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1 Problem!

Show that exact cloning of an arbitrary quantum state could lead to a scheme for faster-
than-light communication. In particular, consider an entangled state of two Qbits:
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such that after creation of this state the physical realizations of the first and second bits
become separated in space. A famous example of this is the S-wave decay of an excited atom
via two back-to-back photons.

Observer A (Alice) can chose to observe bit A in the basis [|0),|1)], or in the basis
[0y 411))/v/2, (|0) = 1)) /+v/2] = [|4), |-)] (among the infinite set of bases for a single Qbit),
and the choice of which basis she uses can be delayed; i.e., Alice can wait to choose her
observational basis until after the bits A and B have separated in space.

The “message” that Alice wishes to send to observer B (Bob) is her choice of basis for
observation of bit A, and the result of her observation.

If the state (1) cannot be cloned, Bob can make only a single observation, and must
choose a single basis (either [|0),]1)] or [|+),|—)]) for this.

Describe the possible correlations between the results of measurements by Alice on bit A
with the results of measurements by Bob on bit B, given that both Alice and Bob can choose
to use either the [|0),|1)] or the [|+),|—)] bases. Can the measurements made by Bob, in
the absence of classical communication from Alice as to the nature of her measurements, be
interpreted by Bob as certain knowledge by him as to which choice of basis was made by
Alice? To answer this, it is helpful to re-express state (1) in the [|4),|—)] basis. You may
or may not find it helpful to construct and apply measurement operators to the appropriate
representations of the entangled state of bits A and B.

Now suppose that Bob could clone his bit B in such a manner that the clones retained the
entangled structure of state (1). Describe a set of measurements on these clones that would
permit Bob to know with certainty (i.e., with very high probability) what choice of basis
had been made by Alice. Since Alice and Bob could, in principle, be separated by arbitrarily
large distances at the times that they make their measurements, successful deduction by Bob
as to Alice’s choice of basis would imply an “instantaneous” communication from Alice

The above scenario was presented in 1981 by Herbert [2], which appears to have been a
strong motivation for the formulation of the no-cloning theorem [3]-[9].?

(1)

From Prob. 6(b) of [1].
2To me, the statement of the no-cloning theorem in 1982 marks the end of a somewhat nonproductive era
in which numerous people used variants on the Einstein-Podolsky-Rosen argument [10] to look for defects



Note: You may not be able to reproduce Herbert’s logic that led to his claim that faster-
than-light communication is possible, as he never wrote down the form of his quantum state
including clones of bit B. He desired that all the clones of bit B be entangled with a single
bit A3

Consider the option that Bob makes a “copy” of bit B via a Controlled-NOT gate whose
second input line, bit C, is initially |0).* The resulting entangled state of bits A, B and C
is as good a copy of state (1) as possible. Show, however, that measurements by Bob of bit
B in the [0,1] basis and of bit C in the [+, —] basis, as proposed by Herbert [2], do not add
Bob’s knowledge of bit A.5

2 Solution

Using the relations,
)y
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the entangled state (1) can be rewritten in various ways:
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Thus, state [¢)) has the same type of entangled structure in both the [|0),|1)] and the
[|[4),|—)] bases, but if different bases are used to describe bits A and B the form of the state
is more complicated.

in quantum mechanics. A popular hope was that there might exist “hidden variables” that more completely
characterized a quantum state than a description such as [¢)) = 1,|0) + ;|1). But if a more complete
characterization existed, we might expect that cloning of an arbitrary quantum state would be possible.
Hence, to me, the no-cloning theorem is a simple yet strong indication (much simpler than the convoluted
arguments related to Bell’s inequalities [11]) that the search for hidden variables is misguided. After 1982
there has been a much healthier emphasis on uses of entanglement to explore the greater richness of quantum
compared to classical phenomena.

31t is, of course, possible to prepare numerous copies of the entire state (1), each with its own set of bits
A and B. There would be no correlations between these various copies, and measurements of the various
copies of bits A and B would simply build up the probability distributions underlying the measurement of
just one of these copies.

4See, for example, Prob. 6(a) of [1].

5For a historical survey of debates about faster-than-light effects in quantum theory, and a somewhat
simpler paradox than Herbert’s, see http://kirkmcd.princeton.edu/examples/epr/epr_colloq_81.pdf
See also [9)].



When a measurement is made of one of the bits in the [0,1] basis, the appropriate mea-
surement operator is,

Mo, = 0+ |0){0] + 1 - [1){1, (7)
while when a measurement is made of one of the bits in the [+, —] basis, the appropriate
measurement, operator is,

Mo =+ [+H)(+H + = =)= (8)

If, as appears to be the case for quantum mechanics, Alice and Bob can make only a
single measurement on bits A and B, respectively, per each physical example of state |1),
the results of (a repeated set of) such measurements are,

1. Bob chooses to measure in the [|0), |1)] basis.

(a) Alice chooses to measure in the [|0),|1)] basis.
We use eq. (3) to describe the state [1), and the appropriate measurement oper-
ator is,
Mo, Mp,1s = (04+10)a(0[a + La - [1)a(1[a) ® (05 - [0)5(0|5 + 15 - [1)5(1|5)
= 0405 - 0)4(0[4]0) (0[5 + 0415 - [0)4(0[a]1)5(1]|5

+1405 - [1)a(1]4]0)5(0]5 + Lalp - [1)a(l|a1)s(1]5. (9)
Formally, the measurement yields
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This means that,

i. Alice observes bit A to be in the |0) state (with 50% probability).
Then, Bob observes bit B to be in the |0) state (with 50% probability).

ii. Alice observes bit A to be in the |1) state (with 50% probability).
Then, Bob observes bit B to be in the |1) state (with 50% probability).

Thus, Bob observes bit B to be |0) or |1) with 50% probability each, which is the
same result that he would obtain if no measurement of bit A were made by Alice.

(b) Alice chooses to measure in the [|+), |—)] basis.

We use eq. (6) to describe the state [1), and the appropriate measurement oper-
ator is,

Mt Mo, = (Fa- [H)altla+—a-[=)al=]a) @ (05 - [0)5(0[5 + 15 - [1)5(1]5)

= 440 - [+)a(+]4]0) 50| + +alp - [+)a(+|a|1)s(1]B
+ =405 [=)a(=[4]0)5 (0|5 + —alp - [=)a(—|a[1)B(1]5. (11)

Formally, the measurement yields,
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This means that,

i. Alice observes bit A to be in the |+) state (with 50% probability).
Then, Bob observes bit B to be in the |0) state (with 25% probability), or in
the |—) state with (with 25% probability).

ii. Alice observes bit A to be in the |—) state (with 50% probability).
Then, Bob observes bit B to be in the |0) state (with 25% probability), or in
the |—) state (with 25% probability).

Again, Bob observes bit B to be |0) or [1) with 50% probability each, which is
the same result that he would obtain if no measurement of bit A were made by
Alice.

Indeed, the results of Bob’s measurements of bit B in the [0,1] basis (in the absence
of knowledge of Alice’s actions) are the same whether Alice measures bit A in the
[0,1] basis, or in the [+, —| basis, or if Alice makes no measurement at all.

2. Bob chooses to measure in the [|+),|—)] basis.

(a) Alice chooses to measure in the [|0),|1)] basis.

i. Alice observes bit A to be in the |0) state (with 50% probability).
Then, Bob observes bit B to be in the |+) state (with 25% probability), or
in the |—) state with (with 25% probability).

ii. Alice observes bit A to be in the |1) state (with 50% probability).
Then, Bob observes bit B to be in the |+) state (with 25% probability), or
in the |—) state (with 25% probability).

(b) Alice chooses to measure in the [|+),|—)] basis.

i. Alice observes bit A to be in the |+) state (with 50% probability).
Then, Bob observes bit B to be in the |+) state (with 50% probability).

ii. Alice observes bit A to be in the |—) state (with 50% probability).
Then, Bob observes bit B to be in the |—) state (with 50% probability).

By himself, Bob observes bit B to be |0) or |1) with equal probability if he measures in
the [|0), |1)] basis, or that bit B is |+) or |=) with equal probability if he measures in the
[|4),]—)] basis. This gives him no clue as to what Alice has done; he doesn’t know whether
she made measurements in the [|0), |1)] basis or in the [|+), |—)] basis, or whether she made
any measurements at all.

In my view, Bob has learned nothing at all about bit A from his measurements of bit B.%
There is no “signal” from one part of an entangled state to the other.

6However, starting with Einstein [10], another kind of comment has been made. Namely, that if Bob
measures bit B to be, say |0), then he can “predict with certainty” that IF Alice measured bit A in the
[|0), |1)] basis, then she would find bit A to be |0) also. Similarly, Bob can “predict with certainty” that if he
measures bit B to be |+), then IF Alice measured bit A in the [|+),|—)] basis she would find bit A to be |+)
also. Such conditional predictions are obviously unsatisfactory because they do not contain useful knowledge
about bit A. Nonetheless, in a very loose usage of words they imply “certain knowledge” simultaneously
about spacelike-separated quantum states in two different bases, which led Einstein to remark that they
implied some kind of “spooky” action at a distance, which in turn suggested to him that quantum theory
was somehow “incomplete”. T subscribe to the camp of Bohr [12] that this logic does not warrant such
conclusions.



Suppose, however, that Bob could make lots of copies of bit B, each having the entangle-
ment with bit A given in eq. (3)-(6). Then he could measure half of the copies in the basis
[10), [1)] and the other half in the basis [|4), |—)]. If he observes the various copies of bit B
to be |0), |1), |[4+) and |—) with equal probability, he can conclude with good assurance that
Alice made no measurement of bit A. But, if he found no copies of bit B to be one of those
four states (e.g., no |+)), while half of the copies to be its basis partner (e.g., 50% |—)), then
he could conclude that Alice had made a measurement in that basis (e.g., [|[+),|—)]), and
that her result was that bit A is the same state as he found 50% of the time (e.g., |—)). He
could interpret these results as a signal from Alice as to her choice of basis and of her result
of a measurement, despite their measurements being spacelike-separated. This would imply
faster-than-light communication!

So it is happily consistent with our trust in the theory of relativity that the needed
cloning of the entangled state (1) cannot be done.”

Suppose Bob makes a “copy” of bit B using a Controlled-NOT gate with its second input,
bit C, initially set to |0). He then measures bit B in the [0,1] basis and bit C in the [+, —]
basis. The 3-bit state |¢) after the “copy” is made, but before the measurement, is,
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If Alice makes no measurement of bit A, we read off from eq. (14) that Bob will find bits
B and C in the four combinations Og+c, Og—¢, 1g+c, and 1g—¢ each with 25% probability.

Similarly, if Alice measures bit A in the [0,1] basis, she finds bit A to be 0 or 1 each with
50% probability, but Bob’s measurements of bits B and C (in the absence of knowledge as to
Alice’s results) again yield the four combinations Og+c¢, Op—¢, 1g+c, and 1g—¢ each with
25% probability.

And if Alice measures bit A in the [+, —] basis, she finds bit A to be + or — each with
50% probability, but Bob’s measurements of bits B and C (in the absence of knowledge as to
Alice’s results) again yield the four combinations Og+c¢, Op—¢, 1g+c, and 1g—¢ each with
25% probability.

It appears that Bob has not increased his knowledge about bit A by making the Controlled-
NOT “copy” of bit B.

One might argue that the state (13) actually includes in bit C as good a copy of bit B as
possible (even if we had never heard of the no-cloning theorem). But, proper re-expression

"We don’t need the full no-cloning theorem to conclude that we cannot make an “exact” copy of bit B if
it is entangled with bit A but we have no knowledge of bit A. An exact copy of part of a system could only
be made without knowledge of the rest of the system if that system could be described as a direct product
of the part with the rest of the system (|system) = |part)|rest)). Hence, there can be no exact copying of
part of an entangled system.



of this state in the appropriate bases for measurements by Bob (and Alice) shows that the
observations claimed on the top of the previous page could never occur.
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