Electrodynamics in 1 and 2 Spatial Dimensions

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (September 23, 2014; updated August 27, 2019)

1 Problem

In theoretical physics, consideration of phenomena in one or two spatial dimensions (1 + 1 or 2 + 1 spacetime dimensions) is often regarded as a useful step toward understanding in three spatial dimensions (3 + 1 spacetime).^1 Why isn’t classical electrodynamics more often considered in one or two spatial dimensions?^{2,3,4,5,6}

2 Solution

2.1 Electrodynamics in 1 Spatial Dimension

If we consider the case of a single spatial dimension as similar to that of three dimensions but with all charges and field lines somehow confined inside a narrow tube, we are led to suppose that the electric field strength is constant (in both space and time) away from charges, since a tube of field lines has constant field strength. Then, there are no waves of electric field away from charges, even if the charges are moving/accelerating.^7

1A classic example is the Ising model of ferromagnetism [1].

2Examples of Schrödinger’s equation in one and two spatial dimensions include the case of a “ Coulomb” potential V = −q/r, but this potential does not correspond to the electric potential of a (point) charge q except in three spatial dimensions [2]. As can be confirmed from sec. 2, the electric scalar potential in one spatial dimension is V_1 = −q |x| [3], while in two spatial dimensions it is V_2 = −q ln r [4].

3Aspects of this problem were considered by Ehrenfest [5, 6] as a partial “explanation” as to why we live in 3 + 1 spacetime. See [7] for general comments on such efforts.

4While the literature on electrodynamics in integer spatial dimensions other than 3 is sparse, there is a very extensive literature on electrodynamics in fractal dimensions. See, for example, [8, 9, 10, 11].

5For general relativity in one and two spatial dimensions, see [12].

6The most famous literary excursion into two spatial dimensions is Flatland [13] (1884). Also noteworthy is The Planiverse by Dewdney [14, 15], which inspired considerations of electrodynamics in two spatial dimensions in [16, 17].

7Different versions of electrodynamics was discussed by Wheeler, sec. 8 of [18], and [19], using the language of differential forms to construct electrodynamics in an odd number of spatial dimensions, but not in an even number, in a manner that the case of 3 spatial dimensions is the familiar Maxwellian electrodynamics. [Feb. 21 (2022)] See also sec. IV.A.2 of [20].

This version of electrodynamics in 1 spatial dimension has both a scalar E and B, field, but no electric charge (and so is not a gauge theory). Rather, the fields are coupled to a scalar current J, and obey, ∂B ∂x = 1 c ∂E ∂t + J, ∂E ∂x = 1 c ∂B ∂t , (1)

This electrodynamics does support waves, according to, ∂^2E ∂x^2 − 1 c^2 ∂E ∂t^2 = − 1 c ∂J ∂t , ∂^2B ∂x^2 − 1 c^2 ∂B ∂t^2 = − ∂J ∂x . (2)

Furthermore, the magnetic field (in 3 spatial dimensions) of moving charges does not affect other charges moving along the same axis. In effect, there is no magnetic field in 1 + 1 electrodynamics as considered here (i.e., in 1 spatial dimension, with only electric charges). As there are no waves and no magnetic field in 1 spatial dimension, the speed of light, c, plays no role in “electrodynamics” here.^8

It is natural to choose (Gaussian) units in which the (Coulomb) force between two charges q and q^′, which is independent of their separation, is simply F = qq^′, with the implication that the magnitude of the electric field strength E of charge q is just E = q for observers at x > x_q. Then, the electric field strength at a point x_0 is E = q_+ − q_−, where q_+ is the total charge at x > x_0 and q_− is the total charge at x < x_0, independent of the motion of these charges (unless they cross the point x_0 so as to change q_+ and q_−).

There is not much more content to classical electrodynamics in 1 + 1 dimensions, which seems too trivial to provide useful “toy models” to help in understanding electrodynamics in 3 + 1 dimensions.^{9,10,11}

2.1.1 Additional Remarks

This section added Aug. 2019, inspired by e-comments from Xabier Prado and Jorge Mira. A slightly different perspective on electrodynamics in 1 spatial dimension is given in Appendix A.1 A differential equation for the 1-dimensional electric field can be written as, ∂E ∂x = 2ρ, (3)

where ρ is the (linear) charge density. This can be considered the 1-d version of the 3-d Maxwell equation ∇ · E = 4πρ (in Gaussian units). According to eq. (3), the electric field of charge q at position x_q is E = q for x > x_q and E = −q for x < x_q. The total electric field at position x is,

E(x) = Q_− − Q_+, (4)

where Q_+ =

∫_∞ x ρ(x^′) dx^′ is the total charge at and x^′ > x and Q_− =

∫_x −∞ ρ(x^′) dx^′ is the total charge at and x^′ < x.

8Electromagnetic plane waves in three spatial dimensions are often considered to be “one dimensional”, but such waves don’t exist in “one dimensional” (1 + 1 spacetime) electrodynamics. For an example of how one-dimensional thinking can lead to misunderstandings as to three-dimensional electrodynamics, see [24].

9An electric dipole, with charge q at x_+ and charge −q at x_− has zero electric field outside the interval [x_+, x_−], so there is no interaction between and one electric dipole and another, or between an electric dipole and an external electric charge. Thus, 1-dimensional models of spin-spin interactions are outside the type of 1-dimensional electrodynamics considered here.

10Schwinger’s study [25] of quantum electrodynamics in 1 + 1 dimensions anticipated, to some extent, the Higgs mechanism in the emerging electroweak theory.

11The theory of quantum chromodynamics includes the phenomenon of “confinement” of the color fields, which can be approximated as lying within 1-dimensional flux tubes/strings. Hence, toy models of 1 + 1 dimensional quantum chromodynamics can provide some insight into the 3 + 1 dimensional case [26, 27, 28].

There is no need for an additional differential equation to determine the scalar field E, but we note that the 3-d Maxwell equation ∇×B = (1/c)∂E/∂t+4πJ/c has a 1-d equivalent, 0 = ∂E ∂t + 2J, (5)

where J is the 1-d current density. We could call ∂E/∂t the 1-d “displacement current”, in which case eq. (5) could be interpreted as the total 1-d current being zero (although such language does not add much to our understanding).

Equations (3) and (5) are not independent, as seen by taking derivatives,

∂^2E ∂t∂x = 2 ∂ρ ∂t = ∂^2E ∂x∂t

= −2 ∂J ∂x , ∂J ∂x + ∂ρ ∂t = 0, (6)

which latter is the 1-d continuity equation (that expresses conservation of charge).

In a region where the charge and current densities are zero, the electric field is constant in both x and t, so there are no (nontrivial) electric waves. The electric field at a point can only change if the charge or current density at the point changes.

There is no stability for an electric charge in a region where the only external force is due to the electric field of other charges. Thus, the 1-d version of Earnshaw’s theorem [21] is stronger than that in 3-d.

Since electrodynamics in one spatial dimension is so trivial, there is little advantage to consideration of potentials. But, we can contemplate both a scalar potential V and a “vector” potential A such that,^{12}

E = − ∂V ∂x − ∂A ∂t . (7)

Since there is only a single, scalar field E, V and A cannot be independent, so they are subject to a (gauge) condition. Examples are:

1. A = 0. This condition can only apply to 1-d electrodynamics, where B (= ∇×A) = 0.

In this gauge, V (x) = ∫ ρ(x^′) |x^′ − x| dx^′.

2. V = 0, which condition defines the so-called Gibbs (or Hamiltonian) gauge [23].

In this gauge, A(x, t) = −

∫_t

t_0 E(x, t

′) dt^′.

3. ∂A/∂x = −(1/v^2) ∂V/∂t, which condition defines a velocity gauge [23] for arbitrary (constant) velocity v. The Coulomb gauge corresponds to v = ∞, while v = c defines the Lorenz gauge.

Combining eqs. (5), (7) and the velocity-gauge condition, we find a wave equation for A: −2J = ∂E ∂t = − ∂^2V ∂t∂x − ∂^2A ∂t^2

= v^2

∂^2A ∂x^2 − ∂^2A ∂t^2 , ∂^2A ∂x^2 − 1 v^2

∂^2A ∂t^2 = − 2J v^2

. (8)

12See, for example, sec. V of [22].

It is impressive that there can be waves of the “vector potential” A, since there are no waves of the field E. However, there is not much physical content to eq. (8), as can be seen by the following.

In a region where J is zero, a wavefunction for A has the form A = f(x − vt). The gauge condition tells that f^′ = −(1/v^2) ∂V/∂t, such that V = vf(x − vt), and then eq. (7) leads to E = −vf^′ + vf^′ = 0, as expected since there are no waves of E in 1-d electrodynamics.

2.2 Electrodynamics in 2 Spatial Dimensions

In two spatial dimensions, Coulomb’s law for the force on electric charge q^′ due to charge q, both at rest, is F_q′ = qq^′ r̂/r ≡ q^′ E, where r is the vector from charge q to q^′ and we use Gaussian units, so the electric field E of a point charge q (at rest) has the nontrivial form,^{13} E = q r r̂. (9)

Moving charges lead to time-varying electric fields at a fixed observer, so wave phenomena are possible.

Gauss’ law for the electric field E = (E_x, E_y) in 2 spatial dimensions is that the number of field lines crossing a closed loop is proportional to the total charge inside the loop, ∮ E · dl = 2πQ_{in} = 2π ∫ ρ dArea, (10)

where ρ is the (surface) charge density, and the proportionality constant is 2π in Gaussian units. The differential form of Gauss’ law in 2 spatial dimensions is,

∇ · E = 2πρ, where ∇ = ( ∂ ∂x , ∂ ∂y ) . (11)

When both charges q and q^′ are in motion with uniform velocities v = (v_x, v_y) and v^′ = (v^′_x, v^′_y) that are small compared to c, charge q^′ experiences the (Lorentz) force,^{14}

F_q′ = q^′ ( E + (v^′_y, −v^′_x) q(v_xr_y − v_yr_x)

c^2r^2 ) , (13)

13Electrodynamics in two spatial dimensions (x, y) is equivalent to that in three spatial dimensions (x, y, z) for examples in which the 3-d charge and current distributions are independent of z. Since the 3-d electric field of a line charge of density λ per unit length is E_3 = 2λ r̂/r, where r lies in the x-y plane, we see that a 2-d electric charge q is equivalent to a 3-d linear charge density λ = q/2.

The 3-d electrostatic force between line charges λ and λ^′ is 2λ^′λ r̂/r, which corresponds to q^′E_3/2. Thus, the 2-d force must be twice the corresponding 3-d force, if we wish to have the relation F = q^′E_2 hold in 2-d.

14The 2-d magnetic force corresponds to the 3-d force per unit length in 3-d examples where the charge and current densities are independent of z. Since the 3-d magnetic field of a slowly moving line charge of density λ = q/2 with velocity v is v/c × E_3 = v/c × q r/r^2, the 3-d magnetic force per unit length on a line charge of density λ^′ = q^′/2 with velocity v^′ is, where vectors r, v and v^′ have no z component, q^′q 2c^2r^2 v^′ × (v × r) = q^′q 2c^2r^2

[(v^′ · r)v − (v · v^′) r] = q^′q 2c^2r^2

[(v^′_xr_x + v^′_yr_y )(v_x, v_y, 0) − (v_xv^′_x + v_y v^′_y)(r_x, r_y, 0)] = q^′q 2c^2r^2

(v_xr_y − v_y r_x)(v^′_y, −v^′_x, 0), (12)

from which eq. (13) follows, noting that the 2-d force is twice the corresponding 3-d force.

where again vector r points from q to q^′. This might lead enthusiasts of vector analysis to invent the concept of “perpendicular vectors”, defined for any 2-vector a = (a_x, a_y) as,^{15}

a_⊥ ≡ (a_y, −a_x), (a_⊥)_⊥ = −a, (14)

so that,^{16}

a_⊥ · a_⊥ = a · a = a^2 = a^2_x + a^2_y, a · a_⊥ = 0, a · b_⊥ = −a_⊥ · b = a_xb_y − a_yb_x. (15)

Then, the Lorentz force law can be recast as,^{17}

F_q′ = q^′ ( E + v^′_⊥ c B ) , (16)

where the scalar B is the “magnetic” field in 2 spatial dimensions due to charge q moving with velocity v small compared to c,

B = q v · r_⊥ cr^2 ( = −q v_⊥ · r cr^2 ) . (17)

For a continuous, steady (surface) current density J of moving charges, the magnetic field has the (Biot-Savart) form, B = ∫ J · r_⊥ cr^2 dArea, (18)

where “steady” means,

∇ · J = − ∂ρ ∂t = 0. (19)

The Ampère of 2 + 1 spacetime might then introduce the 2-dimensional vector derivative operator,

∇_⊥ = ( ∂ ∂y , − ∂ ∂x ) , ∇^2 = ∇ · ∇ = ∇_⊥ · ∇_⊥ =

∂^2 ∂x^2 + ∂^2 ∂y^2

, ∇ · ∇_⊥ = 0, (20)

to show that the scalar magnetic field (18) due to steady currents obeys the differential equation,^{18}

∇_⊥B = 2π c J. (21)

15The vector −a_⊥ is also perpendicular to a, so the notion of a perpendicular vector has a two-fold ambiguity in 2 spatial dimensions. In n ≥ 3 spatial dimensions there is an infinite set of perpendicular vectors (of same norm as an n-vector a), such that perpendicular-vector algebra is not useful there.

16a · b_⊥ = −a_⊥ · b is the 2-vector equivalent of the third component of a × b when a and b are 3-vectors. Thus, perpendicular-vector algebra plays a special role in 2 spatial dimensions, akin to the special role of vector cross products in 3 spatial dimensions.

17It does not make sense to suppose that there could exist magnetic charges p in 2 + 1 spacetime, as no 2-vector force F_p can be constructed from p and B. As discussed in Appendix A, it seems that magnetic charges are physically plausible only in 3 + 1 spacetime.

18Ampère had no concept of the magnetic field, and did not invent the differential form, ∇ × B = 4πJ/c, of “Ampère’s law” in 3-d, which rather was first stated by Maxwell on p. 56 of [29].

The Faraday of 2 + 1 spacetime would show that a time-varying magnetic field affects the electric field according to the forms,^{19} ∮ E · dl = − 1 c d dt ∫ B dArea, ∇ · E_⊥ = −∇_⊥ · E = − 1 c ∂B ∂t , (22)

and finally the Maxwell of 2 + 1 spacetime would generalize Ampère’s law (21) to timevarying situations by inventing the 2 + 1 “displacement current”, (1/2π)∂E/∂t, such that the microscopic Maxwell equations (for E rather than E_⊥) are,

∇ · E = 2πρ, ∇_⊥ · E = 1 c ∂B ∂t , ∇_⊥B = 1 c ∂E ∂t + 2π c J. (23)

There are three scalar, differential equations for the three field components E_1, E_2 and B; there is no equivalent to the 3-dimensional equation ∇ · B = 0.^{20}

Applying the operator ∇_⊥ to the third of eq. (23), and then using the second of these, leads to the wave equation for the magnetic field,

∇^2B − 1 c^2

∂^2B ∂t^2 = 2π c ∇_⊥ · J. (24)

Noting a vector calculus identity, ∇_⊥(∇_⊥ · E) = ∇^2E − ∇(∇ · E), applying the operator ∇_⊥ to the second of eq. (23), and then using the first and third of these, leads to the wave equation for the electric field,

∇^2E − 1 c^2

∂^2E ∂t^2

= 2π∇ρ + 2π c^2 ∂J ∂t . (25)

Thus, waves of both E and B propagate at the speed c, which can be called the speed of “light” in 2 + 1 electrodynamics.

2.2.1 Potentials

To write the fields E and B in terms of potentials, we don’t use a single scalar potential for B, but relate it to a two-component vector potential A, according to,

B = −∇ · A_⊥ = −∇_⊥ · A, (26)

so that the second Maxwell equation of (23) can be written as,

∇_⊥ · ( E + 1 c ∂A ∂t ) = 0. (27)

19The integral form of Faraday’s law in 3-d was first given by Maxwell on p. 50 of [29], and the differential form was first stated by him on p. 290 of [30].

20In 3 + 1 spacetime the equation ∇ · B = 0 indicates that the 3-vector magnetic field B is not due to magnetic charges. In 2 + 1 spacetime the scalar character of the magnetic field B alerts us that this is not due to magnetic charges, which would led to a 2-vector magnetic field B_m. The Appendix considers electrodynamics with magnetic charges in 2 + 1 spacetime.

From the definitions (20) we see that ∇·∇_⊥ = 0, so that any vector field f of the form −∇V for a scalar potential V obeys ∇_⊥ · f = 0. Hence we can relate the field f = E + ∂A/∂ct to a scalar potential V , and write,

E = −∇V − 1 c ∂A ∂t . (28)

Wave equations for the potentials can be found by replacing the fields in the Maxwell equations (23) by their expressions (26) and (28) in terms of the potentials. The first of eq. (23) leads to,

∇^2V + 1 c ∂∇ · A ∂t = −2πρ, (29)

and the third of eq. (23) implies that,

∇^2A − ∇(∇ · A) − 1 c ∇ ∂V ∂t − 1 c^2

∂^2A ∂t^2 = − 2π c J. (30)

If we invoke the Lorenz-gauge condition,

∇ · A + 1 c ∂V ∂t = 0 (Lorenz), (31)

then the wave equations of the potentials take the forms,

∇^2V − 1 c^2

∂^2V ∂t^2

= −2πρ, ∇^2A − 1 c^2

∂^2A ∂t^2 = − 2π c J (Lorenz gauge). (32)

Since cylindrical waves vary with r_2 = |x_2 − x^′_2| as 1/ √ r_2, where x_2 = (x, y) is the 2- dimensional position vector, one might expect that the retarded-potential solutions to the 2-d wave equations (32) have the form,^{21}

V_2(x_2, t) = ∫ ρ_2(x^′_2, t^′ = t − r_2/c) √ r_2 d^2x^′_2, A_2(x_2, t) = ∫ J_2(x^′_2, t^′ = t − r_2/c) c √ r_2 d^2x^′_2. (33)

Now, for a 3-dimensional example in which the charge and current distributions were independent of z (i.e., two dimensional), the retarded scalar potential in the plane z = 0 could be written as,

V_3(x_3, t) = V_3(x_2, t) = ∫ ρ_3(x^′_3, t^′ = t − r_3/c) r_3 d^3x^′_3 = 2

∫_∞ 0 dz^′ ∫ ρ_3(x^′_2, t^′ = t − r_3/c) √ r^2 + z^{′2} d^2x^′_2 = 2 ∫_{t−r2/c} −∞ dt^′ ∫ ρ_3(x^′_2, t^′) √ (t − t^′)^2 − r^2/c_2 d^2x^′_2, (34)

where x_3 = (x, y, 0), x_2 = (x, y), r^2 = (x − x^′)^2 + (y − y^′)^2, r^2_3 = r^2 + z^{′2}, and the relation t^′ = t − r_3/c leads to |z^′| = c √ (t − t^′)^2 − r^2/c^2 and dz^′ = c r_3 dt^′/ |z^′|.

21An earlier version of eq. (33) was also faulty, as pointed out in [35], which brought refs. [31, 32, 34] to the author’s attention.

Hadamard [31, 32] was among the first to realize that the retarded (scalar) potential V_2 in 2-dimensional electrodynamics is not given by eq. (33), but actually obeys the form (34)^{22} (with the 2-d charge density ρ_2 = 2ρ_3, as in footnote 10), which contains contributions to the integrand from times earlier than t^′ = t − r_2/c, as if the 2-dimensional space (x, y) had an effective third dimension z. This peculiar behavior (called “descent” from 3 to 2 dimensions by Hadamard)^{23} led Ehrenfest (1917) [5, 6] to argue that this is why we live in a 3-dimensional space.^{24}

Examples of electrodynamics in 2 + 1 dimensions may be best approached by first considering their equivalents in 3 + 1 dimensions. Hence, there is almost no literature on classical electrodynamics in 2 + 1 dimensions as being simpler than in 3 + 1 dimensions.

2.2.2 Energy, Momentum and Stress

Poynting’s argument [37] (originally in 3 + 1 spacetime, but here considered for 2 + 1 spacetime) relates the rate of work done by electromagnetic fields on “free” electric and magnetic currents to both flow of energy and to rate of change of stored energy. The density of the time rate of change of work on electric currents follows from eq. (16), dw dt (= F · v) = J · E = E · ( ∇_⊥B − 1 2π ∂E ∂t ) = c 2π E · ∇_⊥B − 1 4π ∂E^2 ∂t . (35)

Now,

E · ∇_⊥B = E_x ∂B ∂y − E_y ∂B ∂x = − ∂(−E_xB) ∂y − B ∂E_x ∂y − ∂(E_yB) ∂x + B ∂E_y ∂x (36)

= −∇ · E_⊥B − B∇_⊥ · E = −∇ · E_⊥B − B c ∂B ∂t = −∇ · E_⊥B − 1 2c ∂B^2 ∂t , so that eq. (35) can be written as,

−J · E = ∇ · ( c 2π E_⊥B ) + ∂ ∂t E^2 + B^2 4π ≡ ∇ · S +

∂u_{EM} ∂t , (37)

where, S = c 2π E_⊥B, u_{EM} =

E^2 + B^2 4π . (38)

The Poynting vector S describes the flux of energy density in the electromagnetic field, and u_{EM} is the density of energy stored in it.

22Hadamard’s discussion was lengthy, with a somewhat opaque summary in sec. 69, p. 105 of [32]. More compact arguments are given in [33, 34, 35]. See eqs. (51)-(55) of [35] to recover the 2-d static potential of charge q from eq. (34).

23For an example, see Appendix B below. (Feb. 17, 2022) For additional comments on Hadamard’s method of descent, see [20].

24The theme of radiation, and the radiation reaction, in other than three spatial dimensions is the subject of ongoing discussion, as recently reviewed in [36].

Related arguments (first given in 3 + 1 spacetime by Abraham [38] and Minkowski [39]) start from the Lorentz force density as the time rate of change of mechanical momentum, d p_{mech} dt = f = ρE +

J_⊥ c B = E(∇ · E) 2π + J_⊥ c B. (39)

We can form the perpendicular-vector version of the third Maxwell equation of (23), finding,

(∇_⊥B)_⊥ = −∇B = 1 c ∂E_⊥ ∂t + 2π c J_⊥, (40) J_⊥ c B = − B∇B 2π − B 2πc ∂E_⊥ ∂t = − ∂ ∂t E_⊥B 2πc + E_⊥ 2πc ∂B ∂t − B∇B 2π = − ∂ ∂t E_⊥B 2πc − E_⊥(∇ · E_⊥) 2π − ∇B^2 4π , (41)

such that eq. (39) can be written as,

dp_{mech} dt = − ∂ ∂t E_⊥B 2πc + E(∇ · E) 2π − E_⊥(∇ · E_⊥) 2π − ∇B^2 4π = − dp_{EM} dt + ∇ · T, (42)

where,^{25}

p_{EM} =

E_⊥B 2πc = S c^2

(43)

is the density of momentum stored in the electromagnetic field, and T is the 2 × 2 Maxwell stress tensor,

T_{ij} =

E_iE_j 2π − δ_{ij}

E^2 + B^2 4π . (44)

A Appendix: Microscopic Electrodynamics via n + 1 Spacetime Vectors

To generalize 3 + 1 spacetime electrodynamics to n + 1 dimensions, it is useful cast 3 + 1 electrodynamics into (3 + 1)-vector notation. We also consider the possibility of magnetic charges in addition to electric charges.

When Heaviside first presented Maxwell’s equations in vector notation [42] he assumed that in addition to electric charge and current densities, ρ_e and J_e, there existed magnetic charge and current densities, ρ_m and J_m, although there remains no experimental evidence for the latter.^{26} Maxwell’s equations for microscopic electrodynamics are then (in Gaussian units),^{27}

∇ · E = 4πρ_e, ∇ · B = 4πρ_m, −c∇ × E = ∂B ∂t + 4πJ_m, c∇ × B = ∂E ∂t + 4πJ_e, (45)

25The relation (43) between field momentum density and the Poynting vector was deduced earlier by different arguments by Thomson, p. 9 of [40], and by Poincaré [41].

26Heaviside seems to have regarded magnetic charges as “fictitious”, as indicated on p. 25 of [43]. 27See [44] for Maxwell’s equations in SI units, including a discussion in footnote 7 there about the ambiguous placement of the permeability μ_0 for terms involving magnetic charges.

where c is the speed of light in vacuum.

The factors of 4π in eq. (45) for 3 + 1 electrodynamics are associated with the surface area of a unit 3-sphere. We anticipate that in n + 1 spacetime, these factors become,

S_n = nπ^{n/2} Γ(n/2 + 1)

, (46)

such that S_1 = 2, S_2 = 2π, S_3 = 4π, S_4 = 2π^2, . . .^{28}

The fields E and B can be deduced from potentials according to,

E = E_e + E_m, B = B_e + B_m, (47)

E_e = −∇V_e − 1 c ∂A_e ∂t , B_e = ∇ × A_e, (48)

B_m = −∇V_m − 1 c ∂A_m ∂t , E_m = −∇ × A_m, (49)

where in the Lorenz gauge,

∇ · A + 1 c ∂V ∂t = 0, (50)

and the (retarded) potentials for odd n are related to the source charge/current densities by,^{29}

V_{e,m}(x, t) = ∫ ρ_{e,m}(x^′, t^′ = t − r/c) r d^3x^′, A_{e,m}(x, t) = ∫ J_{e,m}(x^′, t^′ = t − r/c) c r d^3x^′,(51)

with r = |x − x^′|.

The fields E and B obey the duality relations that,

(cρ_e, J_e) → (cρ_m, J_m), (cρ_m, J_m) → −(cρ_e, J_e) ⇒ E → B, B → −E. (52)

Expressions (45)-(52) can be taken over to the case of n spatial dimensions, except for eqs. (45), (48)-(49) which involve the vector cross product, which is defined only for three spatial dimensions. Hence, we recast these equations into (n + 1)-dimensional vector/tensor form where a charge-current vector is written J_μ = (cρ, J), μ = 0, 1, . . . , n, a potential is written A_μ = (V, A), the derivative operator is written ∂_μ = (∂/∂ct, −∂/∂x), and the scalar product of two vectors is written a_μb_μ = a_0b_0 − a · b.

Conservation of electric and magnetic charge can now be expressed as,

∂_μJ_μ = 0 ( = ∂ρ ∂t + ∇ · J ) . (53)

We introduce the antisymmetric field tensors F_e and F_m with components,

F_{e,μν} = ∂_μA_{e,ν} − ∂_ν A_{e,μ}, F_{m,μν} = ∂_μA_{m,ν} − ∂_ν A_{m,μ}, (54)

28While many people prefer to use units such that the factors of 4π do not appear in Maxwell’s equations in 3 + 1 electrodynamics, these units obscure the generalization to n + 1 spacetime.

29A_e is often called the magnetic vector potential, but as its source is the electrical current J_e, it is better called the electric vector potential.

In 3 spatial dimensions (3 + 1 electrodynamics) these tensors have components,

F_e =

0 −E_{e,1} −E_{e,2} −E_{e,3} E_{e,1} 0 −B_{e,3} B_{e,2} E_{e,2} B_{e,3} 0 −B_{e,1} E_{e,3} −B_{e,2} B_{e,1} 0

, F_m =

0 −B_{m,1} −B_{m,2} −B_{m,3} B_{m,1} 0 E_{m,3} −E_{m,2} B_{m,2} −E_{m,3} 0 E_{m,1} B_{m,3} E_{m,2} −E_{m,1} 0

. (55)

Then, the tensor relations, where S_n is defined in eq. (46),

∂_μF_{e,μν} =

S_n c J_{e,μ} , ∂_μF_{m,μν} =

S_n c J_{m,μ}, (56) lead to the Maxwell equations in n = 3 spatial dimensions,

∇ · E_e = 4πρ_e, c∇ × B_e =

∂E_e ∂t + 4πJ_e, ∇ · B_m = 4πρ_m, −c∇ × E_m = −

∂B_m ∂t + 4πJ_m.(57) The remaining Maxwell equations,

∇ · B_e = 0, −c∇ × E_e =

∂B_e ∂t , ∇ · E_m = 0, c∇ × B_m =

∂E_m ∂t , (58) can be obtained from,

∂_λF_{e,μν} + ∂_μF_{e,νλ} + ∂_ν F_{e,λμ} = 0, ∂_λF_{m,μν} + ∂_μF_{m,νλ} + ∂_ν F_{m,λμ} = 0, (59) which are true for any values of the indices {λ, μ, ν}, but which are nontrivial only if all three indices are distinct, leading to only four different relations for indices {1, 2, 3} (which corresponds to the divergence equations in (58)), and {0, 1, 2}, {0, 2, 3}, {0, 3, 1} (which correspond to the curl equations).

Turning to the Maxwell stress-energy-momentum tensor, we note that in 3 + 1 spacetime this can be written as,

T_{μν} = 1 4π F_{μλ}F_{λν} + 1 16π η_{μ,ν} F_{κλ}F_{κλ}, (60) where,

F_{μν} =

0 −E_1 −E_2 −E_3 E_1 0 −B_3 B_2 E_2 B_3 0 −B_1 E_3 −B_2 B_1 0

, (61)

and η_{μν} is the “metric” tensor with η_{00} = 1, η_{ii} = −1, and all other components 0.

However, 3 + 1 spacetime is a special case in this regard, as number of distinct field components in the electric and magnetic field tensors F_e or F_m, eq. (54), in n + 1 spacetime is n components with indices 0i and n(n − 1)/2 components with indices ij for a total of N_n = n(n + 1)/2 in n + 1 electrodynamics; N_1 = 1, N_2 = 3, N_3 = 6, N_4 = 10, etc. The only case with the same number of components of the two types, i.e., with n = n(n − 1)/2, is n = 3; only in 3 + 1 spacetime do the components of F_e or F_m combine into a single 4-tensor (61). In any other spatial dimension than 3, the components of the electric and magnetic field tensors (54) are different physical entities, and the stress-energy-momentum tensor is,

T_{μν} = 1 4π F_{e,μλ}F_{e,λν} + 1 16π η_{μ,ν} F_{e,κλ}F_{e,κλ} + 1 4π F_{m,μλ}F_{m,λν} + 1 16π η_{μ,ν} F_{m,κλ}F_{m,κλ}. (62)

Finally, (in the present survey) the Lorentz-force (density) law in 3 + 1 spacetime is,

f = f_e + f_m = ρ_eE +

J_e c × B + ρ_mB −

J_m c × E, (63)

assuming that the electromagnetic fields in eq.(63) are the total fields E = E_e + E_m and B = B_e + B_m. To cast the Lorentz force into tensor notation, it is useful to introduce the dual tensors F^⋆_{μν} =^1_2 ϵ_{μμκλ}F_{μν} ,

F^⋆_e =

0 −B_{e,1} −B_{e,2} −B_{e,3} B_{e,1} 0 E_{e,3} −E_{e,2} B_{e,2} −E_{e,3} 0 E_{e,1} B_{e,3} E_{e,2} −E_{e,1} 0

, F^⋆_m =

0 −E_{m,1} −E_{m,2} −E_{m,3} E_{m,1} 0 −B_{m,3} B_{m,2} E_{m,2} B_{m,3} 0 −B_{m,1} E_{m,3} −B_{m,2} B_{m,1} 0

, (64)

Then, we can define the total field tensors, F = F_e + F^⋆_m, F^⋆ = F^⋆_e + F_m, (65) and the Lorentz-force law can be written as,

f_μ = F_{μν}

J_{e,ν} c + F^⋆_{μν}

J_{m,ν} c (3 + 1 spacetime), (66)

However, as seen above, only in 3 + 1 spacetime can the components of the field tensors F_{e,μν} and F_{m,μν} be combined into a single field tensor F_{μν} such that total 3-vector electric and magnetic fields can be defined as the sums of the 3-vector fields due to electric and magnetic charges, E = E_e + E_m and B = B_e + B_m. For other spatial dimensions we can only have,

f_μ = F_{e,μν}

J_{e,ν} c + F_{m,μν}

J_{m,ν} c (n ≠ 3). (67)

which means that magnetic charges, if they exist, do not interact electromagnetically with electric charges (and so would be very hard to detect in apparatus made of electric charges). There is no distinction between the behavior of “electric” and “magnetic” charges when eq. (67) applies, so if both types of charges exist, it as if there were two types of electric charges with no interactions between the two types.

Note also that it is a logical possibility that the form (67) holds in 3 + 1 spacetime as well, which could be why magnetic charges have not been detected in apparatus based on the electromagnetic interaction of electric charges.^{30}

30Magnetic charges that do not couple to electric charges, but have their own “magnetodynamics”, are not candidates for the dark matter of galactic haloes, as the magnetodynamic interaction would permit clumping of magnetic-charge matter similar to the clumping of electric-charge matter via electrodynamics.

A.1 Electrodynamics in 1 Spatial Dimension

In 1 + 1 electrodynamics, with one spatial dimension, x, the field tensors (54) have components,

F_e =

0 −E^e E_e 0

, F_m =

0 −B^m B_m 0

. (68)

There is no magnetic field associated with moving electric charge, and no electric field due to moving magnetic charge. That is, the electric field is only due to electric charge, and the magnetic field is only due to magnetic charge.

The relations (59) lead to only trivial equations, as there are now only two value for the indices {λ, μ, ν} which must be all distinct to have a nontrivial relation. The relations (56) lead to the “Maxwell” equations for S_1 = 2,

∂E_e ∂x = 2ρ_e,

∂E_e ∂t = −2J_e,

∂B_m ∂x = 2ρ_m,

∂B_m ∂t = −2J_m. (69)

Only two of these four equations are independent, in view of charge conservation, ∂ρ_e ∂t = − ∂J_e ∂x , ∂ρ_m ∂t = − ∂J_m ∂x . (70)

Equations (69) indicate that the fields E_e and B_m are constant in both x and t in chargefree regions. Hence, there are no electromagnetic waves in charge-free regions in 1 + 1 electrodynamics, for which the constant c does not have the significance of the speed of electromagnetic waves.

If electric charge q is distributed uniformly between on the interval [−dx/2, dx/2] then the charge density is ρ = q/dx, and the constant fields ±E_e outside the charge distribution are related by the first of eq. (69) by,

dE_e dx = 2E_e dx = 2ρ_e = 2q dx , (71)

so E_e = q, as previously argued in sec. 2.1.

The force density on electric and magnetic charge distributions is,

f = ρ_eE_e + ρ_mB_m. (72)

There is no coupling between “electric” and “magnetic” charges.

A.2 Electrodynamics in 2 Spatial Dimensions

In 2 + 1 electrodynamics the field tensors (54) have components,

F_e =

0 −E_{e,1} −E_{e,2} E_{e,1} 0 −B_e E_{e,2} B_e 0

, F_m =

0 −B_{m,1} −B_{m,2} B_{m,1} 0 −E_m B_{m,2} E_m 0

. (73)

The fields E_e and B_m are 2-vectors, while the fields B_e and E_m are scalars.

The force density on electric and magnetic charge distributions is,

f = ρ_eE_e +

J_{e,⊥}B_e c + ρ_mB_m +

J_{m,⊥}B_m c . (74)

As in any n+1 spacetime except 3 + 1, there is no coupling between “electric” and “magnetic” charges, and no conceptual distinction between them.

B Appendix: Magnetic Field in Two Spatial Dimensions when the Current in a Loop Falls to Zero

All examples with axial symmetry about the z-axis in three spatial dimensions “descend”^{31} to examples in two spatial dimensions in which the 3-d fields E_3 = E_θ θ̂ and B_3 = B_z ẑ correspond to the 2-d (vector) electric field E_2 and the scalar magnetic field B_2.

As noted in sec. 2.2.1 above, this has a disconcerting implication for propagation of timedependent effects in 2-d electrodynamics. Namely, a change in the source charges/currents at, say, t = 0 and (r, θ) = (r, 0) in a 2-d polar coordinate system leads to changes in the fields at (R, θ) for all times t > R/c and not just at time t = R/c. This is because r = 0 in a 2-d example is equivalent to the entire z-axis in the 3-d, axially symmetric, equivalent example, where an observer at r = R and z = 0 in a 3-d cylindrical coordinate system (r, θ, z) detects a change at r = 0, z and t = 0 at time t = √ R^2 + z^2/c. Accordingly, the 2-d observer also detects a change in the fields at time t = √ R^2 + z^2/c for any value of z (although z is not a spatial coordinate for the 2-d observer, but only a parameter).

We illustrate this for the 2-d example of a circular current loop of radius a, where the current obeys,

I(t) =

I_0 (t < 0),

0 (t > 0).

(75)

One might naïvely suppose that an observer at the origin would detect no magnetic field for t > a/c, but actually he would detect some magnetic field at arbitrarily large times.

To understand this, we consider the 3-d equivalent of this example, i.e., an infinite solenoid of radius a with azimuthal current density I_0 per unit length in z. For t < 0, the 3-d magnetic field is purely axial,

B_z(t < 0) =

4πI_0

c (r < a),

0 (r > a).

(76)

For t > a/c, an observer at the origin has not yet received the “message” that the current has dropped to zero for points with |z| > √ c^2t^2 − a^2, and supposes that the current still flows there. That is, the observer considers the magnetic field at time t > 0 to be 4πI_0/c

31This terminology was introduced by Hadamard [32].

minus that due to a solenoid of radius a and axial extent |z| < √ c^2t^2 − a^2. The latter field is, 4πI_0 c |z| √ a^2 + z^2 = 4πI_0 c √ 1 − a^2 c^2t^2

, (77)

recalling prob. 5.3 of [45]. The magnetic field at the origin for t > a/c is therefore,

B_z(t > a/c) =

4πI_0 c ( 1 − √ 1 − a^2 c^2t^2 ) ≈ 4πI_0 c a^2 2c^2t^2

, (78)

where the approximation holds for t ≫ a/c. For t = 2a/c, the magnetic field at the origin is still 0.13 of its steady value for t < a/c.

This behavior, deduced via a 3-d analysis, also applies to the 2-d version of the example, on changing the factor 4π to 2π.

C Appendix: Duality Transformations (Feb. 19, 2022)

If both electric and magnetic charges exist, Maxwell’s equations in (3 + 1) dimensions can be written as,

∇ · E = 4πρ_e, ∇ · B = 4πρ_m, −c∇ × E = ∂B ∂t + 4πJ_m, c∇ × B = ∂E ∂t + 4πJ_e. (79)

These equations are invariant under the duality transformations,^{32}

q_e → q_m, q_m → −q_e, E → B, B → −E, (80)

in the sense that they take the same form but with electric charges replaced by magnetic charges, and vice versa.^{33}

We can use the duality transformations (80) in (1 + 1) and (2 + 1) electrodynamics to obtain additional versions of electrodynamics there. However, as noted towards the end of Appendix A above, there is no coupling between electric and magnetic charges in (1 + 1) or (2 + 1) electrodynamics, so the additional versions of electrodynamics are effectively identical to their dual forms, being different only in notation.

C.1 (1 + 1) Electrodynamics

C.1.1 The Electrodynamics of Sec. 2.1.1

In sec. 2.1.1 above, we considered electrodynamics based on the “Maxwell” equations, ∂E ∂x = 2ρ_e, ∂E ∂t = −2J_e. (81)

32For a historical review of the concept of electromagnetic duality, see Appendix D of [44]. 33In Gaussian units, electric and magnetic charges have the same dimensions, and electric and magnetic fields have the same dimensions.

According to the duality transformations (80), we can also consider (1 + 1) electrodynamics according to, ∂B ∂x = 2ρ_m, ∂B ∂t = −2J_m. (82)

This is essentially the same electrodynamics, but the term “electric” replaced by the term “magnetic”.

C.1.2 The Electrodynamics of Footnote 7

In footnote 7 above, we considered electrodynamics based on the “Maxwell” equations, ∂B ∂x = 1 c ∂E ∂t + J_e, ∂E ∂x = 1 c ∂B ∂t . (83)

According to the duality transformations (80), we can also consider (1 + 1) electrodynamics according to, − ∂E ∂x = 1 c ∂B ∂t + J_m, ∂B ∂t = − 1 c ∂E ∂t . (84)

Again, the difference between the dual forms, here (83) and (84), is only a matter of notation.

C.2 (2 + 1) Electrodynamics

In eq. (23) of sec. 2.2 above, we considered (2 + 1) electrodynamics with the “Maxwell” equations,

∇ · E = 2πρ_e, ∇_⊥ · E = 1 c ∂B ∂t , ∇_⊥B = 1 c ∂E ∂t + 2π c J_e. (85)

According to the duality transformations (80) we can also consider the electrodynamics according to,

∇ · B = 2πρ_m, ∇_⊥ · B = − 1 c ∂E ∂t , −∇_⊥E = 1 c ∂B ∂t + 2π c J_m. (86)

Again, there is no physical difference between the dual forms, (85) and (86).

References

[1] E. Ising, Beitrag zur Theorie des Ferromagnetismus, Z. Phys. 31, 253 (1925),

http://kirkmcd.princeton.edu/examples/statmech/ising_zp_31_253_25.pdf

[2] I.R. Lapidus, One- and Two-Dimensional Hydrogen Atoms, Am. J. Phys. 53, 893 (1985),

http://kirkmcd.princeton.edu/examples/QM/lapidus_ajp_49_807_81.pdf

[3] L.B. Castro and A.S. de Castro, On the bound-state spectrum of a nonrelativistic particle in the background of a short-ranged linear potential, arXiv:1003.2993 (Mar. 15, 2010), http://arxiv.org/pdf/1003.2993v1.pdf

[4] F.J. Asturias and S.R. Aragón, The hydrogenic atom and the period table of the elements in two spatial dimensions, Am. J. Phys. 53, 893 (1985),

http://kirkmcd.princeton.edu/examples/QM/asturias_ajp_53_893_85.pdf

[5] P. Ehrenfest, In that way does it become manifest in the fundamental laws of physics that space has three dimensions? Proc. Kön. Neder. Akad. Wet. 20, 200 (1918),

http://kirkmcd.princeton.edu/examples/GR/ehrenfest_pknaw_20_200_18.pdf

[6] P. Ehrenfest, Welche Rolle spielt die Dreidimensionalität des Raumes in den Grundgesetzen der Physik? Ann. d. Phys. 61, 440 (1920),

http://kirkmcd.princeton.edu/examples/GR/ehrenfest_ap_61_440_20.pdf

[7] C. Callender, Answers in search of a question: ‘proofs’ of the tri-dimensionality of space, Studies Hist. Phil. Mod. Phys. 36, 113 (2005),

http://kirkmcd.princeton.edu/examples/mechanics/callender_shpmp_36_113_05.pdf

[8] N. Engheta, On Fractional Calculus and Fractional Multipoles in Electromagnetism, IEEE Trans. Ant. Prop. 44, 554 (1996),

http://kirkmcd.princeton.edu/examples/EM/engheta_ieeetap_44_554_96.pdf

[9] V.E. Tarasov, Electromagnetic Fields on Fractals, Mod. Phys. Lett. A 21, 1587 (2006),

http://kirkmcd.princeton.edu/examples/EM/tarasov_mpla_21_1587_06.pdf

[10] D. Baleanu, A.K. Golmankhaneh and A.K. Golmankhaneh, On electromagnetic field in fractional space, Nonlinear Anal. 11, 288 (2010),

http://kirkmcd.princeton.edu/examples/EM/baleanu_na_11_288_10.pdf

[11] M. Zubair, M.J. Mughal and Q.A. Naqvi, Electromagnetic Fields and Waves in Fractional Dimensional Space (Springer, 2012),

https://link.springer.com/book/10.1007%2F978-3-642-25358-4

[12] P. Collas, General relativity in two- and three-dimensional spacetimes, Am. J. Phys.

45, 833 (1977), http://kirkmcd.princeton.edu/examples/GR/collas_ajp_45_833_77.pdf

[13] E.A. Abbott, Flatland A Romance of Many Dimensions, 2^{nd} ed. (Seeley, 1884),

http://kirkmcd.princeton.edu/examples/mechanics/abbott_84.pdf

[14] M. Gardner, The pleasures of doing Science and technology in the planiverse, Sci. Am.

243(1), 18 (1980), http://kirkmcd.princeton.edu/examples/mechanics/gardner_sa_243-1_18_80.pdf

[15] A.K. Dewdney, The Planiverse (Poseiden Press, 1984; Springer, 2000),

http://kirkmcd.princeton.edu/examples/mechanics/dewdney_84.pdf

[16] I.R. Lapidus, Classical electrodynamics in a universe with two space dimensions, Am.

J. Phys. 50, 155 (1982), http://kirkmcd.princeton.edu/examples/EM/lapidus_ajp_50_155_82.pdf

[17] E. Moreno and J. Rivas, On electromagnetism in R^{2+1}, Eur. J. Phys. 5, 15 (1984),

http://kirkmcd.princeton.edu/examples/EM/moreno_ejp_5_15_84.pdf

[18] N. Wheeler, Electrodynamical Applications of the Exterior Calculus (June 1996),

http://kirkmcd.princeton.edu/examples/EM/wheeler_em_96.pdf

[19] N. Wheeler, Electrodynamics in 2-Dimensional Spacetime (Nov. 1997),

http://kirkmcd.princeton.edu/examples/EM/wheeler_2dem_97.pdf

[20] R. Maggi et al., Dimensional reduction of electromagnetism, J. Math. Phys. 63, 022902 (2022), http://kirkmcd.princeton.edu/examples/EM/maggi_jmp_63_022902_22.pdf

[21] S. Earnshaw, On the Nature of the Molecular Forces which regulate the Constitution of the Luminiferous Ether, Trans. Camb. Phil. Soc. 7, 97 (1839), particularly secs. 11-15.

http://kirkmcd.princeton.edu/examples/EM/earnshaw_tcps_7_97_39.pdf

[22] A.D. Boozer, Classical Yang-Mills theory, Am. J. Phys. 79, 925 (2011),

http://kirkmcd.princeton.edu/examples/EP/boozer_ajp_79_925_11.pdf

[23] K.-H. Yang and K.T. McDonald, Formal Expressions for the Electromagnetic Potentials in Any Gauge (Feb. 25, 2015), http://kirkmcd.princeton.edu/examples/gauge.pdf

[24] K.-J. Kim, K.T. McDonald, G.V. Stupakov and M.S. Zolotorev, A Bounded Source Cannot Emit a Unipolar Electromagnetic Wave (May 1, 1999),

http://kirkmcd.princeton.edu/examples/unipolar.pdf

[25] J. Schwinger, Gauge Invariance and Mass. II, Phys. Rev. 128, 2425 (1962),

http://kirkmcd.princeton.edu/examples/EP/schwinger_pr_128_2425_62.pdf

[26] G. ’t Hooft, A Two-Dimensional Model for Mesons, Nucl. Phys. B 475, 461 (1974),

http://kirkmcd.princeton.edu/examples/EP/thooft_np_b75_461_74.pdf

[27] S. Coleman, More about the Massive Schwinger Model, Ann. Phys. 101, 239 (1976),

http://kirkmcd.princeton.edu/examples/EP/coleman_ap_101_239_76.pdf

[28] E. Witten, θ-Vacua in Two-Dimensional Quantum Chromodynamics, Nuovo Cim. A 51, 325 (1979), http://kirkmcd.princeton.edu/examples/EP/witten_nc_51a_325_79.pdf

[29] J.C. Maxwell, On Faraday’s Lines of Force, Trans. Camb. Phil. Soc. 10, 27 (1858),

http://kirkmcd.princeton.edu/examples/EM/maxwell_tcps_10_27_58.pdf

[30] J.C. Maxwell, On Physical Lines of Force. Part II.—The Theory of Molecular Vortices applied to Electric Currents, Phil. Mag. 21, 281, 338 (1861),

http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_21_281_61.pdf

[31] J. Hadamard, Theorie des Équations aux Dérivées Partielles Linéaires Hyperboliques et du Probleme de Cauchy, Acta Math. 31, 333 (1908),

http://kirkmcd.princeton.edu/examples/mechanics/hadamard_am_31_333_08.pdf

[32] J. Hadamard, Lectures on Cauchy’s Problem in Linear Partial Differential Equations (Yale U. Press, 1923), http://kirkmcd.princeton.edu/examples/mechanics/hadamard_lectures_23.pdf

[33] D.-C. Dai and D. Stojkovic, Origin of the tail in Greens functions in odd dimensional space-times (Oct. 30, 2013), http://kirkmcd.princeton.edu/examples/EM/dai_1309.2996.pdf

[34] K. Brown, Huygen’s Principle,

https://www.mathpages.com/home/kmath242/kmath242.htm

Spherical Waves in Higher Dimensions,

https://www.mathpages.com/home/kmath614/kmath614.htm

Waves in Ascending and Descending Dimensions,

https://www.mathpages.com/home/kmath614/kmath617.htm

[35] D. Boito et al., On Maxwell’s electrodynamics in two spatial dimensions (Sept. 20, 2018), https://arxiv.org/abs/1809.07368 Rev. Bras. Ens. Fis. 42, e20190323 (2020),

http://kirkmcd.princeton.edu/examples/EM/boito_rbef_42_e20190323_20.pdf

[36] B.P. Kosyakov, Self-interaction in classical gauge theories and gravitation, Phys. Rep.

812, 1 (2019), http://kirkmcd.princeton.edu/examples/EM/kosyakov_pr_812_1_19.pdf

[37] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[38] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. Phys. 10, 105 (1903),

http://physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_10_105_03.pdf

[39] H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körper, Nachr. Ges. Wiss. Göttingen 1, 53 (1908),

http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08.pdf
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08_english.pdf

[40] J.J. Thomson, Recent Researches in Electricity and Magnetism (Clarendon Press, 1893),

http://kirkmcd.princeton.edu/examples/EM/thomson_recent_researches_in_electricity.pdf

[41] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[42] O. Heaviside, Electromagnetic Induction and Its Propagation, sec. IV, The Electrician (Feb. 21, 1885), p. 306; in Electrical Papers, vol. I, p. 447,

http://kirkmcd.princeton.edu/examples/EM/heaviside_ep1_pp429-476.pdf

[43] O. Heaviside, Electromagnetic Theory, vol. I,

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[44] K.T. McDonald, Poynting’s Theorem with Magnetic Monopoles (Mar. 23, 2013),

http://kirkmcd.princeton.edu/examples/poynting.pdf

[45] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf