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1 Problem

Consider a parallel-plate capacitor whose plates are held apart by a nonconducting slab of
unit (relative) dielectric constant and unit (relative) magnetic permeability.! Discuss the
energy, momentum and stress in this (isolated) system when at rest and when moving with
constant velocity parallel or perpendicular to the electric field.

Does the system contain hidden momentum, Pyigqqen, defined for a subsystem by,

Phidden =P - Mch - f (X - Xcm) (p - pVb) . dArea, (1)

boundary

where P is the total momentum of the subsystem, M = U/c? is its total “mass,” U is its total
energy, ¢ is the speed of light in vacuum, X, is its center of mass/energy, Vem = dXem/dt,
p is its momentum density, p = u/c? is its “mass” density, u is its energy density, and vy is
the velocity (field) of its boundary??

Fringe-field effects can be ignored. The velocity can be large or small compared to the
speed of light.

2 Solution

This problem is concerned with the relativistic transformation of properties of the capacitor.
It represents a macroscopic application of the concepts of “Poincaré stresses” [3] that were
introduced into classical models of the electron. Versions of this problem have also appeared
in [4]-[10].

We first note that the isolated system of the capacitor (including the dielectric material
between its plates) and its electromagnetic field has a conserved energy and 3-momentum,
which form a 4-vector. Then, the system as a whole obeys P = Mvy,, where M = M,
is the “relativistic” mass, v = 1/4/1 —v2_/c* and M, is the rest mass of the system. The
isolated system has no boundary, so according to eq. (1), the system as a whole has no
“hidden” momentum, Ppiggen = P — M vy, = 0.

In the following we consider the system to have two subsystems, its electromagnetic field,
and its “mechanical” components, which may contain “hidden” momentum.

!The use of unit dielectric constant and unit permeability avoids entering into the interesting controversy
as to the so-called Abraham and Minkowski forms of the energy-momentum-stress tensor [1].
2The definition (1) was inspired by a private communication from Daniel Vanzella. See also [2].



We suppose that the capacitor supports a uniform electric field E* = E*z between its
plates, in its rest frame, and we ignore the fringe field.> Taking the (relative) dielectric
constant € of the material between the plates to be unity, the electric displacement is given
by D* = E* (in Gaussian units). The macroscopic magnetic fields vanish in the capacitor’s
rest frame, B* = H* = 0, noting that the relative permeability is p = 1.

Associated with these electromagnetic fields is the 4-dimensional, macroscopic (symmet-
ric) electromagnetic energy-momentum-stress tensor (secs. 32-33 of [12], sec. 12.10B of [13]),

y UEM ‘ CPEM
TEM = ) (2)

ij
CPEM ‘ _TEM

where indices 1 and v take on values 0, 1, 2, 3, spatial indices 7 and j take on values 1, 2, 3,
ugn 18 the electromagnetic field energy density,
E? + B?
= — 3
UEM A ) ( )

PeuM is the electromagnetic momentum density,

ExB

= 4
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and T is the 3-dimensional electromagnetic stress tensor.
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In the rest frame of the capacitor the electromagnetic energy-momentum-stress tensor
has components,

E*2
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in the region between the capacitor plates. The nonzero diagonal elements T*'*, T*?2 and
T*33 indicate that there are internal electric forces on, and stresses in, the material between
the capacitor plates. Thus, we are led to consider also the mechanical energy-momentum
stress tensor,

Umech ‘ C Pmech

T

mech ~

: (7)

]
€ Pmech ‘ _Tmech

3 As will be seen in sec. 2.2 below, for v L E* this approximation leads to expressions for the total energy
and momentum of the system that do not form a 4-vector, so there is limited validity to the results in that
section.



where the mechanical energy density iS Umecn = p,,¢%, the mass/energy density p,, includes
the term Upecn /02 where Upeen 18 the mechanical energy density associated with nonzero
mechanical stresses, the density of mechanical momentum is puecn, and T I;ech is the 3-
dimensional mechanical stress tensor.

The capacitor plates are attracted to one another with force/area in the z*-direction of
E*?/87 = T***. If the material between plates is constrained not to expand transversely,
then in the rest frame of the isolated capacitor, the mechanical energy-momentum-stress

tensor (in the region between the capacitor plates) has components,*
prc? 0
o E*2
*, _ 1—0c 87
Tnfeléh - o E*2 ’ (8)
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where —1 < o < 1/2 is the so-called Poisson ratio of the medium. o = 1/2 corresponds to a
perfect fluid/ideal gas, which requires containing walls that also have a mechanical energy-
momentum stress tensor. Here, we avoid this complication by supposing that ¢ = 0, such
that no containing box is required.’

The total energy-momentum-stress tensor is the sum of the electromagnetic and mechan-
ical tensors (2) and (7). In the rest frame of the capacitor the total energy-momentum-stress
tensor has components,

p;c2 + 2—;2 0 0 0
0 EZ o 0
T:f;& = T*W + T;ileléh s ) (9)
0 0 £2
T
0 0 0 0

We interpret the component T*%° as implying the total mass density in the rest frame to be,

2
ptotal pm + 872 ) (10)

where p% includes a contribution to the mechanical mass due to the mechanical stress.

2.1 The Capacitor Has Velocity v || E*

In a frame where the capacitor has constant velocity v = v z, the electric and magnetic fields
between its plates are given by the transformation,

E, = Ej=E"z (11)

1See, for example, eq. (5.13), p. 14 of [14].
°The case of an ideal gas in a box is discussed in [8, 15].



E, = (B> xB)=0, (12)
C

B, = Bj=0, (13)
Vv

B. = y(Bl+ - xE)=0, (14)

—_

where v = 1/4/1 — v2/c2. That is, (ignoring fringe fields) the electromagnetic fields have the
same values inside the capacitor in its rest frame and in frames where the capacitor moves
with velocity v parallel to E. Hence, the electromagnetic energy-momentum-stress tensor
has the same component values in all such frames,

T = Ten- (15)

It is useful to confirm this result via a Lorentz transformation of the stress tensor. The
transformation L, from the rest frame to a frame in which the capacitor has velocity v z can
be expressed in tensor form as,

v 10 0 B8
0|10 0
LM = , (16)
0101 0
Y810 0 ~

where 3 = v/c. Then, the transform of a tensor,

001 0 0 0

0 [T 0 0
T = , (17)

0 0 T2 0
0 0 0 T3

that is diagonal in the rest frame is given by,

,.)/2T*00 + ,.)/252-'-*33 0 0 ,.)/25("'*00 + T*?’?’)

0 ™ 0 0
T = (LT - o

0 0 T+ 0
,.)/25(-'-*00 + T*33) 0 0 ,.)/252-'-*00 + ,.)/2T*33

In particular, the transformation of T, eq. (6), is,

V(1=6%10 0 ~%3(1-1) 110 0 0
., E*? 0 10 0 E2| 0[1 0 0 »
TEM:8— = S :TE‘LIL\/U (19)
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as found above.
Similarly, the transformation of the mechanical stress tensor T/, | eq. (8), is, with o = 0,

Vot +262E2 10 0 428 (pfnCQ + Zf)

0 0 0 0
Tlrtlyech = ) (20)
0 0 0 0

P8 (e +22) |00 2 + 252

and the transformation of the total stress tensor T;" | eq. (9), is,

72p:otalc2 0 0 ’)/2ﬂp:otalc2

, 0 EZ 0 , ,
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with the total mass density pf, ., given by eq. (10).

One noteworthy feature of eq (21) is the nonzero value of T2, |. We recall that the purely
spatial components of a stress-energy-momentum tensor have the dual interpretation as the
momentum-flux tensor. In the present case, the flux of momentum is in the z direction, with
magnitude equal to the momentum density times v, namely (ypf,. v) - v = V260l C =
T:?gtal‘

Turning to the component T =~ we note that the mass of the material between the
capacitor plates, when moving with velocity v, is larger than its rest mass by the factor ~.
However, a moving volume element is smaller by the factor 1/ than when that element is
at rest. Hence, the mass density p,, is larger by a factor of v? for the moving capacitor than
when at rest,

Pn =V Pl (22)
Thus, the component T, | transforms as expected for a mass density.
Furthermore, the four components,

00 01 02 03
(Ttotad? Ttotab Ttotab Ttotal) (23)

of the total energy-momentum-stress tensor transform as an energy-momentum-density 4-
vector, although this is not the case for the sets of components,

00 01 02 03 00 01 02 03
(TEM7 TEM7 TEM7 TEM) or (Tmech7 Tmech7 Tmech7 Tmech)

(24)

separately. This illustrates a general result that within volumes that contain both electro-
magnetic fields and matter, the concepts of electromagnetic momentum density, T%,/c =
E x B/4mc, and mechanical momentum density, T% , /¢, are not consistent with being
components of a energy-momentum 4-vector; only the total momentum density, T,  /c, is



satisfactory in this respect. The great utility of the concept of “electromagnetic” momen-
tum in matter-free regions leads us to attach similar significance to it in systems containing
matter. However, this often results in difficulties in the interpretation of the “mechanical”
part of the momentum.

As noted in [5], Ti}; = 0, so there is no flow of electromagnetic energy along with
the moving capacitor when v || E. However, the flow of mechanical energy density asso-
ciated with the moving capacitor is ¢T*% = and we see in eq.(20) that c¢T*%3 has a term
V?E*?v /8t = Ti\jv, which is the value perhaps naively expected for ¢T3y;. That is, the
flow of energy in the moving capacitor is “mechanical,” not “electromagnetic.” The elec-
tromagnetic field energy inside the moving capacitor is at rest, while the “bottom” plate
of the capacitor “sweeps up” this energy, converts it to mechanical energy that flows up to
the “top” plate inside the stressed dielectric, where it is converted back into electromagnetic
energy. This is an example of the relativity of steady energy flow [16, 17, 18].

For a capacitor moving with v || E the electromagnetic-field momentum is zero,

ExB
Ppv = /pEM dVol = / dVol = 0, (25)
e
in that Ty = cpems = 0, while the electromagnetic field energy is Upy = ToV =

E**V* /81y = Uty /7, where V. = V*/v is the Lorentz-contracted volume of the moving
capacitor.® The effective mass of this energy is Mgy = E**V/8nc® = E**V*/8nvyc? =
M\ /7, and it moves with velocity v, so that,
BV
MeMVem = —V. 26
EMVem EM = 23 (26)
Thus, according to the definition (1) the electromagnetic field of the moving capacitor pos-
sesses “hidden” momentum,

E**V

S
mc?

Pridden,Em = Perv — MEMVemEM = (27)

This momentum is “hidden” in the sense that the electromagnetic field has no momentum,
but its center of mass/energy is in motion.
The mechanical momentum density is given from eq. (20) as,

E*2

8mc?

Pmech = 72 (p;n + ) V = PtotalV- (28)

The mechanical momentum is the momentum density times the volume V/,

E*2
_ A2 *
Prech = PmeaV =7V (pm + 87ch) V. (29)

(Dec. 8, 2020) Rohrlich [11] advocated an electromagnetic energy momentum 4-vector Prohrlich, =
Y UgM (1, v/e) = (UM, Rorhtich, ¢ PEM,Rorhlich); i-€., UM Rorhticn = ¥ Uy and Pen Rorhlicn = 7 Ugy v/
This formalism makes little physical sense to the present author.
Note also that Ugm Rorhlich = 72 Urpm; Rohrlich’s egs. (3.25) and (3.26) should have factors of 42 not +.



The mechanical mass density is,

Prceh = Tomeeh =7 p*+52E*2 : (30)
mec. mec. m 87_(_02

and this moves with velocity v such that,

E*2
Mmechvcm,mech = PmeChVV = 72‘/ (p; + 52 2) : (31)
8me

According to definition (1) the matter of the moving capacitor possesses “hidden” momen-

tum,

E?V BV

V =
mc? mc?

Phidden,mech = Pmech - Mmechvcm,mech = ’)/2 (1 - 52) VvV = _Phidden,EM- (32)
This result reflects that the energy and momentum of stress in a moving subsystem do
not transform like a 4-vector if that subsystem interacts with another subsystem (here, the
electromagnetic field).

The total “hidden” momentum, Ppidden.mech + Phidden,zM, Of the system is zero.”

2.2 The Capacitor Has Velocity v | E*

In a frame where the capacitor has constant velocity v = v X, the electric and magnetic fields
between its plates are given by the transformation,

E, = Ej=0, (33)
E, = 9(E} -~ xB)=9E"% (34)
C
B, = B} =0, (35)
* A\ * v * O
B, = ’Y(B¢+ZXE):—’YEE y. (36)

Using eqs. (2)-(5) together with eqgs. (33)-(36), the electromagnetic energy-momentum-stress
tensor of the moving capacitor is,

Y1+ 296 0 0

, E* 2v26 | ¥*(1+6%) 0 0
TEM: (37)

8 0 0 1 0

0 0 0 —1

If we consider the system to consist of two subsystems, A = capacitor plates and charge thereon, B =
dielectric 4 electromagnetic fields, then subsystem B has the same properties as the entire system considered
above (where we neglected the mass/energy of the capacitor plates). Hence, subsystem B has zero “hidden”
momentum.



We confirm this result using the Lorentz transformation L, from the rest frame to a frame

in which the capacitor has velocity v X,

v |8 00
0 0
L = 8| (38)
010 10
010 01
Then, the transform of a tensor (17) that is diagonal in the rest frame is given by,
,)/2-'—*00 + ,.)/252-'-*11 ,.)/25(-'-*00 + T*ll) 0 0
2 T*OO T*ll 2 2T*00 2T*11 0 0
T Ty = | AT AT T . (39)
0 0 T2 0
0 0 0 T3
In particular, the transformation of Tgy;, eq. (6), is,
YA+B)| 8 0 0
E*? 272 20+8) 0 0
8
0 0 1 0
0 0 0 —1

as found above.

Similarly, the transformation of the mechanical stress tensor T/, | eq. (8), is, with o = 0,
Vo | VBt 00
2 * C2 2122 * 2 0 0
P I R 7 (a1)
0 0 0 0
E*2
0 0 0 =
the transformation of the total stress tensor T;%", eq. (9), is,
*2 *2
72p:otalc2 + 8 52E 2ﬁptotalc + +Py2ﬂE 0 0
2 723 23 E*? 2 E*2
v Do + V0% | Vi + 75 0
Tﬁotal = worel worel s %2 - TEM + Tmech7 (42)
0 E
81
0 0 O




with the total mass density pf. ., again given by eq. (10), pf ... = pr, + 5—;22.8

For a capacitor moving with v L E the electromagnetic-field momentum is found from
from eq. (40) to be,

(43)

and,

TR,V _72(1+52)E*2VV

MemVemEm = 2 (44)

mc?

According to definition (1) the electromagnetic field of the moving capacitor possesses “hid-
den” momentum,

EX?V

Priddenem = Pem — MEMVemEm = —— (45)
8me
The mechanical momentum is given from eq. (41) as
T(r]nechv 2 *
Pmech - =7 meV, (46)
and,
TO V

Mmechvcm,mech = mech -, V= 2me (47)

According to definition (1) the matter of the moving capacitor possesses no “hidden” mo-
mentum,

Phidden,mech - Pmech - Mmechvcm,mech = 0. (48)
The total “hidden” momentum of the system is nonzero,
EV

Phridden total = Phidden,EM 1 Phidden,mech = Phidden,EM = 2V (49)

As noted on p. 1, the total “hidden” momentum of an isolated system is zero, so the

present approximation of no fringe field of the capacitor leads to unphysical results for the
case the v L E*.”

$Element ngtal of eq. (42) shows that the flow of total energy between the capacitor plates is proportional
to the velocity v x. However, elements T, do not form an energy-momentum 4-vector, as is expected to
exist for an isolated system [1 1]. We infer that there exists (electromagnetic) energy and momentum in the
fringe field of the capacitor, such that inclusion of this in the stress tensor would permit the volume integrals
of the energy and momentum densities to form a 4-vector. Furthermore, the flow of energy in the fringe
field has a component in the —x direction, opposite to the velocity of the capacitor, as discussed in [5]. Such
counterintuitive behavior of energy flow is also encountered in examples such as the belt drive considered by
Taylor and Wheeler [16, 17]; see also [18].

9Tf we had followed [8, 15] in supposing that the medium between the capacitor plates is a gas, then
Txll =Tx22 = E*2/8r rather than zero as assumed in this note. This change has no effect on the results
of sec. 2.1 above, but in sec. 2.2 it would alter eqs. (46)-(48) such that Phidden,mech = Phidden,EM, and the
total “hidden” momentum of the moving system would again be nonzero, but with a value twice that than
found in eq. (49). However, this conclusion ignores the stress-energy-momentum in the box that contains
the gas.



2.3 Use of a Vector Potential (July 6, 2023)

We recall that for quasistatic systems, the electromagnetic field momentum can be computed
several ways [20],

A©) ExB (©) 'E
PEM:/Q dVol:/ 4>< dVol:/V J al\/ol:/J r dVol, (50)

c T c? c?

where the potentials A(©) and V(© are in the Coulomb gauge.

The electric scalar potential V' and the vector potential A form a 4-vector A* = (V, A),
and the vector potential is zero in the rest frame of the capacitor. Hence, the (coulomb-gauge)
vector potential in a frame where the capacitor have velocity v is simply A(©) = yvV*(©) /¢,
where V*©) = +E*q* /2 on the capacitor plates whose separation is d* in the rest frame,
and defining the potential to be zero on the midplane of the capacitor.

Is the present example “quasistatic”, such that the electromagnetic field momentum can
be computed via the first form of eq. (50)?

The plates of the capacitor have electric charge £0Q = +E*Area” /4 in the approximation
of uniform electric field between the plates, and zero fringe field. Then, the electromagnetic
field momentum according to the first form of eq. (50) would be,

A(C) * g E*d*
c c? 2 2 c?

ywE®2Area*d*  y*vE*?V
B 47 c? 4w
for any direction of the velocity v, recalling that the volume of the moving capacitor is
V =V*/y.

While eq. (51) agrees with eq. (43) for v L E, it disagrees with eq. (25) for v || E where
Pry = 0 (according to eq. (25), which we consider to be the correct expression for the
electromagnetic momentum in general). Thus, we should not describe the moving capacitor
as a “quasistatic” system, for which all four forms of eq. (50) would be give the same the
electromagnetic momentum.

(51)
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