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1 Problem

1.1 Young’s Double Slit Experiment

Huygens argued in 1678 that light is a wave phenomenon which obeys a superposition prin-

ciple, illustrated in the left figure below (p. 21 of [1]).
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Young noted (p. 464 of [2], with a figure appearing before p. 777) that if light from a
“point” source passes through two slits (A and B in the right figure above), then a series
of bright and dark “fringes” can be observed on a distant screen (CDEF). The angular
separation of the bright (or dark) fringes is A/d, where A is the wavelength of the light and
d is the spacing between the slits.!

L(Oct. 27, 2020) Young reported his double-slit experiment in [3] (1802), but with no figures. He was
studying single-slit diffraction due to candlelight passing through a small, square hole when a hair accidentally
fell across it, creating a double slit and altering the diffraction pattern. From the size of the hole and the
diameter of the hair, Young inferred that the wavelength of the (yellow) candlelight was 1/43636", i.e.,
582 nm. For some details, with a drawing, see [4]; for historical commentary see, for example, [5].

This was the first explicit measurement of the wavelength of light. However, Young noted that wavelength
deduced from Newton’s experiments is 1/39200", i.e., 648 nm, with no reference or explanation.

Newton’s only published work from which a wavelength of light can be inferred is in Obs. 8, p. 99, Book 2
(.pdf page 254) of [6], where he deduced from observation of Newton’s rings that the air gap which led to a
yellow ring was 1/89000”, corresponding to a wavelength of 571 nm. See also [7].

However, an extensive record of Newton’s unpublished communications with the Royal Society of London
on optics in 1675-76 is available in [8] (1757), pp. 247-305, which was likely known to Young. This is
interspersed with controversy involving Hooke, which apparently delayed publication of [6] until after Hooke’s
death in 1703.

On p. 250 of [8] Newton first mentioned a version of the phenomenon now called Newton’s rings. A figure
on p. 264 shows that the center of the pattern is dark. The related discussion by Newton considered the
possible wave nature of light, and argued that this would imply the center of the pattern to be bright. Newton
did not appreciate that there is a 180° phase change for reflection of light at an air-glass interface but not at
a glass-air interface. Young showed (p. 393 of [3]) that if a liquid of high enough index of refraction is placed
between the glass lenses, the central spot is bright: see also Fig. 450 of [2], before p. 787, and pp. 7-8 of [9].

On p. 275, Newton stated that the air gap associated with a yellow ring is 1/80000” (i.e., a wavelength of



If the light source has diameter D and is distance R from the screen, then the finite size of
the source can be inferred from the pattern on the screen only if the angular extent D/R of
the source is greater than the angular spacing A/d of the fringes. That is, the smallest source
diameter that could be inferred by observations of it through a double slit is Dyim &~ AR/d.

This argument still holds approximately if the two slits are merged into a single aperture
of width d, as in the case of the lens/mirror of a telescope. The lesson is that to resolve the
size of distance objects, one needs a light-collecting system with a large width/diameter d.

Young’s double-slit interference pattern can be considered as a quantum effect, in that
the pattern can be built up slowly from the interference of single photons. First evidence of
this was given in 1909 [11]. Later, Dirac remarked [12], “Each photon then interferes only
with itself. Interference between two different photons never occurs.” Indeed, a practical
definition is that “classical” optics consists of phenomena due to the interference of photons
only with themselves.?

1.2 Michelson’s Stellar Interferometer

”ml[ “ Diagram of optical path of interferometer pencils. M, M,, M;, M,,

ol mirrors; @, Too-inch paraboloid; b, convex mirror; ¢, coudé flat; d, focus.

Fizeau (1868) [14] made the first suggestion that a telescope with an effectively large aper-
ture could be built using two small mirrors separated by distance d and arranged with a
common focus. Apparently independently, Michelson made a similar suggestion in 1890 [15],
illustrated in the left figure above, and built a version in 1891 sufficient to measure the di-
ameters of Jupiter’s moons [16]. In 1921 he used a larger version, with d = 6 m as shown on

635 nm), while on p. 288 he associated this with orange-red (as is more consistent). This is likely the result
of Newton mentioned by Young in [3].

Young also described his double slit experiment in [10], again without any figures. Sunlight passed though
a piece of thick paper...perforated with a fine needle. The circular aperture was made into a double slit with
a slip of card, about one-thirtieth of an inch in breadth. Young compared his calculations of the wavelength
of length to those of Newton in Obs. 8 of [6].

2For an example in which the quantum results of a simple experiment with two photons are dramatically

different than that expected from a classical analysis, see [13].



the right on the previous page, to measure the diameter of the star Betelgeuse [17], which
led this configuration to be called Michelson’s stellar interferometer.?

Michelson noted [16] that the image of a spherical object in a telescope includes circular
interference fringes (often not noticed), while the fringes in his stellar interferometer are
parallel lines (perpendicular to the line between the two mirrors), as shown in the left figure

R T a
Ly e ) iy, & TOA
1 i Ll T 'y
e = & 3
CoLL
n's +
&,
. T
- . "y
1 '
5
= "
T " ™
L i o e

below.

- I-'r_ ‘;“;..'f:. 7 s = : a e AL r. g
.- Telescope . - ot ' - 2% Interferometer ..

The image on the right above is from a stellar interferometer equipped with a so-called
image intensifier [19]; each white dot is due to a single photon, and a fringe pattern is still

observed.

1.3 The Brown-Twiss Interferometer

Interstellar radio waves were first detected in 1933 [20] as a background to communication
between pairs of antennas on Earth. The first radio-frequency interferometer was built in
1946 [21], following the principle of Michelson’s stellar interferometer by adding the signals
(keeping both amplitude and phase information) from two radio telescopes.

The longer wavelength of radio waves requires larger separation d between the two radio
telescopes to maintain good angular resolution, such that it becomes more difficult to trans-
mit accurately both the amplitude and phase information over the larger distance.* This
perceived difficulty led Hanbury Brown in 1952 [22] to develop a new type of interferometer
in which the signal power P <E>2 of each telescope, where E is the electric field of the
incident radio wave, was measured at its site via so-called square-law detectors (which av-
erage the square of the input signal amplitude over each cycle), and then transmitted to a
common point where their product was measured.

Subsequently, Brown and Twiss [23] gave a classical explanation of the operation of the
new interferometer that was reasonably convincing. As for Michelson’s interferometer, we
expect the Brown-Twiss interferometer (as it came to be called) to perform the same in
the limit that only one photon at a time is observed in each telescope. However, their
quantum explanations [24, 25, 26, 27] seemed less satisfactory, and led to possibly confusing
commentary by others [28, 29].°

3For additional historical comments, see [18].

4Improvements in signal-transmission technology now permit good transmission of the radio-telescope
signals over larger distances, such that most present radio interferometers are Michelson interferometers.

°The story of Feynman’s initial skepticism as to the Brown-Twiss effect is recounted in [30].
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Scheme of the Brown-Twiss interferometer. From [22].

Discuss the signal (P4Pg) — (P4) (Pg) in the simplified configuration of a Brown-Twiss
interferometer sketched below, in which “point” sources 1 and 2 of equal strength are distance
D apart, with detectors A and B separated by distance d < D. The line between the
midpoints of the lines centers of the source pair and the detector pair has length R > D,
and the two lines of centers are parallel. Sources 1 and 2 emit waves/photons of wavelengths
A1 and Ag, which are both very close (but not necessarily equal) to A.

Give a classical argument first as to how the quantity (PaPg) — (Pa) (Pg) is related to
the separation D between the sources. Then, consider the quantum case that the detectors

each observe only a single photon at a time, with occasional observation of a photon by each
detector at the same time.



2 Solution

The path lengths 1A and 2B are equal, as are the longer paths 1B and 2A. The difference
A in the lengths of the longer and shorter paths is,

D 2 D—d\* dD
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Hence, the phase difference d¢ for waves/photons on the longer paths compared to that on
the shorter paths is approximated by,

1B~ 14 24 — 2B A dD
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noting that Ay = 2mc/wy &~ Ay = 2m¢/ws & A = 27wc/w, where the angular frequencies are
related by w = (w1 + w2)/2, and c¢ is the speed of light in vacuum (which is assumed to be
the medium between the sources and the detectors).

The goal of the interferometry is to measure the phase d¢, and hence the separation D
of the two sources, assuming that distances d and R are known.

2.1 Classical Analysis

The waves from sources 1 and 2 are, in general, emitted with different phases ¢; and ¢,
but we are free to define one of these, say ¢,, to be zero. Then, the electric field received at
detector A has the form,

E4 = Ej cos(wit) + Ey cos(wat + 0¢y + ¢y) = Ecos(wt) 4 cos(wt + dé + ¢,)], (3)
while that at detector B is,
Ep = E; cos(wit + 0¢,) + Es cos(wat + ¢y) ~ Elcos(wt + 0¢) + cos(wt + ¢,)], (4)

where to a very good approximation E; = Fy = E for sources of equal strength. The
instantaneous powers in the two detectors are then,

Py o< B ~ E? [cos®(wt) + cos*(wt + 8¢ + ¢y) + cos(00 + ¢,) + cos(2wt + d¢ + d,)] ,  (5)
Pp o< B} &~ E* [cos®(wt + 0¢) + cos” (wt + ¢,) + cos(d¢ — ¢y) + cos(2wt + d¢ — ¢,)],  (6)

recalling that 2 cos v cos f = cos(a — ) + cos(a + 3). The time-averaged powers are,

(Pa) o< (E%) ~ E*[1+cos(6¢ + ¢y)],  (Pp) o< (Ep) = E*[L+cos(d36 — ¢,)],  (7)
and hence,
(Pa) (Pp) o< E*[1+cos(3¢ + dy) + cos(3¢ — ¢y) + cos(0¢ + ) cos(9¢ — ¢y)]. (8)



To evaluate the time-averaged product (P4 Pp) of the powers in the two detectors, we note
that,

([cos(av — B) + cos(2wt + o+ 3)]%)

AN,
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= i (cos®(a — ) + 2 cos(a — () cos (2wt + o + ) 4 cos® (2wt + a + 3))
:l(l—FCOSQ(CM—ﬂ)_i_l) 1 cos2(a—f)

~—

=4 7 9
4 2 2 4+ 8 ()

Then, we find from eqgs. (5)-(6) and (9),

% o< (cos*(wt) cos*(wt + 6¢)) + (cos*(wt) cos®(wt + ¢,))
+ (cos*(wt + ¢ + ¢y) cos*(wt + 6¢)) + (cos®(wt + 6 + ¢,) cos” (Wt + ¢,))

+¢08(0¢ + ¢y) + cos(d — ¢y) + cos(d¢ + ¢y) cos(dg — @) (10)

= 1+ COS425¢ + COS42¢2 + €o8(0 + ¢y) + cos(6¢ — ¢y) + cos(dd + ¢y) cos(0¢ — by),

and, recalling eq. (8),

(11)

(PAPs) — (Pa) (Pg) x E* (cos425¢ N cos42¢2) .

Now, stars do not emit steady electromagnetic waves, but rather they are thermal sources
of radiation, meaning that the waves consist of a series of short pulses, each with a random
phase (and frequency that varies from pulse to pulse).® If a measurement were made only for
one pulse from source 1 and one pulse from source 2 (that arrive at the two detectors at the
same time), the second term on the right of eq. (11) would be nonzero, and the measurement
could not determine the phase d¢ (or the source separation D) without knowledge of the
random phase ¢,. However, the actual measurement averages over many pairs of source
pulses, with the result that the second term in eq. (11) averages to zero (since the difference
¢, between the phases of waves from sources 1 and 2 has a random distribution). Further,
on averaging over the random phase ¢,, (P4) = (Pg) o< E?. That is,

(PaPg) _ €0os20¢

(Pa)(Pz)y 4

(12)

and the Brown-Twiss interferometer does measure the phase d¢ = 2rdD /AR, and hence the
source separation D.

6Stars emit radio waves, but a star is not like a broadcast antenna that emits a coherent electromagnetic
wave whose origin cannot be localized to some part of the antenna. Broadcast antennas can be regarded
as quantum devices that generate the quantum coherent states described by Glauber [31]. These quantum
states differ in important ways from the thermal radiation of stars and light bulbs, which latter consists of
incoherent photons emitted by individual, thermally excited atoms whose decays are not coherent with one
another.



2.2 Quantum Analysis

There is essentially no difference between a quantum analysis and the classical analysis if we
consider that the star emits thermal photons, each of which corresponds to a wavefunction
that is a short pulse which is phase coherent over the duration of the pulse, but which does not
have phase coherence with other photons. Then, the quantum wave function of a photon from
source 1 as observed at detector A at time ¢ is proportional to E; cos(wit) &~ E cos(wt), while
that of a photon from source 2 (as observed at A) is proportional to Ej cos(wat 4+ 0y + ¢y) =
E cos(wt+ 8¢ + ¢,), ete.

In the quantum view, P4 (Pg) can be interpreted as the probability of detection of a
photon at detector A (B), and the rest of the argument of sec. 2.1 follows as before, but
with a quantum interpretation.

It is important to note that photons from sources 1 and 2 are not coherent with one
another (and in general have slightly different frequencies). The “interference” in the Brown-
Twiss interferometer ultimately does not involve the phase difference ¢, between the two
photons (although it does involve the phase difference d¢ in the two possible paths of each
photon, which leads to an effect of each photon interfering with itself, as argued by Dirac).

There are additional possible “interference” effects in the quantum realm, that do not play
a role in the Brown-Twiss interferometer. Namely, photons are bosons, with the implication
that two “identical” photons obey Bose statistics. Roughly, this means that identical photons
like to “clump” or “bunch” together.”

If the photons from sources 1 and 2 were “identical” in the quantum sense, which requires
phase coherence between these two sources with, say, ¢, = 0, eq. (11) still holds, while eq. (12)
would become (1 + cos2d¢)/4 = 3 cos? ¢, even in the limit that the detectors receive only
one photon from each source at a time.® The interferometer would still determine d¢, and
hence the separation of the sources (provided we know to set ¢, to zero rather than averaging
oS ¢y t0 zero as in going from eq. (11) to (12)).

Discussions of the Brown-Twiss interferometer such as [29] led to an awareness that other
types of experiments with two or more photons would exhibit nonclassical phenomena, such
that Brown and Twiss are sometimes generously considered to be the founders of now-very-
active field of quantum optics, even though their interferometer uses pairs of photons in a
manner that can be well described by classical optics.”

A review of Brown-Twiss interferometry is given in [34].
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