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Ionization cooling is based on use of 
the ionization energy losses of charged par- 
ticles, which travel in matter, with the ex- 
ternal source compensation for the average 
energy losses of equilibrium particles /I-3/. 
When the motion in matter occurs at the ave- 
rage ~lectron density /Vt, the power of los- 
ses ~z and the frictional force ~ are, 
correspondingly, equal to 

.l~ . _ ~  e'~l ~ ~ ,  

where e and m e are ~he ~haF~e and mass of  
an electron, / ' .  =~n(-~-~7 . ~ g - - ( 2  

is the atdmic num1~br of matter, i is 
the~effective ionization potential, and 7~ 
is the velocity of particle motion. 

I. For simplicity, let us first consi- 
der the case of a stralght-line motion of 
the beam under cooling in matter with ioni- 
zation losses. The specific features of the 
ionization cooling manifest themselves in 
thls case as well, but the sum of the decre- 
ments is completely in dependent of the spe- 
cific features of the particle motion, Inc- 
luding the presence of focusing. Assuming 
that the deviations of the longitudinal mo- 
mentum and the transverse momentum (with 
respect to the direction of the force which 
recovers the energy losses) are small, IAP,,I~ 

I o P ,  I ~ /aPt  l << I~ , we immediately obtain, 
in a linear approximation, the damping de- 
crements in the form 

r ~,~ ,.-.,~ ~, e 

and an e x p r e s s i o n  f o r  t he  sum of  the  d e c r e -  
ments :  

(3) 
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I n  the  n o n - r e l a t i v i s t i c  c a s e ,  a r a p i d  
f a l l  i n  the  f r i c t i o n a l  f o r c e  w i t h  i n c r e a s i n g  
o f  t he  k i n e t i c  ene rgy  E~ l e a d s  to  a n e g a t i v e  
v a l u e  of  t h e  l o n g i t u d i n a l  decrement  and to  
a s u b s t a n t i a l  d e c r e a s e  o f .~hs_  sum of  the  
dec remen t s  compared w i t h  ~ : 

/~ , /~_  ~ T z  ~ C  (3a)  

This is 3+5 times less than the sum of the 
transverse decrements only. 

In the relativistic region, where the 
i o n i z a t i o n  l o s s e s  become, i n  p r a c t i c e ,  e n e r -  
g y - i n d e p e n d e n t ,  t he  sum o f  t he  decrement  i s  
e q u a l  t o  

zg= "e?" _;_- -_ d= , -c .  
/ (3b) 

The magne t i c  s t r u c t u r e  of  a c y c l i c  i o n i -  
z a t i o n  c o o l e r  and t he  shape of  a t a r g e t  sho-  
u l d  be such t h a t  t he  dec rement s  from t r a n s -  
v e r s e  d e g r e e s  of  freedom a r e  ' t r a n s f e r r e d '  to  
a l o n g i t u d i n a l  one.  To ensu re  the  energy  
ep read  damping, i t  i s  s u f f i c i e n t  to  p l a c e  the  
t a r g e t s  on a s e c t i o n  where the  p o s i t i o n  of  
the closed orbit of a particle depends on its 
energy and to make the target thickness vari- 
able in order that the larger thickness ~ of 
the target correspond to the higher energy: 

- _ (4) 

where ~ i s  the d i spe rs ion  f u n c t i o n  i n  the 
target region (Y.-P2x/dP). If 0~r it is ne- 
cessary to use the coupling with both trans- 
versal degrees simultaneously. 

2. The multiple scattering on the nuc- 
lei and electrons of the target itself and 
the fluctuations of ionization losses are re- 
ferred to the main 'heating' factors determi- 
ning the equilibrium of the momentum spreads. 
To a sufficient accuracy, the direct diffu- 
sion of transverse and longitudinal momenta 
can be written down as follows: 

; , ~ , ' , ) _ ~ , : , - ~ . e ' e N  = e,.,,, z~ 
e~- - v - "  --?'-, . .  - o ;  

(5) 
dC.eJ'- ~E,.+, ~ : ~ . "  / z  ' 

w h s r s 4 : g ' ( ~ ) - - l ~ "  ~ d  ~Z ' , . . .  i e  the rea- 
l 

xlmum energy transfer to a target electron: 

F- _.e,:< , , _  . = q;, ~- 'xe f ,< ~',, 
a-,,~/.e,,~ Elcl ?M:+.,, e i -  ~ .- ,~,. , .  

(E . / > >  

(no a p e r t u r e  l i m i t a t i o n  i s  assumed) .  I f  each  
decrement  i s  r e g a r d e d  to  be made equa l  to  
one t h i r d  of  t he  sum of  decrements  (3)  as  a 
result of the choice of the magnetic struc- 
ture, the equilibrium values of the trans- 
verse angles and of the energy spread are 
then determined by the following expressions 
(with the excitation of transverse oscilla- 
tions by t he  f l u c t u a t i o n s  of  energy  l o s s e s  
t a k e n  i n t o  a c c o u n t ) :  . . 2  

"P,,_d ~ ~ z ,,,~ .~ y.~..Z 

/',e,)" 
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where ,g, i are  the  va l ue s  of the  b e t s -  
- f u n c t i o n ' i n  the t a r g e t  r eg i on  and ~ i s  
the energy sp read  i n  the beam. 

Thus, one can ob t a i n  a -mal l  va lue  o f  
the e q u i l i b r i u m  t r a n s v e r s e  emit tance  

by choos ing  the magnetic s t r u c t u r e  so t ha t  
the minimum of  the  b e t a - f u n c t i o n  take ~ a c e  
in  the t a r g e t  r eg ion  (assuming ~ . ~  Yzz / ) / )  

The equilibrium geometrical longitudi- 
nal emittance of the beam will be equal to 

. = C: , b - , -  c 

where ~ Is the mean azimuthal deviati- 
on of the particles in the bunch from the 
equilibrium particle, which is proportional 
to ~ -  . Let us assume t h a t  compensat ion of  
the i"onizat ion l o s s e s  t akes  place on a q- 
-harmonic of  the  r e v o l u t i o n  f requency ~A<~ i n  
the phaw s t a b i l i t y  regime.  The r e l a t i o n  be-  
tween ~ and 6~6 i s  then given by the ex-  
p r e s s i o n s  

where ~ is the mean radius of the accele- 
rator,aJ~=~g~;~,~/~*'" is the frequency of 
phase o~clil~tlons'~/~ is the amplitude of 
energy gain from the accelerating element 
per turn, ~ is the equilibrium phase (no- 
te t h a t  g ~  ~, .  equa l s  the I o n i z a t i o n  
l o s s e s  per  t u r n ;  end, f i n a l l y ,  ~/~/~'e- cha r ac -  
t e r i z e s  the  v a r i a t i o n  r a t e  of  the p a r t i c l e  
r e v o l u t i o n  f requency in  the a c c e l e r a t o r  as  
the energy v a r i e s  and tends  to zero a t  the 
s o - c a l l e d  ' c r i t i c a l  e n e r g y ' ,  dependent on 
the a c c e l e r a t o r  magnetic s t r u c t u r e .  Hence, 
we ob t a in  

",- , ..,,. . . 

Thus, in orde r  to  o b t a i n  as small e q u i l i b r i -  
um l o n g i t u d i n a l  emi t tance  of  the beam as 
p o s s i b l e  a t  a g iven  energy o f  coo l ing ,  i t  i s  
neoessax~ t o  maximally decrease  t h e . e f f e c t i -  
ve ' l o n g i t u d i n a l  f o c a l  l e n g t h ' ~  ~ o f  
the a c c e l e r a t o r ,  i n  p a r t i c u l a r , " ~ r y i ' n g  to i n -  
c r e a s e  t he  harmoDAo number o f  the  a p p l i e d  
compensat ing RP vo l t age  i n  the s i n g l e - b u n c h  
regime,  i t  i s  n e c e s s a r y  to s t r i v e  f o r  wor-  
k ing  a t  an energy c l o s e  to a c r i t i c a l  one.  

A f t e r  coo l i ng  one can take advantage o f  
the sma l lness  o f  the equ i l i b r i um l o n g i t u d i -  
na l  emi t tance  (due to sma l lness  o f  the  e q u i -  
l i b r i u m  l e n g t h  o f  the bunch) f o r  a sharp  mo- 
nochromat i za t ion  o f  the beam. To do t h i s ,  i t  

is sufficient, for example, to eliminate 
first the ionization Iossee adiabatically 
slowly, smoothly reducing the thickness of 
t a r g e t s ,  and then  t o  decrease  the  a c c e l e r a -  
t i n g  voltage. This results in lengtheming 
the  bunch, t h e r eby  gaining, proportionally, 
in monochromaticity. The adiabatic lengthe- 
ning of the hunch can also be made in an ad- 
ditional matched accelerating track, or using 
a bending expander with further compensation 
of the ener~r gradient along the bunch. 

3- Let us now consider for what partic- 
les the i o n i z a t i o n  c o o l i n g  i s  r e a s o n a o l e  to 
use 131. 

For e l e c t r o n s  and p o s i t r o n s ,  the i o n i z a -  
t i o n  c o o l i n g  i s  no t  a p p l i c a b l e  a t  a l l .  At 
low e n e r g i e s  the  m u l t i p l e  s c a t t e r i n g  t a k e s  

~ l ace  more r a p i d l y  than  the i o n i z a t i o n  dace-  
o r a t i o n ,  and a t  h i g h  e n e r g i e s  the main 

energy l o s s e s  a r e  the  r s A l s t i o n  ones which 
occur  by l a r g e  , p o r t i o n s '  because  the  b rems-  
s t r a h l u n g  spect rum i s  uniform up to the  
quanta e n e r g i e s  o f  the  o rde r  of  the  i n i t i a l  
energy o f  e l e c t r o n s .  

When c o o l i n g  the  p r o t o n s  and an t i p ro tons~  
the major  o b s t a c l e  a t  not  too  low e n e r g i e s  
i s  a s t r o n g  ( n u c l e a r )  i n t e r a c t i o n  w i t h  the  
t a r g e t  n u c l e i .  ( I t  i s  wor th  emphas iz ing  t h a t  
the  n e c e s s i t y  f o r  c o n f i n i n g  the  p a r t i c l e s ,  
s c a t t e r e d  i n  the  t a r g e t  a t  an angle  s e v e r a l  
t imes  l a r g e r  compared wi th  the  e q u i l i b r i u m  
angu l a r  sp read ,  o f f e r s  the p o s s i b i l i t y  o f  
n e g l e c t i n g  the  p a r t i c l e  l o s s e s  because  o f  the 
single Coulomb scattering). In this case, 
the particle lose cross section is nearly 
equal to the total nuclear cross section. 
The estimates show that the proton beams can 
be cooled  only  a t  100 MeV even f o r  the  
hydrogen t a r g e t  /2/. 

For e n t i p r o t o n s ,  the n u c l e a r  c r o s s  s e c -  
t i o n  a t  low e n e r g i e s  i s  much l a r g e r  and, 
hence,  the  i o n i z a t i o n  c oo l i ng  i s  i n a p p l i c a b -  
le  for them, except, possibly, the region of 
very low energies where the cross section 
f o r  a n t i p r o t o n s  i s  unknown. 

The most interesting and promising is 
the application of ionization cooling to muon 
beams since there are no, in practice i radi- 
ation l o s s e s  and n u c l e a r  i n t e r a c t i o n  ( excep t  
the  Coulomb s c a t t e r i n g )  f o r  t he se  beams. The 
lifetime of the mush beam is limited by the 
mush decay w i t h  the  time ! ~ -  even under  the  
c o n d i t i o n s  when the  a c c e l e ~ t o r  c o n f i n e s  the  
beam w i t h  the  e q u i l i b r i u m  emi t tance  w i t h  a 
s u f f i c i e n t  r e s e r v e .  The re fo re ,  the t ime o f  
cooling has to he several times shorter com- 
pared wi th  the  decay t ime:  

In  our  f u r t h e r  c o n s i d e r a t i o n  we w i l l  r e s t -  
r i c t  o u r s e l v e s  to  the  case  #~dY<~./'/'v//J- , 
where /~ i s  the  mass o f  a muon, s i nce  a t  
n o n r s l a t i v i s t i c  e n e r g i e s  the  e q u i l i b r i u m  an -  
g le  p rove s  to  be too l a rge  - o f  the  o r d e r  o f  
u n i t y ,  whereas  a t  h i g h e r  e n e r g i e s  the e q u i l i -  
brium energy sp r e ad  becomes too h igh .  The 
c o n d i t i o n  f o r  m s u f f i c i e n t l y  h igh  r a t e  o f  
c o o l i n g  t akes  the  form 

/ d ~ t  , I /_  '~ 
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If we use, for example, lithium tar- 
gets, then an admissible fraction ~ of 
the orbit, used for a target, should be as 
follows: 

3 -3 
~ ; > >  ~-.I0 _ 0 7 '10 ) 

X ,o ~ - 

i.e. the target substance has to occupy of 
the order of I% of the accelerator orbit. 

Importance is of the fact that the se- 
veral phase oscillations must occur during 
the damping time, and, hence, the frequen- 
cy of phase oscillations should be substan- 
tially higher than 

I t  i s  wor th  n o t i n g  t h a t  t he  c o o l i n g  
can be made b o t h  i n  t he  c y c l i c  ( t h e  above 
f o r m u l a e  a r e  a d d r e s s e d  l u s t  to  t h i s  c a s e )  
and quasi-linear accelerators with a total 
energy galn several times higher compared 
with the ener~ of cooling; the accelerator 
has to include sections with bending magne- 
tic field. In this case, the energy disper- 
sion function in the target region needs to 
be chosen correctly in order to carry out 
the longitudinal cooling as well. The gene- 
ral estimates of the equilibrium emlttances 
remain valid. 

4. Let us briefly discuss, according 
mainly to Refs /4-6/, possible applications 
of  i o n i z a t i o n - c o o l e d  muon beams.  To produce 
i n t e n s e ,  c o m p l e t e l y  ptLre and d e e p l y - c o o l e d  
muon beams, the  f o l l o w i n g  s t e p s  a r e  n e c e s -  
s a r y  to  make: 

1) to  produce a p i o n  beam w i t h  a s  low 
e m i t t a n c e  as  p o s s i b l e  a t  an energy  E c of  
about I GeV, by using the most intense pro- 
ton beams with an energy of hundreds of �9 
GeV and h i g h e r  and the  n u c l e a r  c a s c a d e  i n  
the  c o n v e r s i o n  t a r g e t ;  

2) to  l e t  the  p i o n s  decay  i n  a s t r o n g -  
ly-focusing stralght-line channel; this en- 
sures the minimum increase of the transver- 
se emittance I 

3) to perform the ionization cooling 
of  t he  produced muon beam; 

4) to  a c c e l e r a t e ,  t o  t he  n e c e s s a r y  
ene rgy ,  the  produced  muon beam i n  a l i n e a r  
or  c y c l i c  a c c e l e r a t o r  w i t h  a r a t e  o f  coo-  
l i n g  s e v e r a l  t i m e s  h i g h e r ,  p e r  u n i t  l e n g t h ,  
t h a n p ~ / ~ ;  t h i s  p r o v i d e s  t he  s m a l l n e s s  of  
i n t e n s i t y  l o s s e s  because  o f  t he  muon decay .  

These m-on beams i s  p o s s i b l e  t o  use  
e i t h e r  f o r  a d i r e c t  s t u d y  o f  the  i n t e r a C t i -  
on o f  muone w i t h  n u c l e o n s  and n u c l e i  o r  f o r  
o b t a i n i n g ,  a f t e r  t he  i n j e c t i o n s  o f  muons 
i n t o  a s p e c i a l  m a g n e t i c  t r a c k ,  a g e n e r a t o r  
o f  e l e c t r o n  and much n e u t r i n o s  and a n t i n e u -  
t r i n o e  up to  t he  t o t a l  ene rgy  w i t h  a v e r y  
s m a l l  a n g u l a r  s p r e a d .  The l a t t e r  can  be ma- 
de c l o s e  to/~t~/6.,~ , where E~ i s  t he  
ene rgy  of  a c c e l e ' r a t e d  m u o n s . ' W i t h  E~ = 
�9 1 TeV and a 3 0 0 - m - t h i c k  s h i e l d ,  t h i s  w i l l  
e n a b l e  one to  have the  t r a n s v e r s e  s i z e s  of  
the neutrino beam of the order of 3 cm. 
This circumstance will permit the setting 
up of neutrino experiments to be simplified 
to a considerable extent. 

However, the most interesting possibi- 
lity is to make the colliding muon beams 
experiments. If the  a b e r r a t i o n s  do n o t  in- 

c r e a s e ,  d u r i n g  a c c e l e r a t i o n ,  the  e m i t t a n c e  of  
muon beams g a t h e r e d  i n  two v e r y  s h o r t  bunches 
with the number of particles ,%/~.=~ =A//~ 
then having injected them int~ thd ring with 
a strong magnetic field ~ (to increase the 
number of collisions ~/c during the lifetime 
of accelerated muons), one can obtain the lu- 
minosity 

: 

where ~ and J v  a r e  the  v a l u e s  of the  b e t a -  
- r u n c t i o h e  i n  the  r e g i o n  of  i o n i z a t i o n  t a r -  
g e t s  and i n . t h e  i n t e r a c t i o n  p o i n t ,  r e s p e c t i -  
v e l y ;  and ~ i s  the  r e p e t i t i o n  f r equency  of  
injection cycles. 

If we set A/~ �9 1011 ,  E~ = 1 TeV, 
H = 100 kG, / ~ 1 0  F~ and~--.=4. = ~.cm,~ . 

we ob ta in  the l um inos i t y  exceeding lOJ=cm =F., 
As shown in Ref. /6/, close parameters can be 
achieved with the help of proton klystrons, 
by utilizing the intense proton beams of the 
modern and future accelerators at ultimately 
high energies. 
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