Energy, Momentum and Stress in a Belt Drive^1

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (October 20, 2007; updated November 15, 2018)

1 Problem

Problem 65, p. 147, of the first edition of Spacetime Physics by E.F. Taylor and J.A. Wheeler [2] showed the figure below with the caption “Transfer of mass without net transfer of particles or radiation.”

A battery drives a motor that in turn drives a paddlewheel via a belt drive. The paddlewheel turns in a water bath that heats up as a consequence. Hence, energy E is transferred from the battery to the water bath, and as a result the mass of the battery decreases by E/c^2 while the mass of the water increases by the same amount, where c is the speed of light.^2

How does this energy get from the battery to the water? Do observers in difference frames of reference agree as to the path of the energy flow?

Discuss the momentum in this system, supposing that the apparatus rolls without friction on a horizontal table.

The distance between the pulleys is L. The velocity of the belt relative to the baseplate of the apparatus is v and the tension in the tight side of the belt is T . The pulleys and the belt have teeth such that the belt cannot slip, and the tension of the belt is zero on the loose

1This note is largely superceded by [1], wherein it is clarifed that this example does not contain “hidden” momentum.

2This problem was considered by Hertz, Note 29, p. 276 of [3]: Consider a steam engine which drives a dynamo by means of a strap running from the dynamo and back, and which in turn works an arc lamp by means of a wire reaching to the lamp and back again. In ordinary language we say—and no exception need be taken to such a mode of expression—that energy is transferred from the steam engine by means of the strap to the dynamo, and from this again to the lamp by the wire. But is there any clear meaning in asserting that the energy travels from point to point along the stretched strap in a direction opposite to that in which the strap itself move? And if not, can there be any more clear meaning in saying that the energy travels from point to point along the wires, or—as Poynting says—in the space between the wires? There are difficulties here which badly need clearly up.

side. The motor is mounted on vibration dampers such that no oscillations of the frequency of the motor or higher are transmitted to the baseplate.

To avoid possible ambiguities as to the role of the loose side of the belt, consider also a configuration in which a string of mass m and length l ≫ L is initially wrapped around the pulley attached to the paddlewheel. The string is also tied to the motor pulley, and the motor is operated for a time t = l/v, after which time the string is wrapped around the motor pulley.

To support the tension T , both the string and belt must be elastic media, for which the spring constant of the stretched portion is k.

2 Solution

This problem is a variant of Einstein’s argument in which he first deduced the equivalence of energy and mass, E = mc^2, by consideration of a system in which energy was transmitted from one side of a close system to another by light waves [4]. Such examples (which include the present case), may also contain components of the mechanical momentum that are of order 1/c^2, which are sometimes labeled as “hidden” momentum [5, 6, 7, 8, 10, 9, 11, 12, 13, 14, 15, 16].

The present example involves a flow of energy which is not associated with a net motion of massive particles, nor with a flow of readily identifiable electromagnetic radiation. Yet, something must be flowing from the motor to the paddlewheel that carries energy along with it. In the rest frame of the baseplate of the system it is plausible that the energy flow is within the taut side of the belt, which, however, moves towards the motor rather than towards the paddlewheel. So, we must consider how energy flow can be opposite to the direction of motion of a medium. Furthermore, in the rest frame of the taut side of the belt, we must consider whether the energy still appears to flow down the belt, or whether it flows elsewhere in the system.

Thus, the problem also illustrates the issue of the relativity of energy flow. The technical complexity of elastic belt drives, in which necessary slippage at the drive pulleys [17, 18] tends to excite stress waves [19, 20], perhaps obscures the relativity of energy flow in the present example. Therefore, the author has prepared two other examples [21, 22], in which the relativity of energy flow is illustrated more crisply.

Here we will ignore possible sound waves in the belt/string,

2.1 The Pulleys Are Connected by a String

We first consider the slightly simpler case that the pulleys are connected by a string of length l whose motion is only from the paddlewheel pulley to the motor pulley.

2.1.1 “Hidden” Momentum Arising from the Mass Equivalence of Energy

The tension in the string is T and the velocity of the string relative to the baseplate of the system is v. Hence, the rate of energy being transferred from the motor to the paddlewheel is dE dt = vT, (1)

according to an observer at rest with respect to the baseplate.

The motor is operated for a total time t = l/v, so the total energy transferred from the motor to the paddlewheel and water bath is E = dE dt t = lT, (2)

which is independent of the velocity v of the string.

Following Einstein, we note that associated with this energy transfer is a transfer of mass,

Δm = E c^2 = lT c^2

, (3)

from the battery to the water pool.

If the mass of the entire system on the rolling baseplate is M, and the system was initially at rest with respect to the lab frame, then the center of mass of the system remains at rest in that frame. To compensate for the small transfer of mass from the battery to the water pool, the rest of the system moves a distance

x_1 = Δm M L = lT Mc^2

L (4)

towards the motor during the time t = l/v that the motor was operated. To accomplish this motion the baseplate has a velocity

v_{B1} = x_1 t = LT Mc^2 v (5)

relative to the lab frame during this time, and the associated momentum of the system (with respect to the lab frame) is P_1 = Mv_{B1} =

LT v c^2

. (6)

Since the total momentum of the system with respect to the lab frame is zero, there must be an additional momentum P^′_1 = −

LT v c^2 (7) somewhere in the system, where the minus sign indicates that the direction of propagation is from the motor to the paddlewheel. Because it will be difficult to locate this momentum, we might describe it as “hidden”.

2.1.2 Momentum of the Moving String

An obvious place to look for the “hidden” momentum is in the string that moves from the paddlewheel pulley to the motor pulley. However, the sign of the momentum associated with the moving string is the same as that of eq. (6). Indeed, during time t the mass m of the string moves distance L relative to the rolling baseplate, and by the same argument that led to eq. (6), the system must have moved a distance

x_2 = − m M L (8)

towards the water pool during the time t = l/v that the motor was operated. To accomplish this motion the baseplate had a velocity

v_{B2} = x_2 t = − mL Ml v, (9)

and the associated momentum of the system was

P_2 = Mv_{B2} = − mLv l , (10)

both with respect to the lab frame. The momentum of the moving string was

P^′_2 = −P_2 = mLv l ≫ P_1. (11)

We have not yet identified the location of the tiny relativistic momentum (7), which can be called a “hidden” momentum.

2.1.3 Can We Identify the Path of the Flow of Energy?

The “hidden” momentum (7) is related to the energy transfer from the motor to the water pool, which brings us to the question of the path of that energy transfer. We ignore the possibilities of electromagnetic radiation through the air around the apparatus, of convective heat transfer in the air, and of thermal conduction in the string or baseplate.^3 The remaining options are that the energy travels from the motor to the water pool via the string, or via the baseplate of the system, or both.

If the moving energy could be localized, then according to Einstein there will be a localized increase in mass. Classical observers could in principle detect such mass increases, however tiny, and so all classical observers should agree as to the path of the energy flow.

The stretched string stores elastic energy, and to observer for whom the string is in motion, there is a corresponding flow of flow of energy. However, the tension in the string also results in a compression of the baseplate, so the latter also stores elastic energy. Then, according to observers for whom the baseplate is in motion, there is also a flow of energy in the baseplate. The elastic energies stored in the string and in the baseplate are both associated with small relativistic increases in their masses, whether or not an observer associates an energy flow with these increments of mass/energy.

The path of steady flow of energy can and will be different for different observers.

3Since the water pool becomes warmer than the motor if the latter is 100% efficient, all these effects would transfer energy from the water pool back to the motor.

2.1.4 Energy Flow and (Hidden) Momentum Density in a Moving Elastic Medium

In a related example [21] we illustrate the flow of energy and the associated density of momentum in an idealized 1-dimensional gas under pressure. In this case, the microscopic motion of the molecules of a gas that also has a bulk motion affords a satisfactory mechanical model of the energy flow in the direction of the bulk motion.

The case of a moving elastic medium under tension cannot be modeled as a gas or liquid, since these media do not support tension. The forces that bind the atoms in an elastic medium are electromagnetic in nature. However, an electrostatic model of the elastic medium will not suffice, since, as noted by Earnshaw [23], there is no stability for (charged) particles subject only to forces associated with an (electro)static potential.

Whatever the details of a microscopic description of an elastic medium, the total electromagnetic interaction energy among constituent atoms is negative. This interaction energy is at a minimum when the medium is unstressed, and is larger but still negative for either a compressive or tensile stress.

In a naïve model of an elastic medium at rest, the electromagnetic interaction energy is electrostatic. If the medium has a bulk motion with velocity v ≪ c, then the (negative) electrostatic interaction energy is the same, but there is also a magnetic interaction energy of order v^2/c^2 that is negative of the medium is under tension and positive if it is under compression. This magnetic interaction energy corresponds implies a change in the mass of the medium, according to Einstein, and so the transport of mass/energy in the direction of motion is decreased in the case of tensile stress and increased for compressive stress. For a medium under tension, the decrease in energy flow in the direction of motion is equivalent to a positive energy flow the opposes the motion.

Associated with the apparent flow of magnetic energy for a stressed, moving elastic medium is a density of momentum, which is the “hidden” momentum we have been seeking to identify.

We illustrate the preceeding discussion with a simplified model of an elastic medium as consisting of atoms that are electric dipoles aligned along the +z axis. Then, there is an attractive force in the z direction between any pair of dipoles, and the medium is under tension.

To keep the dipoles from collapsing on one another, we suppose that each atom has a small electric quadrupole moment as well. In more detail, we suppose the atomic nucleus has charge +q, and the atomic electrons are represented by a charge −ϵq located at distance +a from the nucleus and by a second charge −(1 − ϵ)q located at −a with respect to the nucleus. Neighboring atoms are separated by distance b, as shown in the figure below. The atomic size a is somehow fixed, but the separation b between atoms varies with the stress in the medium.

The basic features of this model are illustrated by a “solid” that consists of only two atoms. The force between these two atoms is

F = q^2 [ ϵ(1 − ϵ) b^2 − 1 (a + b)^2 + 2(1 − ϵ + ϵ^2) (2a + b)^2 − 1 (3a + b)^2 + ϵ(1 − ϵ) (4a + b)^2 ] . (12)

For ϵ = 0.999 the quadrupole strength is 1/1000 of the dipole strength, but this is sufficient to provide a nominal equilibrium point (for motion along the dipole axis) at separation b = 0.0425a. A plot of the force as a function of b/a is shown below. For separation b > 0.0425a the force between neighboring atoms is attractive and the medium is under tension.

3 Acknowledgment

The author thanks Edwin Taylor and Vladimir Hnizdo for e-conversations about this problem.

References

[1] K.T. McDonald, “Hidden” Momentum in a Link of a Moving Chain, (June 28, 2012),

http://physics.princeton.edu/~mcdonald/examples/link.pdf

[2] E.F. Taylor and J.A. Wheeler, Spacetime Physics, 1st ed. (WH Freeman, New York, 1966), http://physics.princeton.edu/_~mcdonald/examples/mechanics/taylor_spacetime_physics_p147.pdf

[3] H. Hertz, Electric Waves (Macmillan, 1900),

http://physics.princeton.edu/~mcdonald/examples/EM/hertz_electric_waves.pdf

[4] A. Einstein, Ist die Trägheit eines Körpers von seinem Energieinhalt abhängig?, Ann.

Phys. 18, 639 (1905),

http://physics.princeton.edu/~mcdonald/examples/EM/einstein_ap_18_639_05.pdf

Translation: Does the Inertia of a Body Depend upon its Energy-Content?,

http://physics.princeton.edu/~mcdonald/examples/EM/einstein_ap_18_639_05_english.pdf

[5] O. Costa de Beauregard, A New Law in Electrodynamics, Phys. Lett. 24A, 177 (1967),

http://physics.princeton.edu/~mcdonald/examples/EM/costa_de_beauregard_pl_24a_177_67.pdf

Physical Reality of Electromagnetic Potentials?, Phys. Lett. 25A, 375 (1967),

http://physics.princeton.edu/~mcdonald/examples/EM/costa_de_beauregard_pl_25a_375_67.pdf

“Hidden Momentum” in Magnets and Interaction Energy, Phys. Lett. 28A, 365 (1968),

http://physics.princeton.edu/~mcdonald/examples/EM/costa_de_beauregard_pl_28a_365_68.pdf

[6] W. Shockley and R.P. James, “Try Simplest Cases” Discovery of “Hidden Momentum” Forces on “Magnetic Currents”, Phys. Rev. Lett. 18, 876 (1967),

http://physics.princeton.edu/~mcdonald/examples/EM/shockley_prl_18_876_67.pdf

W. Shockley, “Hidden Linear Momentum” Related to the α·E Term for a Dirac-Electron Wave Packet in an Electric Field, Phys. Rev. Lett. 20, 343 (1968),

http://physics.princeton.edu/~mcdonald/examples/EM/shockley_prl_20_343_68.pdf

[7] P. Penfield Jr and H.A. Haus, Electrodynamics of Moving Media (M.I.T. Press, Cambridge, MA, 1967), sec. 7.4; H.A. Haus and P. Penfield Jr, Forces on a Current Loop, Phys. Lett. 26A, 412 (1968),

http://physics.princeton.edu/~mcdonald/examples/EM/penfield_pl_26a_412_68.pdf

[8] S. Coleman and J.H. Van Vleck, Origin of “Hidden Momentum” Forces on Magnets, Phys. Rev. 171, 1370 (1968),

http://physics.princeton.edu/~mcdonald/examples/EM/coleman_pr_171_1370_68.pdf

[9] W.H. Furry, Examples of Momentum Distributions in the Electromagnetic Field and in Matter, Am. J. Phys. 37, 621 (1969),

http://physics.princeton.edu/~mcdonald/examples/EM/furry_ajp_37_621_69.pdf

[10] M.G. Calkin, Linear Momentum of the Source of a Static Electromagnetic Field, Am.

J. Phys. 39, 513-516 (1971),

http://physics.princeton.edu/~mcdonald/examples/EM/calkin_ajp_39_513_71.pdf

[11] L. Vaidman, Torque and force on a magnetic dipole, Am. J. Phys. 58, 978 (1990),

http://physics.princeton.edu/~mcdonald/examples/EM/vaidman_ajp_58_978_90.pdf

[12] V. Hnizdo, Conservation of linear and angular momentum and the interaction of a moving charge with a magnetic dipole, Am. J. Phys. 60, 242 (1992),

http://physics.princeton.edu/~mcdonald/examples/EM/hnizdo_ajp_60_242_92.pdf

Hidden momentum and the electromagnetic mass of a charge and current carrying body, Am. J. Phys. 65, 55 (1997),

http://physics.princeton.edu/~mcdonald/examples/EM/hnizdo_ajp_65_55_97.pdf

Hidden momentum of a relativistic fluid in an external field, Am. J. Phys. 65, 92 (1997),

http://physics.princeton.edu~mcdonald/examples/EM/hnizdo_ajp_65_92_97.pdf

Hidden mechanical momentum and the field momentum in stationary electromagnetic and gravitational systems, Am. J. Phys. 65, 515 (1997),

http://physics.princeton.edu/~mcdonald/examples/EM/hnizdo_ajp_65_515_97.pdf

Covariance of the total energy-momentum four-vector of a charge and current carrying macroscopic body, Am. J. Phys. 66, 414 (1998),

http://physics.princeton.edu/~mcdonald/examples/EM/hnizdo_ajp_66_414_98.pdf

On linear momentum in quasistatic electromagnetic systems (July 6, 2004),

http://arxiv.org/abs/physics/0407027

[13] E. Comay, Exposing “hidden momentum”, Am. J. Phys. 64, 1028 (1996),

http://physics.princeton.edu/~mcdonald/examples/EM/comay_ajp_64_1028_96.pdf

Lorentz transformation of a system carrying Hidden Momentum, Am. J. Phys. 68, 1007 (2000), http://physics.princeton.edu/~mcdonald/examples/EM/comay_ajp_68_1007_00.pdf

[14] T.H. Boyer, Connecting linear momentum and energy for electromagnetic systems, Am.

J. Phys. 74, 742 (2006),

http://physics.princeton.edu/~mcdonald/examples/EM/boyer_ajp_74_742_06.pdf

Interaction of a point charge and a magnet: Comments on hidden mechanical momentum due to hidden nonelectromagnetic forces, http://arxiv.org/abs/0708.3367 Concerning hidden momentum, Am. J. Phys. 76, 190 (2008),

http://physics.princeton.edu/~mcdonald/examples/EM/boyer_ajp_76_190_08.pdf

[15] D. Babson et al., Hidden momentum, field momentum, and electromagnetic impulse, Am. J. Phys. 77, 826 (2009),

http://physics.princeton.edu/~mcdonald/examples/EM/babson_ajp_77_826_09.pdf

[16] K.T. McDonald, “Hidden” Momentum of a Steady Current Distribution in a System at “Rest”, (Apr. 21, 2009), http://physics.princeton.edu/~mcdonald/examples/current.pdf

[17] O. Reynolds, On the Efficiency of Belts or Straps as Communicators of Work, Engineer, 38, 396 (1874),

http://physics.princeton.edu/~mcdonald/examples/mechanics/reynolds_engineer_38_396_74.pdf

[18] T.C. Firbank, Mechanics of the Belt Drive, Int. J. Mech. Sci. 12, 1053 (1970),

http://physics.princeton.edu/~mcdonald/examples/mechanics/firbank_ijms_12_1053_70.pdf

[19] G. Ryabov et al., Propagation of an elastic wave in transmission chains, Russ. Eng. J.

2, 20 (1971), http://physics.princeton.edu/_~mcdonald/examples/mechanics/ryabov_rej_2_20_71.pdf

[20] J.N. Fawcett, Chain and Belts Drives – A Review Shock and Vibration Digest 13, 5 (1981), http://physics.princeton.edu/_~mcdonald/examples/mechanics/fawcett_svd_13_5_81.pdf

[21] K.T. McDonald, Relativity of Steady Energy Flow (Nov. 3, 2007),

http://physics.princeton.edu/~mcdonald/examples/1dgas.pdf

[22] K.T. McDonald, Energy Flow in a Moving Bimetallic Strip (Oct. 28, 2007),

http://physics.princeton.edu/~mcdonald/examples/bimetallic.pdf

[23] S. Earnshaw, On the Nature of the Molecular Forces which regulate the Constitution of the Luminiferous Ether, Trans. Camb. Phil. Soc. 7, 97-112 (1839), particularly secs. 11- 15. http://physics.princeton.edu/~mcdonald/examples/EM/earnshaw_tcps_7_97_39.pdf

[24] B. Massey and J. Ward-Smith, Mechanics of Fluids, 7th ed. (Taylor and Francis, London, 1989), http://physics.princeton.edu/~mcdonald/examples/fluids/massey_p102.pdf

[25] L.D. Landau and E.M. Lifshitz, Fluid Mechanics, 2nd ed. (Pergamon Press, Oxford, 1987).

[26] See, for example, sec. IVA of D.R. Rowland, Parametric resonance and nonlinear string vibrations, Am. J. Phys. 72, 758 (2004),

http://physics.princeton.edu/~mcdonald/examples/mechanics/rowland_ajp_72_758_04.pdf

[27] K.T. McDonald, Stress and Momentum in a Capacitor That Moves with Constant Velocity, (Apr 21, 1984; updated Oct. 4, 2007),

http://physics.princeton.edu/~mcdonald/examples/cap_stress.pdf

[28] D.R. Rowland and C. Pask, The missing wave momentum mystery, Am. J. Phys. 67, 378 (1999), http://physics.princeton.edu/_~mcdonald/examples/mechanics/rowland_ajp_67_378_99.pdf

[29] K.T. McDonald, “Hidden” Momentum in a Sound Wave (Oct. 31, 2007),

http://physics.princeton.edu/~mcdonald/examples/hidden_sound.pdf