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1 Problem

Compute the time-average Poynting vector, (S) = (¢/87)Re(E x B*), for two circularly
polarized, electromagnetic plane waves in vacuum, given by the real parts of,

E; = Ej(é1,+iéy,) k0 B, =k; x E;, (1)

in Gaussian units, where the wave vectors k; (with k; = k = w/c where ¢ is the speed of light
in vacuum) point in the directions (0}, ¢;) in a spherical coordinate system (r, 0, ¢) with,

(91 = (90, ¢1 = 0, and (92 = (90, ¢2 = ’/T/2 (2)

Show that (5,) has negative values in some spatial regions, although (S, ;) is positive for
each of the component plane waves.

This phenomenon is called “backflow”, and was first understood in a quantum context
[1]-[3], which led many to suppose (incorrectly) that it is a “nonclassical” behavior. It has
been demonstrated in two experiments with laser beams [4, 5].

2 Solution

The solution follows sec. 3 of [6].
The wave vectors k; for j = 1,2 are, in rectangular coordinates (z,v, 2),

k; = k(sin 0y, 0, cos 6y), and ko = k(0, sin 0y, cos by), (3)
and the polarization unit vectors €, ; and €, ; can be written as,

€11 = (costy,0, —sinby), e 1 =(0,1,0), €11+ 1621 = (cosby,i,—sinby), (4)

€12 = (0,cosby, —sinby), €2 = (—1,0,0), €19+ 1639 = (—i,cos8b0p, —sinby). (5)
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The z-component of the time-average Poynting vector is given by, recalling that E; -k; =
0,
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= [E1[* k1. — Re[(Bqy - k0)E] ] + By ko — Re[(Bs - ko)E3 ]
+Re[E; - Ej|ky . — Re[(Ey - ko)E3 ] + Re[E; - Ejlky . — Re[(Es - ki)E} ]
= 2FE% cos Oy + 2E3 cos 0
619 — i€y0)ky , /1K) T]
(€12 —i€22.:) gilki—kz)r "]

€11 — 1€ 1)1;1 €i(k2_k1)'r]

Z(kg —k1 ) ~I‘]

+EEyRe[(€1,1 + i€y 1) (
—FE1EyRe[((€11 + 1€271) - 2)
FEVERe|(810 + i6y3) - (6
—FE1EyRe[((€12 +1€22) - ki) (€11, —i€21..)€
= 2F7 cos 0y + 2E3 cos 0,
+F) FEyRe|(sin’ g + i cos Ag) cos B ek 7k2) ]
— By By Relsin® 0y (cos §y — i) e'kake)r]

+E, EyRe[(sin® 0 — i cos ) cos O e'k17k2) 7]
— By EyRe[sin® Oy (cos 0y + i) e'ke k1) r]

= 2F7 cosf + 2E3 cos 6

+2E1 Ey cos Og[sin” g cos(k sin 0o (z — y)) — cos Oy sin(k sin Oy (z — y))]

—2F, By sin? §gcos 0 cos(k sin o (z — y)) — sin(ksin g(z — y))]. (6)

Of particular interest is the case that 6y approaches 7/2; say 0 < cosfly = € < 1, sinfy ~ 1,
for which,

— (S.) ~ 2¢(E? + E2) + 2B, Eysin(k(z — ). (7)

The dominant term, 2FE; Ey sin(k(z —y)), oscillates in the variable x —y and is negative over
half of the z-y plane. That is, the Poynting vector of the combination of the two waves of
egs. (1)-(5) has a negative-z component in almost half of all space even though the Poynting
vectors of each of the component waves have positive z-components. This counterintuitive
behavior is the (classical) “backflow”.

A Appendix. The Variant of Daniel et al.
We follow eq. (5), p. 10 of [5] and consider the two plane waves,
E; = E; &0 ) B, =k, xE, (8)

in Gaussian units, where the wave vectors k; (with k; = k = w/c where ¢ is the speed of light
in vacuum) point in the directions (6, ¢;) in a spherical coordinate system (7,0, ¢) with,

(91 = 00, ¢1 = 0, and 02 = 00, ¢2 = . (9)



The wave vectors k; for j = 1,2 are, in rectangular coordinates (z,v, 2),
ky = k(sin 6y, 0, cos 0), ko = k(—sin by, 0, cosby), k; — ko = 2k(sinfy,0,0), (10)
and the polarization unit vectors e; are taken to be,

é; = (cos by, 0, —sinby), €y = (—cos by, 0, —sinby), (11)

él'éQZ—COS2907 él-kle:éz-kz, él'kQZ—SiHQGOZéz'kI, (12)

The z-component of the time-average Poynting vector is given by,

4 R R
% (S.) = Re[E x B*]. = Re[(E1 + Es) x (k; x B + ko x E3)].

= |Eo* k1 - — Re[(Ey - k0)E] ] + [Bof* by - — Re[(Es - ky)E3 ]
+Re[Ey - Ejlks . — Re[(Ey - ko)E3 ] + Re[Es - Ejlky . — Re[(Es - ki)E7 ]
= E12 cos fy + E22 cos By
+EEyRel(é - éz)f(z,z €i(k1_k2)'r] — E1EsRe|(é1 - Rg) €., ei(kl_kQ)'r]
+E1E2R6[(é2 . él)f{l,z 6i(k2_k1).r] — E1E2R€[(é2 . lA(l) él,z 6i(k2_k1).r]
= E12 cos fy + EQ2 cos By
—2F1 E5 cos 20 cos 6 cos(2k sin Oy ) + 2E1 s sin 20 cos 0y cos(2k sin 0y ). (13)
we again consider the case that 6y approaches 7/2, say 0 < cosfy = € < 1, sinfy ~ 1,
cos 20y =~ —1, sin 20 ~ 2¢, for which,
4 9 9
~ (S.) ~ €(E] + E) + 2¢E1 Es cos(2kx). (14)

There is no “backflow” here, although for F; = F, it is almost present.*
The example of [5] was actually for scalar waves. For vector/electromagnetic waves, it
seems that circular polarization is needed to demonstrate “backflow”.
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