laser,min} ≈ r_e γ_0η^2λ

U_{laser,min}, (51)

which also shows how the efficiency of acceleration decreases at higher electron energies.

As a numerical example, consider a laser focus with η = 3. Then, according to eq. (50),

U_{laser,min} ≈ γ^2_010^{−3} J, (52)

Such a laser could increase the electron energy by a factor of 10 at a single focal point. The pulse energy needed to accelerate an electron from rest to γ = 10 is only 1 mJ, while the jump from γ = 10 to 100 would require 100 mJ, and the jump from γ = 100 to 1000 would require 10 J, etc.

The above estimates are based on the assumption of essentially single-cyle laser pulses. If it is more practical to deliver multicycle laser pulses, the pulses energies to achieve the maximal gain (40) are correspondingly larger. It will require a very large laser system to accelerate an electron to energies beyond 1 GeV.

5.2.5 Electron Beam Stability

For laser acceleration to be the basis of a practical electron accelerator, it must accelerate a bunch of electrons in a manner that retains a usable bunch structure. This will require some care, as the process of laser acceleration tends to disperse the bunch both longitudinally and transversely.

The gain formala (40) indicates that an energy spread Δγ_0 of the input electron bunch is magnified to η^2Δγ_0 during laser acceleration. This contrasts with acceleration in an rf cavity, where the energy spread in unchanged. The relative energy spread, Δγ/γ, is unchanged by laser acceleration, while it is reduced by acceleration in an rf cavity.

During laser acceleration, electrons will experience transverse momentum kicks of order γ^⋆_⊥β^⋆_⊥mc = ηmc in the longitudinal rest frame of the electron, recalling sec. 4. Transverse momentum is a relativistic invariant, so this holds in the laboratory frame as well. Since mc = 0.511 MeV/c, this defocusing effect is relatively modest for moderate values of η, but will require compensation via a set of focusing magnets between stages of laser acceleration.

Focusing of the electron beam could also be provided by a solenoid magnet coaxial with the optic axis. In principle, the cyclotron frequency could be matched to the laser frequency, both measured in the average rest frame of the electrons. Then, interference between the spontaneous radation of the electron in the solenoid field and the radiation induced by the laser would lead to an additional acceleration, linear in the laser field strength. This concept is the basis of invserse-free-electron-laser acceleration.

5.2.6 The Maxwellian View

In the Maxwellian view, the energy gain of an electron that interacts with a laser beam is the negative of the interaction energy between the laser beam and the induced radiation of the electron. We evaluate this far from the laser focus as,

U_{int} = 1 2π Re ∫ E^⋆_{laser}(r) · E_{rad}(r) dVol

≈ Re ∫ fixed r

dArea ∫ E^⋆_{laser}(r, t) · E_{rad}(r, t) d(ct). (53)

The radiated electric field is given by the Liénard-Wiechert equation,

E_{rad}(r, t) = e c ŝ × { (ŝ − β) × β̇ } (1 − β · ŝ)^3s ret , (54)

where s = r − x is the vector from the source point x to the observation point r, and the quantity in brackets is evaluated at the retarded time t^′ = t − s/c. The far field of the laser is given by eq. (23), where we now write E_{laser}(r) = E_{laser}(r)e^{−θ2/θ20} .

We change the variable of integration in eq. (53) from t to t^′, noting that dt = dt^′[1 − β(t^′) · ŝ], to find,

U_{int} ≈ e 2πc Re ∫ dArea

E_{laser}(r) s ∫ g(φ)e^{−iφ} ŝ × [(ŝ − β) × β̇] (1 − β · ŝ)^2 d(ct^′). (55)

This can be integrated by parts using the relations,

ŝ × [(ŝ − β) × β̇] (1 − β · ŝ)^2 = d dt^′ [ ŝ × (ŝ × β) 1 − β · ŝ ] (56)

and dφ/dt^′ ≈ −ω(1 − β · ŝ), giving,

U_{int} ≈ Re ik 2π ∫ dArea eE_{laser}(r) s ∫ [g(φ) + ig^′(φ)]e^{−iφ}[ŝ(ŝ · β) − β] d(ct^′). (57)

The Gaussian beam described by eq. (29) satisfy Maxwell’s equations only if g^′/g is negligible, so we ignore the term in g^′ eq. (57).

To a good approximation, E_{laser} · ŝ = 0. Then, using the inverse diffraction integral (28), we find,

U_{int} ≈ −Re ∫ eE_{laser}(x, t^′) · v dt^′, (58)

where v = dx/dt^′ is the velocity of the electron. Thus, the interference energy is indeed the negative of the energy gain of the electron in the laser field.

The Maxellian view gives us the option of evaluating the energy gain of the electron via the interference term (53) in the far field, as an alternative to direct evaluation of eq. (58) near the laser focus.

5.3 Acceleration by a Weak Laser

We begin our discussion of laser acceleration from the Maxwellian viewpoint with the case of a weak laser beam with η ≪ 1 and pulse length τ such that cτ <∼ z_0 ≈ λ/θ^2_0. The electron is initially at rest. For simplicity, we consider an electron initially on the optic axis, with |z| <∼ z_0

According to the snowplow model of sec. 5.2.3, we expect no acceleration here, since the energy of the electron in the group-velocity frame is U^⋆ = γ_gmc^2 = √ 2mc^2/θ_0, which is less than the the ponderomotive energy mc^2 √ 1 + η^2 ≈ mc^2(1 + η^2/2) so long as θ_0 < √ 2/2. In this case, the laser pulse passes over the electron, and the latter is decelerated back to zero velocity by the trailing edge of the pulse.

While the electron is inside the laser pulse, it radiates electromagnetic waves, and takes on longitudinal velocity β_‖ ≈ η^2 according to eq. (15). The longitudinal displacement is roughly Δz ≈ η^2cτ <∼ η^2λ/θ^2 < λ. The amplitude of transverse oscillations is ηλ according to eq. (16), which is also less than λ for a weak laser field.

Even when the laser pulse has passed the electron, the radiation fields of the electron still interfere with the laser pulse. For weak lasers fields, the radiation fields of the electron can be approximated as due to electric dipole radiation when the electron was at its initial position, since the electron moves less than a wavelength as the pulse passes by. The second time derivative of the electric dipole moment d of the electron is related by,

d̈(x, t) = eẍ ≈ e^2 m E(x, t) = c^2r_eE(x, t), (59)

where x is the position of the electron. The radiation field E_{rad}(r, t) of the electron at position (r ≫ z_0, θ ∼ θ_0, ϕ) in a spherical coordinate system is obtained from d̈ when evaluated at the retarded time,

t^′ = t −

|r − x| c ≈ t − r − r̂ · x c = t − r c + z cos θ c ≈ t + z c − r c − zθ^2 2c . (60)

The total phase of E_{rad} is then found from eq. (32) to be,

φ_{tot} ≈ kr − ωt − z z_0 + kzθ^2 2 (61)

In calculating the interference between the radiated field and the laser field, we average over angle θ, weighting by the electric field of the laser beam in the far zone, which has the effect of replacing θ in (61) by θ_0. Since z_0 = 2/kθ^2_0, the averaged phase of the radiation is just ⟨φ_{tot}⟩ = kr − ωt. A similar, but more intricate calculation yields the same result if the electron is initially off the optic axis.

Since the dipole moment is essentially orthogonal to the wave vector in the far-field region of the laser pulse, the far radiation field for θ <∼ θ_0 is,

E_{rad}(r, t) =

(d̈(x, t^′) × k̂) × k̂ c^2r ≈ − d̈(x, t′) c^2r = − r_e r E(x, t^′)

≈ − r_e r E_0 √ 1 + z^2/z^2_0 = − eη rλ Ê_0 √ 1 + z^2/z^2_0

, (62)

where,

φ_{rad}(ρ, z) ≡ z z_0 ( 1 − ρ^2 w^2_0 ) , (63)

where we have suppressed the phase φ = kr − ωt.

This result implies that radiation emitted by an electron near the laser focus is 90^∘ out of phase with the laser field in the far zone, eq. (31), since the laser field experiences the Gouy phase shift between the focus and far zone (associated with the focal spot having finite transverse extent), while the radiation from a point electron does not.

Therefore, there is no interference between the laser field and the radiation from the electron in the far zone. The electromagnetic field energy is constant (neglecting the small amount of energy in the radiation fields themselves), and so the mechanical energy of the electron must be constant (with the neglect of the small radiation reaction).

We have neglected the radiation fields caused by the longitudinal field, E_z, of eq. (29). The polarization of this radiation is radial, and so it does not contribute to interference with the far field of the laser beam after integration over azimuth, for any polarization of the laser in its fundamental mode. Hence, the longitudinal component of the fundamental laser mode cannot contribute to vacuum laser acceleration. We consider laser modes matched to the radiation caused by the longitudinal component of the laser field in secs. 5.5-7.

Thus, the Maxwellian view confirms the prediction of the snowplow model that there is no acceleration of an electron by a weak laser field.

5.4 Acceleration by a Strong Laser

In a strong laser field (η >∼ 1), the radiation of the electron is considerably modified. The transverse motion of the electron is relativistic, and the frequency spectrum of the radiation is dominated by higher harmonics. The case of circular laser polarization is simpler. In its longitudinal rest frame (boost = γ_‖), the electron moves in a circle in the transverse plane, and the radiation can then be called synchrotron radiation. In this frame, the transverse motion can be characterized by Lorentz factors (12), and so is relativistic for large η. For linear polarization, the motion is a “figure 8” [14] where γ_⊥ and β_⊥ vary over a cycle with average values given by (12).

We are only interested in the strength of the electric field at frequency ω, as only this component can interfere with the far laser field. [Strictly, this statement implies that the interference extends over many cycles so that the interference between frequencies ω and nω averages to zero for n > 1. But we will eventually see that in practice the interference region is less than one wavelength long, so higher harmonics are not totally negligible.]

From eq. (74.9) of Ref. [14] with harmonic number n = 1, we have that the total power radiated at frequency ω by an electron in circular motion is,

dU^⋆_ω dt^⋆ ≈ e^4E^{⋆2}_{laser} γ^{⋆2}_⊥ m^2c^3 = e^4E^{⋆2}_{laser} m^2c^3(1 + η^2)

, (64) in the longitudinal rest frame of the electron, since the Bessel functions have values of order unity in this case. The radiated power is a Lorentz invariant, and the electric field transforms as E^⋆ = γ_‖(1 − β_‖)E ≈ E/γ_‖. Hence, in the lab frame we have

dU_{ω,source} dt ≈ e^4E^2_{laser, source} γ^2_‖m^2c^3(1 + η^2)

, (65)

for the radiation rate measured at the source. An observer in the far field near the optic axis detects a rate that is higher than (65) by a factor 1/(1 − β_‖) ≈ γ^2_‖ because the electron is moving with speed β_‖ towards the observer. Thus,

dU_{ω,far} dt ≈ e^4E^2_{laser, source} m^2c^3(1 + η^2) ≈ e^2η^2c λ^2(1 + η^2)

. (66)

We can now estimate the strength of the radiated electric field in the far field by noting that the radiation pattern lies within a cone of half angle θ ≈ 1/γ_‖. The energy at frequency ω contained within a pulse of duration Δt as observed in the far field is,

ΔU_{ω,rad} ≈ E^2_{ω,rad}(r)r^2θ^2cΔt ≈

E^2_{ω,rad}(r)r^2cΔt γ^2_‖ ≈ e^2η^2cΔt λ^2(1 + η^2)

, (67)

using eq. (66). Hence,

E_{ω,rad}(r) ≈ − γ_‖eηe^{−iΔφ} rλ √ 1 + η^2

≈ −γ_0 eη rλ e^{−iΔφ}, (68)

using (14), where the phase Δφ between the radiated field and the laser field in the far zone is not yet determined. In the weak-field limit, eq. (68) agrees with eq. (62). This suggests, but does not prove, that Δφ is zero...

More work on the phase factor needed here....

We can now calculate the interference energy between the radiation from the electron and the far field of the laser beam, similarly to eq. (57). For a strong wave, we saw that θ_0 ≈ 1/γ_‖ ≈ 1/γ_0η. Also, we have noted in sec. 5.2.1 that the Rayleigh range should be approximately the formation length. This has the consequence that the radiation from the electron has extent of only cτ ≈ λ. Then, we find,

U_{int} ≈ − λ γ^2_0η^2 γ_0E^2_0 z_0r_eΔφ = −γ_0η^2Δφmc^2. (69)

The energy gain of the electron is then,

ΔU_e ≈ γ_0η^2Δφmc^2, (70)

which is the maximal energy gain estimated in eqs. (40) and (48), to within the phase factor Δφ.

If we accept the conjecture that Δφ is given by eq. (63), then we conclude that the maximal acceleration occurs for an electron that moves with the wave at distance z_0 ahead of the peak of the pulse.

More work needed to clarify this.....

10/11/10 For snowplow acceleration, don’t want electron to pentrate all the way to the center of the laser pulse. Suppose it only penetrates to z ≈ z_0. The Gouy phase here is about 1 radian, which is not too far out of phase with the far fields. So, there can be considerable interference between radiation and the far laser field.

However, for strong acceleration, the radiation is so strong (????) that the electron doesn’t actually gain much net energy.....

Must recall that radiation is like synchrotron radiation, γ^2, and lasts for time of order z_0/c.....

A result that appears to be very similar to this has been reported by Wang et al.[7] on the basis of a numerical calculation.

5.5 Acceleration by an Axicon Laser Mode

In secs. 5.1-4 we assumed that the electron’s trajectory lies along the optic axis of the laser beam. This implies that eventually the electron would pass through the lens or mirrors that shape the laser beams. This might be awkward in practice, especially for an intense beam of electrons. Therefore, it is natural to consider configurations in which the the optic axis of the laser makes an angle θ_1 > θ_0 to the electron beam. If a second laser beam is added at angle −θ_1 and properly phased with respect to the first laser beam, the electric field on axis can be made purely longitudinal, which appears to be desirable [24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34].

Such a configuration of laser beams is sometimes called an axicon-focus beam, the idealized version of which is a cylindrical Gaussian laser mode [9, 35, 36, 37]. In general, such modes exist with two polarizations of the transverse electric field, radial and azimuthal.

In notation like that of eqs. (29-30), the simplest radially polarized mode, the (0,0) mode, is (to first-order in the diffraction angle θ_0),

E_ρ = ϱF_0, E_ϕ = 0, E_z = iθ_0(1 − f^2ϱ^2)F_0, (71)

where,

F_0 = E_0 e^{−ϱ2/(1+ζ2)}g(φ) 1 + ζ^2 e^{i(φ−2 tan−1 ζ)}, (72)

f = 1/(1 + iζ) and φ = kz − ωt.

The (0,1) cylindrical mode with radial polarization is,

E_ρ = ϱF_1, E_ϕ = 0, E_z ≈ iθ_0F_1, (73)

where,

F_1 = ( 1 − ϱ^2 1 + ζ^2 ) e^{iϕ}F_0, (74) and ϕ is the azimuthal angle about the z axis. The (0,1) azimuthally polarized cylindrical mode is, E_ρ = 0, E_ϕ = ϱF_1, E_z = −θ_0F_1/2. (75)

In all three modes listed the transverse fields vanish on the z axis, and the Gouy phase shift between the focus and the far field is 180^∘. The longitudinal field at the focus is 90^∘ out of phase with the far transverse field for the case of radial polarization, but is in phase for azimuthal polarization.

If such a laser beam encounters an electron lying on the z axis, the latter will be accelerated by the field E_z, leading to radiation fields with radial polarization. Hence, there would be no interference between the radiation fields of the electron and the far fields of an azimuthally polarized laser beam. In turn, this implies that the acceleration is only temporary and does not result in any net transfer of energy to the electron.

The polarization of the radiation is matched to that of the radially polarized mode, but the radiation is aways exactly 90^∘ out of phase with the far field of the laser beam. Again there can be no net energy transfer from the laser beam to the electron. This result can also be deduced from direct integration of the equation of motion of the electron over an infinite path length for arbitrary phasing of the electron compared to the laser beam (see eq. (76) [9, 31]). Another explanation for this null result is that since the phase velocity of the laser beam exceeds the speed of light, the wave always slips past the electron over a long enough path so as to cancel any temporary energy transfer.

These conclusions hold whether the electron is relativistic or nonrelativistic, and whether the laser field is weak or strong, in contrast the the more complex case of the fundamental laser mode. The conclusions are unchanged by the addition of multiple frequencies to the laser beam [33], and are consistent with the Lawson-Woodward theorem [8, 9]. Vacuum laser acceleration is impossible in the cylindrical laser modes, which appeared the best matched to the problem.

5.6 Acceleration in a Laser Cavity

In practice, a laser beam exists only over a finite length in z, typically defined by mirrors. Clearly, electrons could be accelerated in the resulting optical cavity, if the transition radiation from the cavity walls interferes with the laser beam. The acceleration would be linear in the laser field strength, as is the case for acceleration in an rf cavity. By our definition, this is not, however, vacuum laser acceleration (even if the cavity is under vacuum) since the cavity walls play an essential role.

A difference between a laser cavity and an rf cavity is that the cavity length is typically much longer than a laser wavelength, while usually shorter than an rf wavelength. Also, the phase velocity in an rf cavity can be adjusted to match that of a charge particle, while the phase velocity in a laser cavity will typically exceeds the speed of light. Hence, useful laser cavity acceleration will occur only over a distance such that the wave advances by about one reduced wavelength past the electron. This distance was introduced in sec. 5.1.3 as the formation length, L_{formation} ≈ γ^2λ, where γ is the Lorentz factor of the electron. Again, we conclude that optimal energy transfer between a laser beam and an electron occurs when the Rayleigh range is equal to the formation length. Accordingly, the optimal diffraction angle θ_0 is approximately 1/γ.

A direct calculation of the energy gain from E_z of a long (g = 1) radially polarized laser mode, eqs. (71-72), over path length 2L confirms this [9, 31, 37],

ΔU_e(L) = eE_{0,z}

∫_L −L dz z^2_0 z^2 + z^2_0 cos[2 tan^{−1}(z/z_0)]

= 2eE_{0,z}z_0

Lz_0 L^2 + z^2_0

. (76)

The maximum energy gain is attained at the matching condition, L = z_0, with the same result as eqs. (39)-(40),

ΔU_{e,max} = eE_{0,z}z_0 = eE_0θ_0z_0 = eE_0w_0. (77)

To achieve this maximum, the Rayleigh range should also be equal to the formation length, so as to avoid the problem of phase slippage (which was ignored in calculation (76)). Then θ_0 = 1/γ and the energy gradient is eE_0/γ, so that laser cavity acceleration becomes less and less effective at higher energies.

Let us apply the Maxwellian argument for cavity acceleration, now examining what happens if the separation 2L between the walls of the cavity becomes large compared to a wavelength. We look for interference between the transition radiation from the first cavity wall and the transversely polarized field of the laser near the focus.

The spectrum of transition radiation from the first wall is dU_1 ≈ e^2dk = e^2dω/c, according to eq. (2). If the temporal pulse length of the laser is τ (which we assume to be less than z_0/c), then the corresponding frequency band is dω ≈ 1/τ. Hence, the total energy of the transition radiation within the bandwidth of the laser is U_1 ≈ e^2/(cτ). Furthermore, the effective pulse length of the transition radiation emitted into this bandwidth is also τ.

This radiation must also overlap the laser pulse in space. For an electron moving with Lorentz factor γ, the characteristic angle of the radiation is θ ≈ 1/γ. If the first wall is distance L from the laser focus, the transition radiation has spread over radius Lθ ≈ L/γ when it reaches the focus. Hence, the volume of the transition radiation that could interfere with the laser is roughly cτ (L/γ)^2. The corresponding field strength E_1 is related by,

U_1 ≈ cτ

L^2 γ^2

E^2_1 ≈ e^2 cτ , (78)

so that, E_1 ≈ γe cτL , (79)

to within a phase factor.

The transition radiation interferes with the laser field near the focus, whose field strength is called E_0. The length of the interaction volume is cτ, while its radius is the minimum of the laser waist, w_0, and the radius L/γ of the transition radiation pattern.

First, consider small cavity length L, in which case the overlap radius is L/γ. The interference term in the total field energy is,

U_{int} ≈ −E_0E_1cτ

L^2 γ^2

≈ −eE_0 L γ , (80) for a suitable choice of phase of the electron relative to the laser beam. If the focus of the laser beam is matched to the Lorentz factor of the electron, we have θ_0 = w_0/z_0 = 1/γ for the diffraction angle. The energy gain by the electron is then,

ΔU_e = −U_{int} ≈ eE_0w_0 L z_0

≈ eE_{0,z}L. (81)

The energy gain increases with cavity length until it reaches the maximum stated in eq. (77) at L = z_0, beyond which the transition radiation no longer overlaps fully with the laser beam.

For laser cavity length L > z_0, the overlap radius is w_0. The interference term in the total field energy is then,

U_{int} ≈ −E_0E_1cτ w^2_0 ≈ −eE_0 γw^2_0 L , (82)

for a suitable choice of phase of the electron relative to the laser beam. Again, we suppose that the focus of the laser beam is matched to the Lorentz factor of the electron, so that γw_0 ≈ z_0. The energy gain by the electron is then,

ΔU_e = −U_{int} ≈ eE_0w_0 z_0 L ≈ eE_{0,z}z_0 z_0 L . (83)

The energy gain is suppressed for cavity lengths greater than the Rayleigh range.

The Maxwellian argument emphasizes the transverse, rather than the longitudinal, field of the laser, since it is the former that interferes strongly with the radially polarized transition radiation. Then, we conclude that the laser beam should be radially polarized as well; a plane polarized laser could cause no laser cavity acceleration. Finally, we connect acceleration with longitudinal electric field by noting that radially polarized laser modes have nonvanishing longitudinal electric fields on axis, in contrast to plane-polarized modes. We also conclude that azimuthally polarized laser beams will not accelerate electrons, even though they have nonvanishing longitudinal electric field on axis. [Problem: A direct calculation using E_z from eq. (74) seems to give the same results as (76), if the phase of the electron is shifted by 90^∘, which we are free to do????]

The Maxwellian argument also allows us to appreciate an important point not readily discerned from direct integration of the equation of motion. A practical laser cavity accelerator will likely contain apertures in the end mirror to let the electron beam pass. Those apertures must not be so large that the transition radiation spectrum no longer covers the laser frequency, otherwise the interference term would disappear and the electron could not extract energy from the system. In other words, the aperture must not perturb the longitudinal field too greatly or the direct integration that led to eq. (76) would be inaccurate. Recall that the cutoff in the transition radiation spectrum is at wave number k ≈ γ/a in case of an aperture of radius a. Hence, we must have,

a <∼ γλ (84)

for laser cavity acceleration to be effective. This is a rather serious restriction for electrons of energies up to a few GeV in an optical laser cavity accelerator.

6 Acceleration by Inverse Radiation

A laser beam can transfer energy to a copropagating electron whenever the electron emits “spontaneous” radiation that can interfere with the laser field. The energy gain will be linear in the electric field strength of the laser. Numerous schemes have been proposed for the needed “spontaneous” emission, some of which are reviewed in this section.

6.1 Inverse Čerenkov Acceleration

Among the proposed variants of laser cavity acceleration, many involve the use of a gas with index of refraction n, nominally to reduce the phase velocity of the laser beam to c/n to match the velocity cβ < c of the electron [1, 9, 27, 28]. From the Maxwellian veiwpoint, the role of the gas is to induce the electron to emit (radially polarized) Čerenkov radiation. Then, if an axicon-focus laser beam is arranged with diffraction angle that overlaps the Čerenkov cone, interference and acceleration are possible.

Precise matching of the phase velocity is not required, if the path length is short enough that the phase slippage is length than λ. Indeed, the condition that β = 1/n is the threshold for Čerenkov radiation, so the radiation, the interference and the energy transfer would all vanish in this case.

6.2 Cyclotron Resonance Acceleration

An electron in a uniform magnetic field moves in a helix about a field line, and emits a variant of synchrotron radiation. If a laser beam propagates along the field line and has the same frequency as the synchrotron radiation, interference can occur and the electron can be accelerated. This scheme has been discussed by several authors [38, 39, 40, 41].

6.3 Inverse Bremsstrahlung Acceleration

When an electron moves through a transverse, static electric or magnetic field it emits radiation that could be called a kind of bremstrahlung or (perhaps more properly) synchrotron radiation. If a laser beam propagates along with the electron and has a frequency that overlaps with the radiation spectrum induced by the static field, interference and acceleration can occur. This process is often called inverse bremsstrahlung acceleration [42, 43, 45, 46].

6.4 Inverse Free-Electron-Laser Acceleration

Lots of refs......

6.5 Inverse Smith-Purcell Radiation

[8, 47, 48, 49, 50, 51]

6.6 Plasma Beat-Wave Acceleration

The beat goes on.....

References

[1] K. Shimoda, Proposal for an Electron Accelerator Using an Optical Maser, Appl.

Optics 1, 33 (1962),

http://kirkmcd.princeton.edu/examples/accel/shimoda_ao_1_33_62.pdf

[2] K.T. McDonald, Phys. Rev. Lett. 80, 1350 (1998),

http://kirkmcd.princeton.edu/examples/accel/mcdonald_prl_80_1350_98.pdf

P. Mora and B. Quesnel, ibid., p. 1351; E. Lefebvre et al., ibid., p. 1352.

[3] G. Malka et al., Experimental Observation of Electrons Accelerated in Vacuum to Relativistic Energies by a High-Energy Laser, Phys. Rev. Lett. 78, 3314 (1997),

http://kirkmcd.princeton.edu/examples/accel/malka_prl_78_3314_97.pdf

[4] F.V. Hartemann et al., Nonlinear ponderomotive scattering of relativistic electrons by an intense laser field at focus, Phys. Rev. E 51, 4833 (1995),

http://kirkmcd.princeton.edu/examples/accel/hartemann_pre_51_4833_95.pdf

[5] J.G. Woodworth et al., A Free-Wave Accelerator, AIP Conf. Proc. 356, 378 (1996),

http://kirkmcd.princeton.edu/examples/accel/woodworth_aipcp_356_378_96.pdf

[6] J.L. Hsu et al., Laser Acceleration in Vacuum, Proc. PAC97, p. 684,

http://accelconf.web.cern.ch/accelconf/pac97/papers/pdf/7V021.PDF

[7] J.X. Wang et al., Electron capture and violent accelertion by an extra-intense laser beam, Phys. Rev. E 58, 6575 (1998),

http://kirkmcd.princeton.edu/examples/accel/wang_pre_58_6575_98.pdf

[8] R.B. Palmer, A Laser-Driven Grating Linac, Part Accel. 11, 81 (1980),

http://kirkmcd.princeton.edu/examples/accel/palmer_pa_11_81_80.pdf

Acceleration Theorems, A.I.P. Conf. Proc. 335, 90 (1995),

http://kirkmcd.princeton.edu/examples/accel/palmer_aipcp_335_90_95.pdf

[9] E.J. Bochove et al., Acceleration of Particles by an Asymmetric Hermite-Gaussian Laser Beam, Phys. Rev. A 46, 6640 (1992),

http://kirkmcd.princeton.edu/examples/accel/bochove_pra_46_6640_92.pdf

[10] M.S. Zolotorev and K.T. McDonald, Classical Radiation Processes in the Weizsäcker- Williams Approximation (Aug. 25, 1999),

http://kirkmcd.princeton.edu/examples/weizsacker.pdf

[11] M.S. Zolotorev and K.T. McDonald, Energy Balance in an Electrostatic Accelerator (Feb. 1, 1998), http://kirkmcd.princeton.edu/examples/staticaccel.pdf

[12] G. Toraldo di Francia, Interaction of Focused Laser Radiation with a Beam of Charged Particles, Nuovo Cim. 37, 1553 (1965),

http://kirkmcd.princeton.edu/examples/accel/toraldo_di_francia_nc_37_1553_65.pdf

[13] T.W.B. Kibble, Frequency Shift in High-Intensity Compton Scattering, Phys. Rev.

138, B740, (1965), http://kirkmcd.princeton.edu/examples/QED/kibble_pr_138_b740_65.pdf Radiative Corrections to Thomson Scattering from Laser Beams, Phys. Lett. 20, 627 (1966), http://kirkmcd.princeton.edu/examples/QED/kibble_pl_20_627_66.pdf Refraction of Electron Beams by Intense Electromagnetic Waves, Phys. Rev. Lett. 16, 1054 (1966), http://kirkmcd.princeton.edu/examples/QED/kibble_prl_16_1054_66.pdf Mutual Refraction of Electrons and Photons, Phys. Rev. 150, 1060 (1966),

http://kirkmcd.princeton.edu/examples/QED/kibble_pr_150_1060_66.pdf

Some Applications of Coherent States, Cargèse Lectures in Physics, Vol. 2, M. Lévy, ed. (Gordon and Breach, New York, 1968), p. 299,

http://kirkmcd.princeton.edu/examples/QED/kibble_cl_2_299_68.pdf

[14] L. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), §74, http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[15] E.M. McMillan, The Origin of Cosmic Rays, Phys. Rev. 79, 498 (1950),

http://kirkmcd.princeton.edu/examples/accel/mcmillan_pr_79_498_50.pdf

[16] K.T. McDonald and K. Shmakov, Temporary Acceleration of Electrons while in an Intense Electromagnetic Wave, Phys. Rev. ST Accel. Beams 2, 121301 (1999),

http://kirkmcd.princeton.edu/accel/acceleration2.pdf

[17] K.T. McDonald and K. Shmakov, Classical “Dressing” of a Free Electron in a Plane Electromagnetic Wave (Feb. 28, 1998), http://kirkmcd.princeton.edu/accel/dressing.pdf

[18] D. Bauer et al., Relativistic Ponderomotive Force, Uphill Acceleration, and Transition to Chaos, Phys. Rev. Lett. 75, 4622 (1995),

http://kirkmcd.princeton.edu/examples/accel/bauer_prl_75_4622_95.pdf

[19] M.S. Zolotorev and K.T. McDonald, Time Reversed Diffraction (Sep. 5, 1999),

http://kirkmcd.princeton.edu/accel/laserfocus.pdf

[20] J.P. Barton and D.R. Alexander, fifth-order corrected electromagnetic field components for a fundamental Gaussian beam, J. Appl. Phys. 66, 2800 (1989),

http://kirkmcd.princeton.edu/examples/optics/barton_jap_66_2800_89.pdf

[21] G. Gouy, Sur une propreite nouvelle des ondes lumineuases, Compt. Rendue Acad. Sci.

(Paris) 110, 1251 (1890); Sur la propagation anomele des ondes, ibid. 111, 33 (1890),

http://kirkmcd.princeton.edu/examples/optics/gouy_cr_110_1251_90.pdf
http://kirkmcd.princeton.edu/examples/optics/gouy_cr_111_33_90.pdf

[22] E. Esarey et al., Theory and group velocity of ultrashort, tightly focused laser pulses, J. Opt. Soc. Am. B 12, 1695 (1995),

http://kirkmcd.princeton.edu/examples/accel/esarey_josa_b12_1695_95.pdf

[23] M.S. Zolotorev and K.T. McDonald, Time-Reversed Diffraction (Sept. 5, 1999),

http://kirkmcd.princeton.edu/examples/laserfocus.pdf

[24] R.H. Pantell and M.A. Piestrup Free-electron momentum modulation by means of limited interaction length with light, Appl. Phys. Lett. 32, 781 (1978),

http://kirkmcd.princeton.edu/examples/accel/pantell_apl_32_781_78.pdf

[25] J.A. Edighoffer and R.H. Pantell, Energy exchange between free electrons and light in vacuum, J. Appl. Phys. 50, 6120 (1979),

http://kirkmcd.princeton.edu/examples/accel/edighoffer_jap_50_6120_79.pdf

[26] P. Huanwu and Z. Jiejia, A New Way to Superhigh Energy with a Phase-Adjusted Focusing Laser Accelerator, Scientia Sinica 23, 159 (1980).

[27] J.R. Fontana and R.H. Pantell, A high-energy, laser accelerator for electrons using the inverse Čerenkov effect, J. Appl. Phys. 54, 4285 (1983),

http://kirkmcd.princeton.edu/examples/accel/fontana_jap_54_4285_83.pdf

[28] R.D. Romea and W.D. Kimura, Modeling of inverse Čerenkov laser acceleration with axicon laser-beam focusing, Phys. Rev. D 42, 1807 (1990),

http://kirkmcd.princeton.edu/examples/accel/romea_prd_42_1807_90.pdf

[29] K. Sakai, Particle Acceleration by Longitudinal Field in Two Superposed Laser Beams, Japan. J. Appl. Phys. 30, L1887 (1991),

http://kirkmcd.princeton.edu/examples/accel/sakai_jjap_30_l1887_91.pdf

[30] L.C. Steinhauer and W.D. Kimura, A new approach for laser particle acceleration in vacuum, J. Appl. Phys. 72, 3237 (1992),

http://kirkmcd.princeton.edu/examples/accel/steinhauer_jap_72_3237_92.pdf

[31] Y.-K. Ho and L. Feng, Absence of net acceleration of charged particles by a focused laser beam in free space, Phys. Lett. A184, 440 (1994), L. Feng and Y.-K. Ho, Impossibility of noticeable net energy exchange between charged particles and focused laser beams in empty space, J. Phys. B 27, 2417 (1994),

http://kirkmcd.princeton.edu/examples/accel/feng_jpb_27_2417_94.pdf

[32] C.M. Haaland, Laser electron acceleration in vacuum, Opt. Comm. 114, 280, (1995),

http://kirkmcd.princeton.edu/examples/accel/haaland_oc_114_280_95.pdf

[33] E. Esarey et al., Laser Acceleration of Electrons in Vacuum, Phys. Rev. E 52, 5443 (1995), http://kirkmcd.princeton.edu/examples/accel/esarey_pre_52_5443_95.pdf P. Sprangle et al., Vacuum Laser Acceleration, Opt. Commun. 124, 69 (1996),

http://kirkmcd.princeton.edu/examples/accel/sprangle_oc_124_69_96.pdf

[34] Y.C. Huang et al., Proposed structure for a crossed-laser beam, GeV per meter gradient, vacuum electron linear accelerator, Appl. Phys. Lett. 68, 753 (1996),

http://kirkmcd.princeton.edu/examples/accel/huang_apl_68_753_96.pdf

Y.C. Huang and R.L. Byer, A proposed high-gradient laser-driven electron accelerator using crossed cylindrical laser focusing, ibid. 69, 2175 (1996),

http://kirkmcd.princeton.edu/examples/accel/huang_apl_69_2175_96.pdf

[35] L. Cicchitelli et al., Longitudinal field components for laser beams in vacuum, Phys.

Rev. A 41, 3727 (1990), http://kirkmcd.princeton.edu/examples/accel/cicchitelli_pra_41_3727_90.pdf

[36] M.O. Scully and M.S. Zubairy, Simple laser accelerator: Optics and particle dynamics, Phys. Rev. A 44, 2656 (1991),

http://kirkmcd.princeton.edu/examples/accel/scully_pra_44_2656_91.pdf

[37] S. Takeuchi et al., Electron Acceleration by Longitudinal Electric Field of a Gaussian Laser Beam, J. Phys. Soc. Japan 63, 1186 (1994),

http://kirkmcd.princeton.edu/examples/accel/takeuchi_jpsj_63_1186_94.pdf

[38] V.Y. Davydovskii, Possibility of Resonance Acceleration of Charged Particles by Electromagnetic Waves in a Constant Magnetic Field, Sov. Phys. JETP 16, 629 (1963),

http://kirkmcd.princeton.edu/examples/accel/davydovskii_spjetp_16_629_63.pdf

[39] C.S. Roberts and S.J. Buchsbaum, Motion of a Charged Particle in a Constant Magnetic Field and a Transverse Electromagnetic Wave Propagating along the Field, Phys. Rev. 135, A381 (1964), http://kirkmcd.princeton.edu/examples/accel/roberts_pr_135_a381_64.pdf

[40] V.B. Krasovitsky and V.I. Kurilko, Propagation and Excitation of Electromagnetic Waves in a Nonlinear Medium, Sov. Phys. JETP 21, 232 (1965),

http://kirkmcd.princeton.edu/examples/accel/krasovitskii_spjetp_21_232_65.pdf

[41] H.R. Jory and A.W. Trivelpiece, Charged Particle Motion in Large-Amplitude Electromagnetic Fields, J. Appl. Phys. 39, 3053 (1968),

http://kirkmcd.princeton.edu/examples/accel/jory_jap_39_3053_68.pdf

[42] R. Sugihara and Y. Midzuno, J. Phys. Soc. Japan 47, 1290 (1979); R. Sugihara et al., dc Acceleration of Charged Particles by an Electrostatic Wave Propagating Obliquely to a Magnetic Field, Phys. Rev. Lett. 52, 1500 1984),

http://kirkmcd.princeton.edu/examples/accel/sugihara_prl_52_1500_84.pdf

R. Sugihara, V_P × B Acceleration of Electrons by Phased Gaussian Laser Beams, Japan. J. Appl. Phys. 30, 76 (1991),

http://kirkmcd.princeton.edu/examples/accel/sugihara_jjap_30_76_91.pdf

[43] J.M. Dawson et al., Damping of Large-Amplitude Plasma Waves Propagating Perpendicular to the Magnetic Field, Phys. Rev. Lett. 50, 1455 (1983),

http://kirkmcd.princeton.edu/examples/accel/dawson_prl_50_1455_83.pdf

B. Lembege and J.M. Dawson, Plasma Heating and Acceleration by Strong Magnetosonic Waves Propagating Obliquely to a Magnetostatic Field, ibid. 53, 1053 (1984),

http://kirkmcd.princeton.edu/examples/accel/lembege_prl_53_1053_84.pdf

[44] V.V. Apollonov et al., Electron acceleration by intense laser beam in a static magnetic field, Sov. Phys. JETP 70, 846 (1990),

http://kirkmcd.princeton.edu/examples/accel/apollonov_spjetp_70_846_90.pdf

Electron Acceleration in a Strong Laser Field and a Static Transverse Magnetic Field, JETP Lett. 47, 91 (1988),

http://kirkmcd.princeton.edu/examples/accel/apollonov_jetpl_47_91_88.pdf

[45] S. Kawata et al., Inverse-Bremsstrahlung Electron Acceleration, Phys. Rev. Lett. 66, 2072 (1991), http://kirkmcd.princeton.edu/examples/accel/kawata_prl_66_2072_91.pdf

[46] M.S. Hussein and M.P. Plato, Nonlinear Amplification of Inverse-Bremsstrahlung Electron Acceleration, Phys. Rev. Lett. 68, 1136 (1992),

http://kirkmcd.princeton.edu/examples/accel/hussein_prl_68_1136_92.pdf

M.S. Hussein et al., Theory of free-wave acceleration, Phys. Rev. A 46, 3562 (1992),

http://kirkmcd.princeton.edu/examples/accel/hussein_pra_46_3562_92.pdf

[47] S.J. Smith and E.N. Purcell, Visible Light from Localized Surface Charges Moving across a Grating, Phys. Rev. 92, 1069 (1953),

http://kirkmcd.princeton.edu/examples/accel/smith_pr_92_1069_53.pdf

[48] G. Toraldo di Francia, Nuovo Cim. 16, 1085 (1960),

http://kirkmcd.princeton.edu/examples/accel/toraldo_di_francia_nc_16_61_60.pdf

[49] Y. Takeda and I. Matsui, Nucl. Instr. and Meth. 62, 306 (1968),

http://kirkmcd.princeton.edu/examples/accel/takeda_nim_62_306_68.pdf

[50] M. Mizuno et al., Interaction beetween coherent light waves and free electrons with a relection grating, Nature 253, 184 (1975),

http://kirkmcd.princeton.edu/examples/accel/mizuno_nature_253_184_75.pdf

[51] J.D. Lawson, Laser Accelerators? Rutherford Laboratory Report, RL-75-043 (1975).

[52] G. Goubau and F. Schwering, On the Guided Propagation of Electromagnetic Wave Beams, IRE Trans. Antennas and Propagation AP-9, 248 (1961),

http://kirkmcd.princeton.edu/examples/optics/goubau_iretap_9_248_61.pdf

[53] G.D. Boyd and J.P. Gordon, Confocal Multimode Resonators for Millimeter Through Optical Wavelength Masers, Bell Sys. Tech. J. 40, 489 (1961),

http://kirkmcd.princeton.edu/examples/optics/boyd_bstj_40_489_61.pdf

[54] H. Kogelnik and T. Li, Laser Beams and Resonators, Appl. Optics 5, 1550 (1966),

http://kirkmcd.princeton.edu/examples/optics/kogelnik_ao_5_1550_66.pdf

[55] M.J. Feldman and R.Y. Chiao, Single-Cycle Electron Acceleration in Focused Laser Fields, Phys. Rev. A 4, 352 (1971),

http://kirkmcd.princeton.edu/examples/accel/feldman_pra_4_352_71.pdf