Bose and the Angular Momentum of the Photon

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (January 8, 2024; updated June 24, 2024) Abstract 2024 is the 100^{th} anniversary of S.N. Bose’s paper on quantum statistics [70], so it may be appropriate to highlight an appealing story told by Bose at various times. Namely that the original English version of his paper (now lost) argued that a light quantum (photon) has two, independent, angular momentum (“spin”) states, but this view was too novel for Einstein, who replaced this statement (in his translation of the paper which appeared in Zeitschrift für Physik) with the comment that an electromagnetic wave has two polarization states. This joins other anecdotes by physicists (such as Newton on universal gravity and Gauss on the electromagnetic vector potential [1]) claiming priority for an idea they had many years earlier, which illustrates that the process of “discovery” of novel concepts is seldom crisp, and that many people must become involved before a new idea is well accepted.

When Planck introduced the unit/quantum of action, now called h, in 1899 [30],^1 it was a rather abstract concept. In 1900 [32, 33] (see also [131]), Planck associated hν with the quantum of energy of a harmonic oscillator of frequency ν,^{2,3} which could emit electromagnetic radiation in case of an oscillating electric charge. In 1905 [39], Einstein added that the electromagnetic radiation of a charged oscillator consisted of “light quanta” (lichtquanta) whose energies are integral multiples of hν. This revived the Newtonian notion that light has particle-like properties. Since particles can have momentum and angular momentum as well as energy, the implication that light quanta can have quantized energy should extend to quantized momentum and angular momentum also, but the acceptance of this was slow.

In 1909, Einstein rather indirectly implied (in the equation on p. 824 of [43]) that light quanta of frequency ν have momentum hν/c. In 1917, he stated more crisply that a light quantum of energy E has momentum E/c (p. 49 of [56]), and identified this momentum as hν/c (p. 61 of [56]). However, this relation was not generally accepted until Compton’s analysis (1924) [68] of the scattering of x-rays by electrons, in which electrons initially at rest recoiled with nonzero momentum and kinetic energy.^4

A tentative quantum model of atoms was made by Nicholson (1912), who suggested on p. 679 of [46] that the angular momentum of atomic electrons is quantized. This notion

1Planck recast Wien’s (classical) “law” [29], ρ = 8πhν^3 e^{−hν/kT} /c^3, for the energy-density spectrum vs. frequency ν of blackbody radiation at temperature T , in a form using three fundamental constants: the speed c of light, a new constant h (initially called b), and Boltzmann’s constant k (initially called b/a). He introduced the notion now called the Planck length, √ Gh/c^3 ≈ 4 × 10^{−35} m, on the last page of [30].

Planck was the first to define Boltzmann’s constant, k = R/A, where R is the gas constant and A is Avogadro’s number, on p. 244 of [32], and then on pp. 556 ff of [33].

2This is what others (Einstein [39], Ehrenfest [40], etc.) inferred that he meant, while Planck’s own view seemed ambiguous and time dependent, as reviewed, for example, in Sec. 2.6 of [133].

3In 1911, Planck [44, 45] argued for the existence of zero-point energy hν/2 of an oscillator of frequency ν, such that possible energies are (n + 1/2) hν for non-negative integer n.

4For a historical review, see [123].

was further developed by Bohr (1913), who identified the basic quantum of orbital angular momentum as ℏ = h/2π on p. 15 of [47].

In electromagnetic decays of an excited atom, the electromagnetic radiation carries away the difference in angular momentum between the initial and final atomic levels, so if angular momentum is conserved, the angular momentum of the radiated electromagnetic field is also quantized, in integer multiples of ℏ. And, for circularly polarized radiation, the angular momentum cannot be zero. This insight may have been first published by Schaposchnikow (1914) [48], working together with Busch [49]. It was then discussed by Abraham (1914) [50], Bohr (1918) [57], Rubinowicz (1918) [58], and appeared in Sec. 6.1 of the 1921 edition of Sommerfeld’s Atombau [62]. Rubinowicz seems to have been the first to note that ordinary (i.e., electric-dipole) atomic transitions involve changes in the atomic angular momentum of only 0 (for linearly polarized radiation) or ±ℏ (for circularly polarized radiation). The implication that circularly polarized light quanta carry angular momentum ±ℏ was, however, not emphasized in these early works (as the concept of light quanta was not yet well accepted).

In 1923, de Broglie [64, 65] introduced the notion that (massive) particles of energy E can be associated with a wave of frequency ν related by the “Planck-Einstein” relation hν (= ℏω) = E, and in Chap. 2 of his thesis [67] (1924) he added that the associated wavelength λ is given by P = h/λ (= ℏk) where P is the momentum of the particle. He also discussed blackbody radiation as what we now call a “photon gas” ([66], dated 1 Oct. 1923, and Sec. 7.2 of [67]). On pp. 455-456 of [66] he argued that a quantum derivation of Plank’s radiation law requires use of a factor of two “in consequence of the internal binary symmetry of the light quantum”. That is, de Broglie came very close to anticipating Bose’s paper [70], as remarked on pp. 370-371 of [136].

It was stated in [94, 117, 118, 124, 134, 135, 139],^5 for which there is no direct evidence, that Bose’s^6 original, English paper on quantum statistics (June 1924, but now lost^7) included an argument that there are two independent states of light quanta for a given energy and momentum, corresponding to two (not three) states of angular momentum with magnitude ℏ (i.e., spin S = 1 in units of ℏ).^{8,9} Bose sent this paper to Einstein, who translated it into German for publication [70], but replaced Bose’s argument with the classical observation that light waves have two independent polarization states [72].^{10} Bose seemed not to have enough confidence in his argument to publish it later.^{11,12}

5See also footnote 7, p. 420 of [129]. 6“Bose” rhymes with “rose” [103].

7An earlier version (also now lost) was sent to Phil. Mag. in 1923, but was rejected. See footnote 2 of [69]._8

Ref. [94] (1931) states on p. 486: ...we understand from a personal communication by Prof. Bose that he envisaged the possibility of the quantum possessing besides energy hν and linear momentum hν/c also an intrinsic spin or angular momentum ±h/2π round an axis parallel to the direction of its motion. The weight factor 2 thus arises from the possibility of the spin of the quantum being either right-handed or left-handed, corresponding to the two alternative signs of the angular momentum.

9A weaker version of this claim was reported on p. 1219 of [104].

10Einstein elaborated on Bose’s paper in [74, 75]. A second paper by Bose in 1924 [71] was also translated by Einstein, but Einstein disagreed with that paper [108].

11An argument via quantum field theory that massless particles with nonzero (discrete) spin S have only 2 spin components S_z = ±S along the direction of motion (rather than 2S + 1 components as for a particle of nonzero mass) was given only in 1948, Sec. 3.II, p. 216 of [99].

12A classical argument can be given [109] that gauge invariance of the potentials implies electromagnetic

Meanwhile, studies of the anomalous Zeeman effect suggested that some atoms have energy levels whose angular momentum has the form (n + 1/2)ℏ for integer n (first noted by Lande (1921) [61]). Already in 1920, Compton [59] had speculated that electrons have quantized angular momentum, of value ℏ, but only in 1925 did Uhlenbeck and Goudsmit infer from the anomalous Zeeman effect that the electron has intrinsic “spin” of ℏ/2 [77, 80].^{13,14,15,16}

Einstein’s term “light quantum” became replaced by the now-familiar term “photon” following papers by Lewis in 1926 [84, 86], although the physics of these papers was “nonstandard”.^{17}

Once the notion of electron “spin” became accepted, it was natural consider that light quanta also have “spin”, as argued, for example, by Beck (1927) [87], and further discussed by Ruark and Urey (1927) [88].

In 1931, Raman discussed other experimental evidence for the angular momentum of light in three little-known papers [92, 93, 94], citing the experiments of Hanle [89] and Bär [90], and crediting Bose for anticipating the existence of photon spin in [94]. The more well known demonstration of the angular momentum of light is that by Beth (1936) [95].

In 1947, p. 210 of [98], Dirac introduced the terms boson and fermion to describe a particle that obeys Bose-Einstein statistics^{18} or Fermi-Dirac statistics [81, 82], respectively. This illustrates the relation between spin and quantum statistics discussed by Fierz (1939) [96] and Pauli (1940) [97] that bosons have integer spin (in units of ℏ), while fermions have half-integer spin.^{19}

A Appendix: Energy, Momentum and Angular Momentum of Classical Electromagnetic Fields

This Appendix reviews how the “mechanical” concepts of energy, momentum and angular momentum came to be associated with classical electromagnetic fields as well. In particular, the first computation of a field angular momentum that was recognized as such is due to J.J. Thomson [38].^{20} However, that computation had previously been made by both Darboux

(and gravitational) plane waves have only two independent polarization states.

13Uhlenbeck and Goudsmit were inspired in part by Pauli’s discussion of a fourth quantum number of electrons in atoms [76], in the paper that introduced the “exclusion principle”.

14The term “spin” was used in the second paper of Uhlenbeck and Goudsmit [80]. 15For reminiscences by Goudsmit and Uhlenbeck, see [102, 106, 107], which mention that Kronig had the idea of electron spin in early 1925, but was discouraged from publishing it by Pauli. Bichowsky and Urey [83] also claimed to have invented the notion of electron spin.

16Indirect evidence for nonclassical electron “spin” was obtained by Barnett [52] already in 1915, when he measured the ratio L/μ of the angular momentum L to the magnetic moment μ of electrons in iron to be 1/2 of the classical prediction. However, in the same year Einstein and de Haas [53] reported experimental agreement with the classical model, and Barnett’s (correct) result was largely ignored.

17As recounted, for example, in [127, 132], the term “photon” was first used by Troland (1916) [54, 55] in a physiological context, and was employed in a similar context by Joly (1921) [60]. Usage of the term “photon” closer to its present meaning occurred in France in 1925 [73, 78, 85], apparently inspired by Perrin.

18The term “Bose-Einstein statistics” may have first appeared on p. 609 of [79]. 19See also [113].

20This example was later made famous as the Feynman disk paradox [101, 110].

[13] and Poincaré [28], who did not realize its physical significance.

A.1 Field Energy

Already by 1800, potential energy was associated with gravity, electrostatics and magnetostatics, but no location was assigned to these energies. In 1856, Maxwell argued on p. 63 of [7] that the magnetic potential energy U_m = ∫ ρ_mΨ_m dVol/2 could be re-expressed in terms of the magnetic fields B and H = B/μ, where ρ_m is the density of hypothetical magnetic charge, Ψ_m is the magnetic scalar potential and μ is the relative magnetic permeability, as U_m = ∫ B · H dVol/8π (in Gaussian units), and that the density of magnetic-field energy at some point in space is B · H/8π.

The analogous argument for electric field energy was given by Maxwell in Arts. 630-631 of his Treatise [11], i.e., U_e = ∫ ρ_eΨ_e dVol/2 = ∫ E · D dVol/8π such that the density of electric-field energy at some point in space is D · E/8π.^{21,22}

A.2 Field Momentum

Apparently, Kepler considered the pointing of comets’ tails away from the Sun as evidence for radiation pressure of light [37].

Pressure is associated with force, which is associated with time rate of change of momentum, so the notion of radiation pressure has an implication that light is associated with momentum. However, the historical development of this association was not swift.

The topic of radiation pressure was long dormant, until reconsidered by Balfour Stewart in 1871 [10] for the case of thermal radiation.

After his unification of electricity, magnetism and light [8], Maxwell argued (Art. 792 of [11]) that the radiation pressure P of light is equal to its energy density u,

P = u =

D^2 4π = H^2 4π , (1)

for an electromagnetic wave with fields D and H in vacuum, but he did not explicitly associate this pressure with momentum in the electromagnetic field.^{23}

Building on the concept of Faraday’s electrotonic state,^{24} Maxwell did have a vision of electromagnetic momentum, computed as [9, 11] (see also [119]),

P^{(Maxwell)}

EM = ∫ ρA^{(C)} c dVol, (2)

21In Sec. 82, p. 492 of [9], Maxwell noted that if this argument were applied to gravity, assuming the existence of a vector gravitational field G, then the density of gravitational field energy would be −G^2/8π. Maxwell considered this to be physically implausible, and inferred that gravity is not describable by a vector field._{22}

Some people consider that electrostatic and magnetostatic field energy are part of the rest masses of the charged particles in the system [138].

23Maxwell (and Thomson and Lorentz and most others influenced by the concept of a material aether), regarded the fields D and H as more “basic” than E and B.

24Art. 60 of [3], Art. 1661 of [4], Arts. 1729 and 1733 of [5], and Art. 3269 of [6].

where ρ is the electric charge density and A^{(C)} is the vector potential in the Coulomb gauge (that Maxwell used prior to the explicit recognition of gauge conditions [116]). However, the form (2) seems to associate the momentum with charges rather than with fields, although Maxwell sometimes called the vector potential A the “electromagnetic momentum”.^{25} In 1891, J.J. Thomson noted [18] that a sheet of electric displacement D (in the plane of the sheet) which moves perpendicular to the sheet with velocity v must be accompanied by a sheet of magnetic field H = v/c × D according to the free-space Maxwell equation ∇ × H = (1/c) ∂D/∂t.^{26,27} Then, the motion of the energy density of these sheets implies there is also a momentum density, eqs. (2) and (6) of [18],

p^{(Thomson)}

EM =

D × H 4πc . (3)

Also in 1891, Heaviside identified the momentum of the free ether in Sec. 26 of [21] as,^{28}

p^{(Heaviside)}

EM =

D × B 4πc . (4)

This was a clarification of his discussion in 1886, eq. (7a) of [16], of a magnetoelectric force D/4πc × ∂B/∂t.^{29}

In 1893, Thomson transcribed much of his 1891 paper into the beginning of Recent Researches [24], adding the remark (p. 9) that the momentum density (3) is closely related to the Poynting vector [14, 15],^{30,31} S = c 4π E × H. (5)

The form (3) was also used by Poincaré in 1900 [31], following Lorentz’ convention [22] that the force on electric charge q be written q(D + v/c × H), and that the Poynting vector is (c/4π) D × H. In 1903 Abraham [36] argued for,

p^{(Abraham)}

EM =

E × H 4πc = S c^2

, (6)

and in 1908 Minkowski [41] advocated the form,^{32,33}

p^{(Minkowski)}

EM =

D × B 4πc . (7)

25See, for example, the discussion of p. 503 of [137].

26This example was illustrated more clearly by Feynman in Sec. 18-4 of [101], who considered a sheet of uniform charge density that is suddenly given a velocity in the plane of the sheet. Then, Faraday’s law, ∇ × E = −(1/c) ∂B/∂t, combined with the Maxwell equation for H implies that the velocity of propagation of the fields E and B (or D and H) away from the charged sheet is v = c in vacuum, which point seems to have been initially overlooked by Thomson, although noted by him in Sec. 265 of [27].

27A variant of Thomson’s argument was given by Heaviside in 1891, Sec. 45 of [19]. 28See also p. 557 of [26] and p. 495 of [20].

29Heaviside also mentioned this concept in 1889 on pp. 399-330 of [17].

30Thomson argued, in effect, that the field momentum density (3) is related by p_{EM} = S/c^2 = uv/c^2 [18, 24]. See also eq. (19), p. 79 of [23], and p. 6 of [51]. The energy flow velocity defined by v = S/u cannot exceed c; see, for example, Sec. 2.1.4 of [121] and Sec. 4.3 of [122].

31The idea that an energy flux vector is the product of energy density and energy flow velocity seems to be due to Umov [12], based on Euler’s continuity equation [2] for mass flow, ∇ · (ρv) = −∂ρ/∂t.

32Minkowski, like Poynting [14], Heaviside [15] and Abraham [36], wrote the Poynting vector as E × H. See eq. (75) of [41].

33For some remarks on the “perpetual” Abraham-Minkowski debate see [125].

Thomson did not relate the momentum density (3) to the radiation pressure P of light, eq. (1), until 1904 (p. 355 of [38]) when he noted that P = F/A = c p_{EM} = D^2/4π = H^2/4π for fields moving with speed c in vacuum, for which D = H. He also gave an argument (p. 348 of [38]) that the forms (2) and (3) for field momentum are equivalent once the sources of the fields are taken into account.^{34}

A.3 Field Angular Momentum

In 1904, J.J. Thomson [38] considered a (Gilbertian) magnetic (mono)pole p and electric charge q, both at rest (although we now consider that such monopoles do not exist).

Suppose the electric charge q is at the origin, and the magnetic pole p at distance R away along the positive z-axis, as shown in the figure above. Then, the (Abraham) fieldmomentum density is, in spherical coordinates (r, θ ϕ),

p_{EM} =

E × H 4πc = pq sin α 4πc r^2r^{′2} ϕ̂ = pqR sin θ 4πc r^2r^{′3} ϕ̂ , (8)

noting that H = p/r^{′2} for the magnetic pole, and that sin α/R = sin θ/r^′ by the sine law.^{35} Thomson also considered the angular momentum in the electromagnetic fields of the pole

34Possibly, Thomson delayed publishing the relation of radiation pressure to his expression (3) until he could demonstrate its equivalence to Maxwell’s form (2). For other demonstrations of this equivalence, see [120], and Appendix B of [126].

35The electromagnetic momentum (8) circulates azimuthally, such that the total electromagnetic momentum P_{EM} is zero, P_{EM} = ∫ p_{EM} dVol = 0. Further, the total electromagnetic-field momentum for any configuration of static magnetic poles and electric charges is zero, being the sum of the momenta of all pairs of such particles. Hence, Thomson demonstrated the notable fact that electromagnetic field momentum can be nonzero only if electric charges, or Gilbertian magnetic poles (should they exist), are in motion. See also [112].

plus charge,

L_{EM} = ∫ r × p_{EM} dVol = − pqR 4πc ∫ r sin θ r^2r^{′3} dVol θ̂. (9)

This has only a nonzero z-component,

L_{EM,z} = pqR 2c ∫_1 −1 sin^2 θ d cos θ

∫_∞ 0 r dr (r^2 − 2rR cos θ + R^2)^{3/2} = pqR 2c ∫_1 −1 sin^2 θ d cos θ

1 + cos θ R sin^2 θ = pq c , (10)

using Dwight 380.013 [100].^{36} The angular momentum vector L_{EM} points from the electric charge q to the magnetic pole p.^{37}

In 1904 the notion of quantizing angular momentum was still years away, and the provocative result (10), that the angular momentum of a magnetic pole (if such exists) plus electric charge is independent of their separation, went unremarked until 1931 when Dirac [91] argued that pq/c = ℏ/2 (if magnetic poles p exist). See also Sec. 6.12 of [115].

The next discussions (after [38]) of classical electromagnetic-field angular momentum may have been by Poynting (1909) [42] and by Abraham (1914) [50].

References

[1] Regarding Newton and the apple, see, for example,

https://royalsociety.org/blog/2012/02/newtons-apple-tree/

Regarding Gauss, see, for example, ref. 45 of C. Groner, T.M. Minteer and K.T. Mc- Donald, A magnetic field based on Ampère’s force law, Am. J. Phys. 91, 783-791 (2023).

https://doi.org/10.1119/5.0134722
http://kirkmcd.princeton.edu/examples/b_alt_v7.pdf

[2] L. Euler, Principes généraux du mouvement des fluides, Acad. Roy. Sci. Belles-Lett.

Berlin 11, 274-313 (1757). https://scholarlycommons.pacific.edu/euler-works/226/

http://kirkmcd.princeton.edu/examples/fluids/euler_fluids_55_english.pdf

[3] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125-162 (1832). https://doi.org/10.1098/rstl.1832.0006

kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_125_32.pdf

[4] M. Faraday, Experimental Researches in Electricity.—Thirteenth Series, Phil. Trans.

Roy. Soc. London 128, 125-168 (1838). https://www.jstor.org/stable/108192

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_125_38.pdf

36The constant of the motion (10) had been deduced by Darboux in 1878 [13] and by Poincaré in 1896 [28], but this was not recognized as field angular momentum by them [130].

37On p. 348 of [38], Thomsom discussed a small dipole magnet together with an electric charge, noting that if the magnetic field went to zero the initial field angular momentum would be transfered to mechanical angular momentum of the system. This is the origin of the Feynman disk paradox [101, 110].

[5] M. Faraday, Experimental Researches in Electricity.—Fourteenth Series, Phil. Trans.

Roy. Soc. London 128, 265-282 (1838). https://www.jstor.org/stable/108198

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_265_38.pdf

[6] M. Faraday, On the Physical Character of the Lines of Magnetic Force, Phil. Mag. 3, 401-428 (1852). https://doi.org/10.1080/14786445208647033

kirkmcd.princeton.edu/examples/EM/faraday_pm_3_401_52.pdf

[7] J.C. Maxwell, On Faraday’s Lines of Force. Trans. Camb. Phil. Soc. 10, 27-83 (1858),

https://ia802705.us.archive.org/19/items/transactionsofca10camb/transactionsofca10camb.pdf

kirkmcd.princeton.edu/examples/EM/maxwell_tcps_10_27_58.pdf

[8] J.C. Maxwell, On Physical Lines of Force. Part III.—The Theory of Molecular Vortices applied to Statical Electricity, Phil. Mag. 23, 12-24 (1862).

https://doi.org/10.1080/14786446208643207
http://kirkmcd.princeton.edu/examples/EM/maxwell_pm_23_12_62.pdf

[9] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459-512 (1865). doi/10.1098/rstl.1865.0008

kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[10] B. Stewart, Temperature Equilibrium of an Enclosure in which there is a Body in Visible Motion, Brit. Assoc. Reports, 41st Meeting, Notes and Abstracts, p. 45 (1871).

https://www.biodiversitylibrary.org/item/93055#page/375/mode/1up
http://kirkmcd.princeton.edu/examples/EM/stewart_bar_41_45_71.pdf

[This meeting featured an inspirational address by W. Thomson (later Lord Kelvin) as a memorial to Herschel; among many other topics Thomson speculates on the size of atoms, on the origin of life on Earth as due to primitive organisms arriving in meteorites, and on how the Sun’s source of energy cannot be an influx of matter as might, however, explain the small advance of the perihelion of Mercury measured by LeVerrier.]; On Æthereal Friction, Brit. Assoc. Reports, 43rd Meeting, Notes and Abstracts, pp. 32- 35 (1873). https://www.biodiversitylibrary.org/item/94452#page/664/mode/1up

http://kirkmcd.princeton.edu/examples/EM/stewart_bar_43_32_73.pdf

Stewart argued that the radiation resistance felt by a charge moving through blackbody radiation should vanish as the temperature of the bath went to zero, just as he expected the electrical resistance of a conductor to vanish at zero temperature. [The 43rd meeting was also the occasion of a report by Maxwell on the exponential atmosphere as an example of statistical mechanics (pp. 29-32), by Rayleigh on the diffraction limit to the sharpness of spectral lines (p. 39), and perhaps of greatest significance to the attendees, a note by A.H. Allen on the detection of adulteration of tea (p. 62).]

[11] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873).

https://archive.org/details/electricandmagne02maxwrich
http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

[12] N. Umow, Ableitung der Bewegungsgleichungen der Energie in continuirlichen Körpern, Zeit. Math. Phys. 19, 418-431 (1874).

https://books.google.com.af/books?id=Jr8KAAAAIAAJ
http://kirkmcd.princeton.edu/examples/EM/umow_zmp_19_97,418_74.pdf
http://kirkmcd.princeton.edu/examples/EM/umov_theorem.pdf

[13] G. Darboux, Problème de Mécanique, Bull. Sci. Math. Astro. 2, 433 (1878).

http://www.numdam.org/item/BSMA_1878_2_2_1_433_1/
http://kirkmcd.princeton.edu/examples/EM/darboux_bsma_2_433_78.pdf

[14] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343-361 (1884). https://doi.org/10.1098/rstl.1884.0016

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[15] O. Heaviside, Electromagnetic Induction and Its Propagation, Electrician 14, 178-180 (1885). hhttps://babel.hathitrust.org/cgi/pt?id=nyp.33433090837737&seq=192

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_14_178_85.pdf

See also p. 438 of [25].

[16] O. Heaviside, Electromagnetic Induction and Its Propagation, Electrician 16, 186-188 (1886). hhttps://babel.hathitrust.org/cgi/pt?id=uc1.c2602932&seq=200

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_16_186_86.pdf

See also pp. 545-548 of [25].

[17] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324-339 (1889).

https://doi.org/10.1080/14786448908628362
http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[18] J.J. Thomson, On the Illustration of the Properties of the Electric Field by Means of Tubes of Electrostatic Induction, Phil. Mag. 31, 149-171 (1891).

https://doi.org/10.1080/14786449108620094
http://kirkmcd.princeton.edu/examples/EM/thomson_pm_31_149_91.pdf

[19] O. Heaviside, Electromagnetic Theory–VII, Electrician 26, 633-634 (1891).

https://babel.hathitrust.org/cgi/pt?id=njp.32101050973591&seq=659
http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_26_633_91.pdf

See also pp. 42-43 of [23].

[20] O. Heaviside, Electromagnetic Theory–XV, Electrician 27, 493-495 (1891).

https://babel.hathitrust.org/cgi/pt?id=njp.32101050973609&seq=517
http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_27_493_91.pdf

See also pp. 107-108 of [23].

[21] O. Heaviside, On the Forces, Stresses and Fluxes of Energy in the Electromagnetic Field, Phil. Trans. Roy. Soc. London 183, 423-480 (1892).

https://doi.org/10.1098/rsta.1892.0011
http://kirkmcd.princeton.edu/examples/EM/heaviside_ptrsla_183_423_92.pdf

[22] H.A. Lorentz, La Théorie Électromagnétique Maxwell et Son Application aux Corps Mouvants, (Brill, Leiden, 1892).

https://archive.org/details/lathorielectrom00loregoog/page/n5/mode/2up
http://kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[23] O. Heaviside, Electromagnetic Theory, Vol. 1 (Electrician Publishing Co., 1893).

https://archive.org/details/electromagnetict01heavrich/
http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[24] J.J. Thomson, Recent Researches in Electricity and Magnetism (Clarendon Press, 1893).

https://archive.org/details/notesonrecentres00thom

http://kirkmcd.princeton.edu/examples/EM/thomson_recent_researches_in_electricity.pdf

[25] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894).

https://archive.org/details/electricalpapers01heavuoft/
http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

[26] O. Heaviside, Electrical Papers, Vol. 2 (Macmillan, 1894).

https://archive.org/details/electricalpapers02heavrich/
http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_2.pdf

[27] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism (Cambridge U. Press, 1895). https://archive.org/details/elemelectmag00thomrich

http://kirkmcd.princeton.edu/examples/EM/thomson_EM_1st_ed_95.pdf

[28] H. Poincaré, Remarques sur une expèrience de M. Birkeland, Comptes Rendus Acad.

Sci. 123, 530-533 (1896). https://gallica.bnf.fr/ark:/12148/bpt6k30799/f530.item

http://kirkmcd.princeton.edu/examples/EM/poincare_cras_123_530_96.pdf
http://kirkmcd.princeton.edu/examples/EM/poincare_cras_123_530_96_english.pdf

[29] W. Wien, Ueber die Energievertheilung im Emissionsspectrum eines schwarzen Körpers, Ann. d. Phys. 5 ¯ 8, 662-669 (1896). https://doi.org/10.1002/andp.18962940803

http://kirkmcd.princeton.edu/examples/statmech/wien_ap_58_662_96.pdf

[30] M. Planck, Über irreversible Strahlungsvorgänge. Sitz. König. Preuss. Akad. Wissen.

26, 440-480 (1899). http://kirkmcd.princeton.edu/examples/statmech/planck_skpaw_26_440_99.pdf Ann. d. Phys. 1, 69-122 (1900). https://doi.org/10.1002/andp.19003060105

http://kirkmcd.princeton.edu/examples/statmech/planck_ap_1_69_00.pdf

[31] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252-278 (1900). https://henripoincarepapers.univ-lorraine.fr/chp/hp-pdf/hp1900an.pdf

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf

Translation: The Theory of Lorentz and the Principle of Reaction.

http://www.physicsinsights.org/poincare-1900.pdf
http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[32] M. Planck, Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum, Verh.

Deutsch. Phys. Gesell. 2, 237-245 (1900).

http://www.ub.edu/hcub/hfq/sites/default/files/planck-energieverteilung.pdf

Translation: http://www.ffn.ub.es/luisnavarro/nuevo_maletin/Planck%20(1900),%20Distribution%20Law.pdf

http://kirkmcd.princeton.edu/examples/statmech/planck_vdpg_2_237_00.pdf
http://kirkmcd.princeton.edu/examples/QM/planck_vdpg_2_237_00_english.pdf

[33] M. Planck, Zur Theorie des Gesetzes der Energieverteilung im Normalspektrum, Ann.

d. Phys. 4, 553-563 (1901).

https://doi.org/10.1002/andp.19013090310
http://kirkmcd.princeton.edu/examples/statmech/planck_ap_4_553_01.pdf
http://kirkmcd.princeton.edu/examples/statmech/planck_ap_4_553_01_english.pdf

[34] P. Lebedew, Untersuchungen über die Druckkräfte des Lichtes, Ann. d. Phys. 6, 433-458 (1901). https://doi.org/10.1002/andp.19013111102

http://kirkmcd.princeton.edu/examples/EM/lebedew_ap_6_433_01.pdf

[35] E.F. Nichols and G.F. Hull, A Preliminary Communication on the Pressure of Heat and Light Radiation, Phys. Rev. 13, 307-320 (1901).

https://doi.org/10.1103/PhysRevSeriesI.13.307
http://kirkmcd.princeton.edu/examples/EM/nichols_pr_13_307_01.pdf

[36] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. d. Phys. 10, 105-179 (1903).

https://doi.org/10.1002/andp.19023150105
http://physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_10_105_03.pdf

Translation:

https://www.neo-classical-physics.info/uploads/3/4/3/6/34363841/abraham_-_dynamics_of_electrons.pdf

http://kirkmcd.princeton.edu/examples/EM/abraham_ap_10_105_03_english.pdf

[37] E.F. Nichols and G.F. Hull, The Pressure Due to Radiation, Phys. Rev. 17, 26-50 (1903). https://doi.org/10.1103/PhysRevSeriesI.17.26

http://kirkmcd.princeton.edu/examples/EM/nichols_pr_17_26_03.pdf

[38] J.J. Thomson, On Momentum in the Electric Field, Phil. Mag. 8, 331-356 (1904).

https://doi.org/10.1080/14786440409463203
http://kirkmcd.princeton.edu/examples/EM/thomson_pm_8_331_04.pdf

[39] A. Einstein, Über einen die Erzeugung und Verwandlung des Lichtes betreffenden heuristischen Gesichtspunkt, Ann. d. Phys. 17, 132-148 (1905).

https://doi.org/10.1002/andp.19053220607
http://kirkmcd.princeton.edu/examples/QM/einstein_ap_17_132_05.pdf

A.B. Arons and M.B. Peppard, Einstein’s Proposal of the Photon Concept—a Translation of the Annalen der Physik Paper of 1905, Am. J. Phys. 33, 367-374 (1965).

https://doi.org/10.1119/1.1971542
http://kirkmcd.princeton.edu/examples/QM/einstein_ap_17_132_05_english2.pdf

[40] P. Ehrenfest, Zur Planckschen Strahlungstheorie, Phys. Z. 7, 528-532 (1906).

http://kirkmcd.princeton.edu/examples/QM/ehrenfest_pz_7_528_06.pdf

[41] H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körper, Nachr. Ges. Wiss. Göttingen 1, 53-111 (1908).

https://gdz.sub.uni-goettingen.de/id/PPN252457811_1908
https://en.wikisource.org/wiki/Translation:The_Fundamental_Equations_for_Electromagnetic_Processes_in_Moving_Bodies
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08.pdf
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08_english.pdf

[42] J.H. Poynting, The Wave Motion of a Revolving Shaft, and a Suggestion as to the Angular Momentum in a Beam of Circularly Polarised Light, Proc. Roy. Soc. London A 82, 560-567 (1909). https://doi.org/10.1098/rspa.1909.0060

http://kirkmcd.princeton.edu/examples/EM/poynting_prsla_82_560_09.pdf

[43] A. Einstein, Über die Entwicklung unserer Anschauungen über das Wesen und die Konstitution der Strahlung, Phys. Z. 10, 817-826 (1909),

https://doi.org/10.1002/phbl.19690250902
http://kirkmcd.princeton.edu/examples/QM/einstein_pz_10_817_09.pdf

Translation: pp. 379-395 of [111].

https://einsteinpapers.press.princeton.edu/vol2-trans/393
http://kirkmcd.princeton.edu/examples/QM/einstein_pz_10_817_09_english.pdf

[44] M. Planck, Eine neue Strahlungshypothese, Verh. Deutsch. Phys. Ges. 13, 138-148 (1911).

https://www.google.com/books/edition/Verhandlungen_der_Deutschen_Physikalisch/D95aAAAAYAAJ?hl=en

http://kirkmcd.princeton.edu/examples/statmech/planck_vdpgb_13_138_11.pdf

[45] M. Planck, Über die Begründung des Gesetzes der schwarzen Strahlung, Ann. d. Phys.

37, 642-656 (1912). https://doi.org/10.1002/andp.19123420403

http://kirkmcd.princeton.edu/examples/statmech/planck_ap_37_642_12.pdf

[46] J.W. Nicholson, The Constitution of the Solar Corona. II, Mon. Not. Roy. Astron. Soc.

72, 677-693 (1912). https://doi.org/10.1093/mnras/72.8.677

http://kirkmcd.princeton.edu/examples/QM/nicholson_mnras_72_677_12.pdf

[47] N. Bohr, On the Constitution of Atoms and Molecules, Phil. Mag. 26, 1-25 (1913).

https://doi.org/10.1080/14786441308634955
http://kirkmcd.princeton.edu/examples/QM/bohr_pm_26_1_13.pdf

[48] K. Schaposchnikow, Die ponderomotorische Wirkung des zirkular polarisierten Strahles, Phys. Z. 15, 454-455 (1914).

https://babel.hathitrust.org/cgi/pt?id=uc1.c2831834&seq=492
http://kirkmcd.princeton.edu/examples/QM/schaposchnikow_pz_15_454_14.pdf

[49] H. Busch, Ein allgemeiner Satz über die ponderomotorische Wirkung des Drehfeldes, ins besondere der zirkularpolarisierten Welle, Phys. Z. 15, 455-457 (1914).

https://babel.hathitrust.org/cgi/pt?id=uc1.c2831834&seq=493
http://kirkmcd.princeton.edu/examples/QM/busch_pz_15_455_14.pdf

Über die von der zirkularpolarisierten Welle ausgeübten Drehmomente und die Emissionstheorie des Lichtes, Phys. Z. 15, 457-458 (1914).

[50] M. Abraham, Der Drehimpuls des Lichtes, Phys. Z. 15, 914-918 (1914).

https://babel.hathitrust.org/cgi/pt?id=uc1.c2831834&seq=970
http://kirkmcd.princeton.edu/examples/EM/abraham_pz_15_914_14.pdf

[51] H. Bateman, The Mathematical Analysis of Electrical and Optical Wave Motion, (Cambridge U. Press, 1915).

https://ia600309.us.archive.org/19/items/mathematicalanal00baterich/
http://kirkmcd.princeton.edu/examples/EM/bateman_wave_motion_15.pdf

[52] S.J. Barnett, Magnetization by Rotation, Phys. Rev. 6, 239-270 (1915).

https://doi.org/10.1103/PhysRev.6.239
http://kirkmcd.princeton.edu/examples/EM/barnett_pr_6_239_15.pdf

[53] A. Einstein and W.J. de Haas, Experimenteller Nachweis der Ampèreschen Molekularströme, Verh. Deut. Phys. Gesell. 6, 152-170 (1915).

https://archive.org/details/verhandlungen00goog/page/n167/mode/1up
http://kirkmcd.princeton.edu/examples/EM/einstein_vdpg_17_152_15.pdf

Short version: A. Einstein, Naturw. 3, 237-238 (1915).

https://doi.org/10.1007/BF01546392
http://kirkmcd.princeton.edu/examples/EM/einstein_vdpg_17_152_15.pdf

De Haas was the son-in-law of H. Lorentz.

[54] L.T. Troland On the measurement of visual stimulation intensities, J. Exp. Psych. 2, 1-33 (1917). See p. 3. https://doi.org/10.1037/h0071652

http://kirkmcd.princeton.edu/examples/QM/troland_jep_2_1_17.pdf

[55] L.P. Troland, Apparent Brightness; Its Conditions and Properties, Trans. Illum. Eng.

Soc. 11, 947-973 (1916). See p. 950.

https://archive.org/details/illuminatingengi11illu/page/947/mode/1up
http://kirkmcd.princeton.edu/examples/QM/troland_ties_11_947_16.pdf

[56] A. Einstein, Zur Quantentheorie der Strahlung, Phys. Z. 18, 121-128 (1917).

https://babel.hathitrust.org/cgi/pt?id=mdp.39015009220800&seq=141
http://kirkmcd.princeton.edu/examples/QM/einstein_pz_18_121_17.pdf

Translation: pp. 220-233 of [114].

https://einsteinpapers.press.princeton.edu/vol6-trans/232
http://kirkmcd.princeton.edu/examples/QM/einstein_pz_18_121_17_english.pdf

[57] N. Bohr, On the Quantum Theory of Line Spectra, Kgl. Danske Vidensk. Selsk. Skrifter Natur. Math. (1918), p. 38.

https://archive.org/details/onquantumtheoryo01bohruoft/page/n2/mode/1up
http://kirkmcd.princeton.edu/examples/QM/bohr_kdvssnm_18.pdf

[58] A. Rubinowicz, Bohrsche Frequenzbedingung und Erhaltung des Impulsmomente, Phys.

Z. 19, 441-445, 465-474 (1918).

https://babel.hathitrust.org/cgi/pt?id=mdp.39015056706941&seq=517
http://kirkmcd.princeton.edu/examples/QM/rubinowicz_pz_19_441_18.pdf

[59] A.H. Compton, The Magnetic Electron, J. Franklin Inst. 192, 145-155 (1921), p. 155.

https://doi.org/10.1016/S0016-0032(21)90917-7
http://kirkmcd.princeton.edu/examples/EM/compton_jfi_192_145_21.pdf

Page 155: “May I then conclude that the electron itself, spinning like a tiny gyroscope, is probably the ultimate magnetic particle.”

[60] J. Joly, A Quantum Theory of Coulour Vision, Proc. Roy. Soc. London B 92, 219-232 (1921). See p. 226. https://doi.org/10.1098/rspb.1921.0020

http://kirkmcd.princeton.edu/examples/QM/jolp_prslb_92_219_21.pdf

[61] A. Landé, Über den anomalen Zeemaneffekt, Naturw. 9, 926-928, (1921).

https://doi.org/10.1007/BF01488855
http://kirkmcd.princeton.edu/examples/QM/lande_naturw_9_926_21.pdf

[62] A. Sommerfeld, Atombau und Spektralinien, 2^{nd} ed. (Braunschweig, 1921).

https://archive.org/details/atombauundspekt00sommgoog
http://kirkmcd.princeton.edu/examples/QM/sommerfeld_atombau_21.pdf

See also [63].

[63] A. Sommerfeld, Atombau und Spektralinien, 3^{rd} ed. (Braunschweig, 1922). See Chap. 5 and Appendix 9.

https://www.google.com/books/edition/Atombau_und_Spektrallinien/x_xLVV0KDn8C?hl=en
http://kirkmcd.princeton.edu/examples/QM/sommerfeld_atombau_22.pdf

Translation: Atomic Structure and Spectral Lines (Dutton, 1923).

https://www.google.com/books/edition/Atomic_Structure_and_Spectral_Lines/2x1WAAAAMAAJ?hl=en

http://kirkmcd.princeton.edu/examples/QM/sommerfeld_23.pdf

[64] L. de Broglie, Ondes et quanta, Comptes Rend. Acad. Sci 177, 507-510 (1923).

http://kirkmcd.princeton.edu/examples/QM/debroglie_cr_177_507_23.pdf
http://kirkmcd.princeton.edu/examples/QM/debroglie_cr_177_507_23_english.pdf

[65] L. de Broglie, Waves and Quanta, Nature 112, 540 (1923).

https://doi.org/10.1038/112540a0
http://kirkmcd.princeton.edu/examples/QM/debroglie_nature_112_540_23.pdf

[66] L. de Broglie, A Tentative Theory of Light Quanta, Phil. Mag. 47, 446-458 (1924).

https://doi.org/10.1080/14786442408634378
http://kirkmcd.princeton.edu/examples/QM/debroglie_pm_47_446_24.pdf

[67] L. de Broglie, Recherches sur la thorie des Quanta, Thesis (1924).

https://fondationlouisdebroglie.org/LDB-oeuvres/De_Broglie_Kracklauer.pdf
http://kirkmcd.princeton.edu/examples/QM/debroglie_thesis_24.pdf

An extract of the thesis is at https://theses.hal.science/tel-00006807/document

http://kirkmcd.princeton.edu/examples/QM/debroglie_thesis_extract_24.pdf

[68] A.H. Compton, A General Quantum Theory of the Wave-Length of Scattered X-rays, Phys. Rev. 24, 168-176 (1924). https://doi.org/10.1103/PhysRev.24.168

http://kirkmcd.princeton.edu/examples/QM/compton_pr_24_168_24.pdf

[69] S.N. Bose, Letter to A. Einstein (June 4, 1924), p. 399 of [129].

https://einsteinpapers.press.princeton.edu/vol14-doc/501
http://kirkmcd.princeton.edu/examples/QM/bose_240604.pdf

[70] Bose, Plancks Gesetz und Lichtquantenhypothese, Z. Phys. 26, 178-181 (1924).

https://doi.org/10.1007/BF01327326
https://einsteinpapers.press.princeton.edu/vol14-doc/518
http://kirkmcd.princeton.edu/examples/QM/bose_zp_26_178_24.pdf
http://kirkmcd.princeton.edu/examples/QM/bose_zp_26_178_24_ep.pdf

Translation in [105].

http://kirkmcd.princeton.edu/examples/QM/bose_zp_26_178_24_english.pdf

[71] S.N. Bose, Wärmegleichgewicht im Strahlungsfeld bei Anwesenheit von Materie, Z.

Phys. 27, 384-394 (1924). https://doi.org/10.1007/BF01328037

http://kirkmcd.princeton.edu/examples/QM/bose_zp_26_178_24.pdf

Translation in [108].

http://kirkmcd.princeton.edu/examples/QM/bose_zp_27_384_24_english.pdf

[72] A. Einstein, Letter to S.N. Bose (July 2, 1924), p. 421 of [129].

https://einsteinpapers.press.princeton.edu/vol14-doc/523
http://kirkmcd.princeton.edu/examples/QM/einstein_bose_240702.pdf

Translation: p. 266 of [128].

https://einsteinpapers.press.princeton.edu/vol14-trans/296

[73] R. Wurmser, Le Rendement énergétique de la Photosynthèse chlorophyllienne, Ann.

Physiol. Physiochim. 1, 47-63 (1925). See footnote 1, p. 60.

http://kirkmcd.princeton.edu/examples/QM/wurmser_app_1_47_25.pdf

[74] A. Einstein, Quantentheorie des einatomigen idealen Gases, Sitzb. Preuss. Akad. Wiss.

22, 261-267 (1924). https://doi.org/10.1002/3527608958.ch27

http://kirkmcd.princeton.edu/examples/QM/einstein_spkaw_22_261_24.pdf

Translation: pp. 371-383 of [128].

https://einsteinpapers.press.princeton.edu/vol14-trans/306
http://kirkmcd.princeton.edu/examples/QM/einstein_spkaw_22_261_24_english2.pdf

[75] A. Einstein, Quantentheorie des einatomigen idealen Gases, Sitzb. Preuss. Akad. Wiss.

1, 3-14 (1925), https://doi.org/10.1002/3527608958.ch28

http://kirkmcd.princeton.edu/examples/QM/einstein_spkaw_1_3_25.pdf

Translation: pp. 276-283 of [128].

https://einsteinpapers.press.princeton.edu/vol14-trans/401
http://kirkmcd.princeton.edu/examples/QM/einstein_spkaw_1_3_25_english.pdf

[76] W. Pauli, Jr, Über den Zusammenhang des Abschlusses der Elektronengruppen im Atom mit der Komplexstruktur der Spektren, Z. Phys. 31, 765-783 (1925).

https://doi.org/10.1007/BF02980631
http://kirkmcd.princeton.edu/examples/QM/pauli_zp_31_765_25.pdf

[77] G.E. Uhlenbeck and S. Goudsmit, Ersetzung der Hypothese vom unmechanischen Zwang durch eine Forderung bezüglich des inneren Verhaltens jedes einzelnen Elektrons, Naturwiss. 13, 953-954 (1925). https://doi.org/10.1007/BF01558878

http://kirkmcd.princeton.edu/examples/QM/uhlenbeck_naturw_13_953_25.pdf

[78] R. Wurmser, Sur l’ activité des diverses radiations dans la photosynthèse, Comptes Rend. Acad. Sci. 181, 374-376 (1925).

https://gallica.bnf.fr/ark:/12148/bpt6k3134w/f374.item
http://kirkmcd.princeton.edu/examples/QM/wurmser_cras_181_374_25.pdf

[79] M. Born, W. Heisenberg and P. Jordan, Zur Quantenmechanik. II, Z. Phys. 35, 557-615 (1926). https://doi.org/10.1007/BF01379806

http://kirkmcd.princeton.edu/examples/QM/born_zp_35_557_26.pdf
http://kirkmcd.princeton.edu/examples/QM/born_zp_35_557_26_english.pdf

[80] G.E. Uhlenbeck and S. Goudsmit, Spinning Electrons and the Structure of Spectra, Nature 117, 264-265 (1926). https://doi.org/10.1038/117264a0

http://kirkmcd.princeton.edu/examples/QM/uhlenbeck_nature_117_264_26.pdf

[81] E. Fermi, Sulla quantizzazione del gas perfetto monoatomico, Rend. Lincei 3, 145-149 (1926). http://operedigitali.lincei.it/Fermi/Fermi-omnia1_4_178-385.pdf Zur quantelung des idealen einatomigen Gases, Z. Phys. 36, 902-912 (1926).

https://doi.org/10.1007/BF01400221
http://kirkmcd.princeton.edu/examples/QM/fermi_zp_36_902_26.pdf
http://kirkmcd.princeton.edu/examples/QM/fermi_zp_36_902_26_english.pdf

[82] P.A.M. Dirac, On the Theory of Quantum Mechanics, Proc. Roy. Soc. London A 112, 661-677 (1926). https://doi.org/10.1098/rspa.1926.0133

http://kirkmcd.princeton.edu/examples/QM/dirac_prsla_112_661_26.pdf

[83] F.R. Bichowsky and H.C. Urey, A Possible Explantion of the Relativity Doublets and Anomalous Zeeman Effect by Means of a Magnetic Electron, Proc. Nat. Acad. Sci. 12, 80-85 (1926). https://doi.org/10.1073/pnas.12.2.8

http://kirkmcd.princeton.edu/examples/QM/bichowsky_pnas_12_80_26.pdf

[84] G.N. Lewis, The Nature of Light, Proc. Nat. Acad. Sci. 12, 22-29 (1926).

https://doi.org/10.1073/pnas.12.1.22
http://kirkmcd.princeton.edu/examples/QM/lewis_pnas_12_22_26.pdf

[85] F. Wolfers, Une action probable de la matière sur les quanta de radiation, Comptes Rend. Acad. Sci. 183, 276-277 (1926).

https://gallica.bnf.fr/ark:/12148/bpt6k3136h/f276.item
http://kirkmcd.princeton.edu/examples/QM/wolfers_cras_183_276_26.pdf

[86] G.N. Lewis, The Conservation of Photons, Nature 118, 874-875 (1926).

https://doi.org/10.1038/118874a0
http://kirkmcd.princeton.edu/examples/QM/lewis_nature_118_874_26.pdf

[87] G. Beck, Über einige Folgerungen aus dem Satz yon der Analogie zwischen Lichtquant und Elektron, Z. Phys. 43, 628-654 (1927). https://doi.org/10.1007/BF01397329

http://kirkmcd.princeton.edu/examples/QM/beck_zp_43_658_27.pdf

[88] A.E. Ruark and H.C. Urey, The Impulse Moment of the Light Quantum, Proc. Nat.

Acad. Sci. 13, 763-771 (1927). doi:10.1073/pnas.13.11.763

http://kirkmcd.princeton.edu/examples/QM/ruark_pnas_13_763_27.pdf

[89] W.Hanle, Über eine Anomalie bei der Polarisation der Ramanstrahlung, Naturw. 19, 375 (1931). https://doi.org/10.1007/BF01516269

http://kirkmcd.princeton.edu/examples/QM/hanle_naturw_19_375_31.pdf

[90] R. Bär, Über eine Anomalie bei der Polarisation der Ramanstrahlung, Naturw. 19, 463 (1931). https://doi.org/10.1007/BF01525329

http://kirkmcd.princeton.edu/examples/QM/bar_naturw_19_463_31.pdf

[91] P.A.M. Dirac, Quantised Singularities in the Electromagnetic Field, Proc. Roy. Soc.

London A 133, 60-72 (1931). https://doi.org/10.1098/rspa.1931.0130

http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_133_60_31.pdf

[92] C.V. Raman and S. Bhagavantam, Evidence for the Spin of the Photon from Light- Scattering, Nature 128, 114-115 (1931).

https://doi.org/10.1038/128114b0
http://kirkmcd.princeton.edu/examples/QM/raman_nature_128_114_31.pdf

[93] C.V. Raman, The Angular Momentum of Light, Nature 128, 545 (1931).

https://doi.org/10.1038/128545a0
http://kirkmcd.princeton.edu/examples/QM/raman_nature_128_545_31.pdf

[94] C.V. Raman and S. Bhagavantam, Experimental proof of the spin of the photon, Indian J. Phys. 6, 353-366 (1931).

http://web.phys.ntnu.no/~stovneng/TFY4215_2022/raman_photon_spin.pdf
http://kirkmcd.princeton.edu/examples/QM/raman_ijp_6_333_31.pdf

[95] R.A. Beth, Mechanical Detection and Measurement of the Angular Momentum of Light, Phys. Rev. 50, 115-125 (1936).

https://doi.org/10.1103/PhysRev.50.115
http://kirkmcd.princeton.edu/examples/QED/beth_pr_50_115_36.pdf

[96] M. Fierz, Über die relativistische Theorie kräftefreier Teilchen mit beliebigem Spin, Helv. Phys. Acta. 12, 3-37 (1939) doi:10.5169/seals-110930

http://kirkmcd.princeton.edu/examples/EP/fierz_hpa_12_3_39.pdf

[97] W. Pauli, The Connection Between Spin and Statistics, Phys. Rev. 58, 716-722 (1940).

doi:10.1103/PhysRev.58.716
http://kirkmcd.princeton.edu/examples/EP/pauli_pr_58_716_40.pdf

[98] P.A.M. Dirac, The Principles of Quantum Mechanics, 3^{rd} ed. (Clarendon Press, 1947).

http://kirkmcd.princeton.edu/examples/QM/dirac_qm_47.pdf

[99] V. Bargmann and E.P. Wigner, Group Theoretical Discussion of Relativistic Wave Equations, Proc. Nat. Acad. Sci. 34, 211-223 (1948).

https://doi.org/10.1073/pnas.34.5.211
http://kirkmcd.princeton.edu/examples/QED/bargmann_pnas_34_211_48.pdf

[100] H.B. Dwight, Tables of Integrals and Other Mathematical Data, 4^{th} ed. (Macmillan, 1961), http://kirkmcd.princeton.edu/examples/EM/dwight_57.pdf

[101] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 2.

(Addison-Wesley, 1963). For the cylinder paradox, see Chap. 7, Sec. 4 and Chap. 27, Secs. 5-6. https://www.feynmanlectures.caltech.edu/II_toc.html

[102] S.A. Goudsmit, The discovery of the electron spin (April, 1971).

https://www.physics.usu.edu/Wheeler/QuantumMechanics/QMGoudsmit.pdf
http://kirkmcd.princeton.edu/examples/QM/goudsmit_71.pdf

[103] A. Ferris-Prabhu, Bose Rhymes with Rose, Am. J. Phys. 38, 666 (1970).

https://doi.org/10.1119/1.1976431
http://kirkmcd.princeton.edu/examples/QM/ferris_ajp_38_666_70.pdf

[104] W.A. Blanpied, Satyendranath Bose: Co-Founder of Quantum Statistics, Am. J. Phys.

40, 1212-1220 (1972). https://doi.org/10.1119/1.1986805

http://kirkmcd.princeton.edu/examples/QM/blanpied_ajp_40_1212_72.pdf

[105] O. Theimer and B. Ram, The beginning of quantum statistics, Am. J. Phys. 44, 1056 (1976). https://doi.org/10.1119/1.10584

http://kirkmcd.princeton.edu/examples/QM/bose_zp_26_178_24_english.pdf

[106] S.A. Goudsmit, It might as well be spin, Phys. Today 29(6), 40-43 (1976).

https://doi.org/10.1063/1.3023518
http://kirkmcd.princeton.edu/examples/QM/goudsmit_pt_29-6_40_76.pdf

[107] G.E. Uhlenbeck, Fifty Years of Spin: Personal reminiscences, Phys. Today 29(6), 43-48 (1976). https://doi.org/10.1063/1.3023519

http://kirkmcd.princeton.edu/examples/QM/uhlenbeck_pt_29-6_43_76.pdf

[108] O. Theimer and B. Ram, Bose’s second paper: A conflict with Einstein, Am. J. Phys.

45, 242 (1977). https://doi.org/10.1119/1.11000

http://kirkmcd.princeton.edu/examples/QM/bose_zp_27_384_24_english.pdf

[109] K.T. McDonald, Gauging Away Polarization States of Waves (April 14, 1979).

http://kirkmcd.princeton.edu/examples/pol.pdf

[110] J. Belcher and K.T. McDonald, Feynman Cylinder Paradox (1983).

http://kirkmcd.princeton.edu/examples/feynman_cylinder.pdf

[111] The Collected Papers of Albert Einstein, Vol. 2: English Translation Supplement, J. Stachel et al., eds. (Princeton U. Press, 1989).

https://einsteinpapers.press.princeton.edu/vol2-trans/

[112] D.J. Griffiths, Dipoles at rest, Am. J. Phys. 60, 979-987 (1992).

https://doi.org/10.1119/1.17001
http://kirkmcd.princeton.edu/examples/EM/griffiths_ajp_60_979_92.pdf

[113] I. Duck and E.C.G. Sudarshan, Toward an understanding of the spin-statistics theorem, Am. J. Phys. 66, 284-303 (1998). https://doi.org/10.1119/1.18860

http://kirkmcd.princeton.edu/examples/EP/duck_ajp_66_284_98.pdf

[114] The Collected Papers of Albert Einstein, Vol. 6: English Translation Supplement, M.J. Klein et al., eds. (Princeton U. Press, 1997).

https://einsteinpapers.press.princeton.edu/vol6-trans/

[115] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999).

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[116] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys.

73, 663-680 (2001). https://doi.org/10.1103/RevModPhys.73.663

http://kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[117] S. Ramaseshan, A conversation with Satyendranath Bose about five decades ago — Some recollections, Curr. Sci. 78, 636-638 (2000).

https://www.currentscience.ac.in/show.issue.php?volume=78&issue=5
http://kirkmcd.princeton.edu/examples/QM/rameseshan_cs_78_636_00.pdf

[118] N. Mukunda, The story of the photon, Resonance 10, 125-141 (2005).

https://doi.org/10.1007/BF02835136
http://kirkmcd.princeton.edu/examples/QM/mukunda_resonance_10_125_05.pdf

[119] K.T. McDonald, Four Expressions for Electromagnetic Field Momentum (April 10, 2006). http://kirkmcd.princeton.edu/examples/pem_forms.pdf

[120] J.D. Jackson, Relation between Interaction terms in Electromagnetic Momentum ∫ d^3x E × B/4πc and Maxwell’s eA(x, t)/c, and Interaction terms of the Field Lagrangian L_{em} = ∫ d^3x [E^2 − B^2]/8π and the Particle Interaction Lagrangian, L_{int} = eϕ − ev · A/c (May 8, 2006). http://kirkmcd.princeton.edu/examples/jackson_050806.pdf

[121] K.T. McDonald, Momentum in a DC Circuit (May 26, 2006),

http://kirkmcd.princeton.edu/examples/loop.pdf

[122] K.T. McDonald, Flow of Energy and Momentum in the Near Zone of a Hertzian Dipole (Apr. 11, 2007), http://kirkmcd.princeton.edu/examples/hertzian_momentum.pdf

[123] S.G. Brush, How ideas became knowledge: The light-quantum hypothesis 1905-1935, Hist. Stud. Phys. Biol. Sci. 37, 205246 (2007),

https://doi.org/10.1525/hsps.2007.37.2.205
http://kirkmcd.princeton.edu/examples/QM/brush_hspbs_37_205_07.pdf

[124] P. Ghose, S.N. Bose: The Man [Talk presented at a seminar on Albert Einstein, Dhaka, 30 May, 2005; Proc. Bangladesh Academy of Sciences], pp. 400-413 of Satyendra Nath Bose. His Life and Times. Selected Works (With Commentary), ed. by K.C. Wali (World Scientific, 2009).

https://www.worldscientific.com/doi/pdf/10.1142/9789812790729_fmatter

[125] K.T. McDonald, Abraham, Minkowski and “Hidden” Mechanical Momentum (June 6, 2012), http://kirkmcd.princeton.edu/examples/abraham.pdf

[126] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[127] H. Kragh, Photon: New light on an old name (Feb. 28, 2014).

https://arxiv.org/abs/1401.0293

[128] The Collected Papers of Albert Einstein, Vol. 14: English Translation Supplement, D.K. Buchwald et al., eds. (Princeton U. Press, 2015).

https://einsteinpapers.press.princeton.edu/vol14-trans/

[129] The Collected Papers of Albert Einstein, Vol. 14: The Berlin Years: Writings & Correspondence, April 1923-May 1925, D.K. Buchwald et al., eds. (Princeton U. Press, 2015).

https://einsteinpapers.press.princeton.edu/vol14-doc/

[130] K.T. McDonald, Birkeland and Poincaré: Motion of an Electric Charge in the Field of a Magnetic Pole (Apr. 15, 2015), http://kirkmcd.princeton.edu/examples/birkeland.pdf

[131] M. Nauenberg, Max Planck and the birth of the quantum hypothesis, Am. J. Phys.

84, 709-720 (2016). http://dx.doi.org/10.1119/1.4955146

http://kirkmcd.princeton.edu/examples/QM/nauenberg_ajp_84_709_16.pdf

[132] K. Hentschel, Photons: The History and Mental Models of Light Quanta (Springer, 2018). https://link.springer.com/book/10.1007/978-3-319-95252-9

http://kirkmcd.princeton.edu/examples/QM/hentschel_18.pdf

[133] A. Duncan and M. Janssen, Constructing Quantum Mechanics: Volume 1: The Scaffold: 1900-1923 (Oxford U. Press, 2019).

https://doi.org/10.1093/oso/9780198845478.001.0001
http://kirkmcd.princeton.edu/examples/QM/duncan_v1_19.pdf

[134] P. Ghose, Satyenda Nath Bose: Counting in the Dark, Inference 7(3), (2022).

https://inference-review.com/article/counting-in-the-dark
http://kirkmcd.princeton.edu/examples/QM/ghose_inference_7-3_22.pdf

[135] P. Ghose, The Story of Bose, Photon Spin and Indistinguishability (June 14, 2023).

https://arxiv.org/abs/2308.01909

[136] M. Janssen and A. Duncan, Constructing Quantum Mechanics: Volume 2: The Arch:

1923-1927 (Oxford U. Press, 2023).

https://doi.org/10.1093/oso/9780198883906.001.0001
http://kirkmcd.princeton.edu/examples/QM/duncan_v3_23.pdf

[137] A.M. Bork, Maxwell and the development of electromagnetic theory, Am. J. Phys. 92, 498-510 (2024). https://doi.org/10.1119/5.0183355

http://kirkmcd.princeton.edu/examples/EM/bork_ajp_92_498_24.pdf

[138] K.T. McDonald, Is Electrostatic Field Energy “Mechanical”? (Mar. 29, 2024),

http://kirkmcd.princeton.edu/examples/field_energy.pdf

[139] A. Ghatak, Who Discovered Angular Momentum of the Photon? Am. J. Phys. 92, 567 (2024). http://kirkmcd.princeton.edu/examples/QM/ghatak_ajp_92_567_24.pdf