An Atmospheric-Density Anomaly

with a Magnetostatic Analog

Nathaniel E. Tarshish Atmospheric and Oceanic Sciences, Princeton University, Princeton, NJ 08544 Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (November 14, 2017; updated December 2, 2017)

1 Problem

Solar heating of a localized region of dust particles or water droplets can lead to a localized anomaly of density and pressure in the Earth’s atmosphere.^1 Consider an idealized model of such an anomaly, with initial ellipsoidal shape, in an incompressible fluid with density ρ(r, t) = ρ_0 + ρ_1(r, t) and pressure p(r, t) = p_0(z) + p_1(r, t), where ρ_0 is constant over the volume relevant to the evolution of the anomaly, and p_0(z) is the pressure in the absence of the anomaly. Initially the velocity field u(r, t = 0) is everywhere zero over this volume, and the initial density perturbation ρ_1(t = 0) is uniform over the (initial) ellipsoidal volume of the anomaly (and zero outside this volume).

Discuss the early-time evolution of the anomaly, assuming that the perturbations are always small, and that the volume of the anomaly is small enough that the gravitational acceleration −g ẑ can be regarded as constant. Viscosity, as well as electric, magnetic and thermal forces on the system, can be ignored.^2

2 Solution

The equation of motion of an incompressible (∇ · u = 0), inviscid fluid subject only to the “external” force of gravity was given by Euler [6], ρ Du Dt = ρ ( ∂u ∂t + (u · ∇)u ) = −∇p − ρ g ẑ. (1)

We write the pressure as p(r, t) = p_0(z) + p_1(r, t), where the unperturbed pressure p_0(z) varies only with height z and obeys,

∇p_0 = dp_0 dz = −ρ_0 g ẑ, (2)

such that in the absence of the density anomaly the system would remain at rest (assuming it to be initially at rest).

We emphasize the perturbed system at early times, when the velocity field u is still small, and we neglect the squares and products of small quantities, such as (u · ∇)u and ρ_1 ∂u/∂t.^3

1For reviews, see, for example, [1, 2]. A hot-air balloon is such an anomaly. Less localized anomalies exist in the ionosphere, such as that reported in [3]. See also [4].

2This problem is also discussed in [5].

3This approximation is an extension of that associated with Boussinesq [7].

https://en.wikipedia.org/wiki/Boussinesq_approximation_(buoyancy)

Then, Euler’s equation (1) simplifies to,

ρ_0 ∂u ∂t = −∇p_1 − ρ_1 g ẑ. (3)

On taking the divergence of eq. (3), we have,

∇^2p_1 = −g

∂ρ_1 ∂z = 4π ( − g 4π ∂ρ_1 ∂z ) . (4)

We now make the further approximation that at time t = 0 the density perturbation ρ_1 is uniform over an ellipsoidal volume, and zero outside this. Then, the derivative ∂ρ_1(t = 0)/∂z corresponds to the result of the superposition of a volume (ellipsoid) of density ρ_1/dz with a volume (ellipsoid) of density −ρ_1/dz where the latter volume is offset by dz in z from the former. This is equivalent to surface density ρ_1 ẑ · n̂ on the volume of the anomaly, where n̂ is the outward, normal unit vector from this volume. In electrostatics and magnetostatics, such a surface density is familiar as the result of a uniform volume density, ρ_1 ẑ, of dipoles. Hence, according to eq. (4), the pressure anomaly p_1 is equivalent to the scalar potential V due to a permanent magnet in the shape of the density anomaly, with uniform magnetization density (in Gaussian units), M = − ρ_1 g 4π ẑ, (5)

and −∇p_1 is equivalent to the corresponding magnetic field H = −∇V .

As discussed by Maxwell in Arts. 437-438 of [8]^4 (who followed Poisson [9], Neumann [10] and Thomson, p. 471 of [11]), the field H is uniform inside an ellipsoid with uniform magnetization density M (although the interior H field is not in the same direction as the magnetization M unless the latter is parallel to one of the axes of the ellipsoid). As such, the righthand side of eq. (3) inside the anomaly is a constant vector, and the anomaly accelerates, keeping its shape, for early times.^5

We now restrict our attention to the case of a spheroidal anomaly, initially centered on the origin, with its symmetry axis along z, initial radius a in the x-y plane, and initial half-height b in z. Then, −∇p_1 (and the equivalent H) will be parallel to the equivalent M of eq. (5), i.e., to ẑ. The case when the symmetry axis is not along z will be discussed in sec. 2.4.

2.1 Spherical Anomaly

For a spherical anomaly, with a = b, the internal magnetic field is (in Gaussian units and at early times),

4In Maxwell’s notation, M = (A, B, C) = I(l, m, n), where I = |M| and (l, m, n) are the direction cosines of M, supposing that the axes of the ellipsoid are parallel to (x, y, z). The internal magnetic field is H = −(AL, BM, CN) where (L, M, N) are given for special cases in eqs. (10)-(15), Art. 438 of [8]. The quantities (L, M, N) used to be called the demagnetization factors, perhaps following [12], although since [13] it is usual to denote (N_x, N_y, N_z) = (L, M, N)/4π, which obey N_x + N_y + N_z = 1, as the demagnetizing factors. See also secs. 4, 8 and 29 of [14].

5A different analogy between fluid dynamics and magnetostatics was explored by Thomson, who claimed to follow Euler, on pp. 444-450 and pp. 579-587 of [11].

H = B − 4πM = − 4πM 3 (interior), (6)

according to eq. (15) of Art. 438 of [8].^6 Then, recalling eq. (5),

−∇p_1 = ρ_1 g 3 ẑ, (7)

and eq. (3) for the acceleration of the velocity field inside the sphere becomes (for early times),^7 ∂u ∂t = − ∇p_1 ρ_0 − ρ_1 ρ_0 g ẑ = −

2ρ_1 3ρ_0 g ẑ (interior). (8)

That is, (if ρ_1 > 0) the anomaly falls with constant acceleration, and maintains its shape (for times <∼ √ a/g), followed by turbulent motion.^8 Outside the spherical anomaly, the acceleration field at early times has the form of a dipole field, ∂u(r) ∂t = − ∇p_1 ρ_0 = − a^3ρ_1 g 3ρ_0

3(r̂ · ẑ) r̂ − ẑ r^3

(exterior), (9)

where r is measured from the center of the anomaly.

6A more straightforward derivation of this result was given by W. Thomson on pp. 470-471 of [11] (who attributed aspects of the argument to Poisson on p. 362). See also sec. 2.1 of [15].

7The quantity ρ_1 g/ρ_0 is sometimes called the buoyancy.

8This result is somewhat related to the Rayleigh-Taylor instability [16, 17], which involves a simple acceleration of one viscous fluid through another at early times, followed by later, turbulent behavior (governed by the Navier-Stokes equation [18, 19]), as shown in the figure below (from

https://en.wikipedia.org/wiki/Rayleigh-Taylor_instability)

2.2 Oblate Spheroid (“Pancake”)

For an oblate spheroid with R = b/a < 1, the internal magnetic field is, for M parallel to the symmetry axis z,

H = −4πk M with k = 1 1 − R^2 − R sin^{−1} √ 1 − R^2 (1 − R^2)^{3/2} k(0) = 1, k(1) = 1 3 ,(10)

according to eq. (12) of Art. 438 of [8].^9 A plot of 1 − k vs. R appears below.

Then, −∇p_1 = k ρ_1 g ẑ, and eq. (3) for the acceleration of the velocity field inside the anomaly is (for early times), ∂u ∂t = −(1 − k) ρ_1 ρ_0 g ẑ (interior of oblate spheroid). (11)

For a “pancake” anomaly, with R ≈ 0 and k ≈ 1, the acceleration field is negligible.^{10} Similarly, if the anomaly had the form of a short, right-circular cylinder of radius a and height h ≪ a, then the equivalent internal field would be H ≈ −4πM → ρ_1 g ẑ, and the acceleration of the anomaly would also be zero for early times.

For uniformly magnetized ellipsoids other than spheres, the external fields can be expressed in terms of elliptic integrals. Numerical approximations are given, for example, in [13, 21]-[23], and for other shapes in, for example, [24]-[28].

2.3 Prolate Spheroid (“Needle”)

For a prolate spheroid with R = b/a > 1, the internal magnetic field is,

H = −4πkM, k = 1 R^2 − 1 ( R ln(R + √ R^2 − 1) √ R^2 − 1 − 1 ) , k(1) = 1 3 , k(∞) = 0,(12)

according to eq. (14) of Art. 438 of [8].^{11} Again, the acceleration field inside the anomaly at early times has the form, ∂u ∂t = −(1 − k) ρ_1 ρ_0 g ẑ (interior of spheroid). (13)

9Our a is Maxwell’s b = c of his eq. (11), Art. 438 of [8], our b is his a, his e is our √ 1 − R^2. Our k, the demagnetizing factor associated with the symmetry axis, is L/4π of his eq. (12).

10This result was anticipated in [20].

11Our a is Maxwell’s a = b of his eq. (13), Art. 438 of [8], our b is his c, his e is our √ R^2 − 1/R, and N of his eq. (14) is our 4πk.

For a “needle” anomaly (R → ∞, k → 0), −∇p_1 ≈ 0 for its interior, and eq. (3) for the acceleration of the velocity field inside the anomaly becomes (for early times), ∂u ∂t = − ρ_1 ρ_0 g ẑ (“needle”). (14)

Similarly, if the anomaly had the form of a tall, right-circular cylinder of radius a and height h ≫ a (rod), then the equivalent H inside the anomaly would be nonzero near the top and bottom of the cylinder but would be very small over most of its length, in approximate agreement with the above analysis of a spheroidal “needle”.

2.4 Nonvertical Spheroid

For completeness, we consider the case of a spheroidal anomaly whose symmetry axis makes angle α to the vertical in the x-z plane.

The equivalent magnetization density is still given by eq. (5), but the equivalent H field is not parallel to the z-axis. We introduce the rotated coordinates (x^′, y, z^′), whose axes are parallel to the axes of the nonvertical spheroid. Then, the equivalent magnetization density can be written as, M = − ρ_1 g 4π ẑ = − ρ_1 g 4π (−x̂^′ sin α + ẑ^′ cos α), (15)

and the equivalent H field inside the spheroid is given by,

−∇p_1 = H = 4π

1 − k 2 M_x′ x̂^′ + 4πkM_z′ ẑ^′

= −ρ_1g {[ 3k − 1 2 sin α cos α ] x̂ + [ k + 1 − 3k 2 sin^2 α ] ẑ } , (16)

recalling that the demagnetizing factors (N_x′ , N_y, N_z′ ) are given by N_z′ = k of eqs. (10) or (12), with N_x′ = N_y = (1−k)/2, since the factors sum to unity. The acceleration field ∂u/∂t is constant at early times inside the spheroid, recalling eq. (3), ∂u ∂t = − ∇p_1 ρ_0 − ρ_1 g ρ_0 ẑ = − ρ_1 g ρ_0 {[ 3k − 1 2 sin α cos α ] x̂ + [ 1 + k +

1 − 3k 2 sin^2 α ] ẑ } , (17)

with magnitude, | | | ∂u ∂t | | | = ρ_1 g ρ_0 √ (1 + k)^2 +

5 + k 4 (1 − 3k) sin^2 α, (18)

and with angle β to the vertical related by,

tan β =

(3k − 1) sin α cos α 2(1 + k) + (1 − 3k) sin^2 α

. (19)

If the symmetry axis of the spheroidal anomaly were horizontal, then the interior acceleration field would again be vertical at early times, ∂u ∂t = − 3 − k 2 ρ_1 g ρ_0 ẑ (α = π/2). (20)

The contrails from airplanes might be an example of a horizontal “needle” anomaly (k = 0).^{12}

12https://en.wikipedia.org/wiki/Contrail.

References

[1] C.A. Doswell III and P.M. Markowski, Is Buoyancy a Relative Quantity? Mon. Weather Rev. 132, 854 (2004), http://kirkmcd.princeton.edu/examples/fluids/doswell_mwr_132_854_04.pdf

[2] H. Morrison, Impacts of Updraft Size and Dimensionality on the Perturbation Pressure and Vertical Velocity in Cumulus Convection, J. Atmos. Sci. 73, 1441,1455 (2016),

http://kirkmcd.princeton.edu/examples/fluids/morrison_jas_73_1441_16.pdf

[3] J. Egedal, Daily Variation of the Horizontal Magnetic Force at the Magnetic Equator, Nature 162, 443 (1948), http://kirkmcd.princeton.edu/examples/fluids/egedal_nature_161_443_48.pdf

[4] H. Risbeth, The equatorial F-layer: progress and puzzles, Ann. Geophys. 18, 730 (2000),

http://kirkmcd.princeton.edu/examples/fluids/risbeth_ag_18_730_00.pdf

[5] N. Tarshish, N. Jeevanjee, and D. Lecoanet, Buoyant Motion of a Turbulent Thermal, J. Atmos. Sci. 75, 3233 (2018),

http://kirkmcd.princeton.edu/examples/fluids/tarshish_jas_75_3233_18.pdf

[6] L. Euler, Principes Généraux du Mouvement des Fluides, Mem. Acad. Sci. Berlin 11, 274 (1757), http://kirkmcd.princeton.edu/examples/fluids/euler_masb_11_274_57.pdf English translation: General Principles of the Motion of Fluids,

http://kirkmcd.princeton.edu/examples/fluids/euler_fluids_75_english.pdf

See also, O. Darrigol and U. Frisch, From Newton’s Mechanics to Euler’s Equations,

http://kirkmcd.princeton.edu/examples/fluids/darrigol-frisch.pdf

[7] J. Boussinesq, Théorie de l’écoulement tourbillonnant et tumultueux des liquides dans les lits rectilignes a grande section (Gauthier-Villars, 1897),

http://kirkmcd.princeton.edu/examples/fluids/boussinesq_97.pdf

[8] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

Vol. 2, 3rd ed. (Clarendon Press, 1892),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[9] S. Poisson, Second Mémoire sur la Théorie du Magnétisme, Acad. Roy. Sci. 5, 486 (1822), http://kirkmcd.princeton.edu/examples/EM/poisson_memoire_21b.pdf

[10] J. Neumann, Entwickelung der in elliptischen Coordinaten ausgedrückten reciproken Entfernung zweier Puncte in Reihen, welche nach den Laplace’schen Y^{(n)} fortschreiten; und Anwendung dieser Reihen zur Bestimmung des magnetischen Zustandes einer Rotations-Ellipsoïds, wehcher durch vertheilende Kräfte erregt ist, J. reine Angew. Math. 37, 21 (1848), http://kirkmcd.princeton.edu/examples/EM/neumann_jram_37_21_48.pdf

[11] W. Thomson, Reprint of Papers on Electrostatics and Magnetism (Macmillan, 1872),

http://kirkmcd.princeton.edu/examples/EM/thomson_electrostatics_magnetism_72.pdf

[12] J.A. Ewing, Experimental Researches in Magnetism, Phil. Trans. Roy. Soc. London 176, 523 (1885), http://kirkmcd.princeton.edu/examples/EM/ewing_ptrsl_176_523_85.pdf

[13] E.C. Stoner, The Demagnetizing Factors for Ellipsoids, Phil. Mag. 36, 803 (1945),

http://kirkmcd.princeton.edu/examples/EM/stoner_pm_36_803_45.pdf

[14] L.D. Landau, E.M. Lifshitz and L.P. Pitaevskii, Electrodynamics of Continuous Media, 2^{nd} ed. (Butterworth-Heinemann, 1984),

http://kirkmcd.princeton.edu/examples/EM/landau_ecm2.pdf

[15] K.T. McDonald, Fields inside a Sphere and Shell of Uniform Polarization (Oct. 31, 2017), http://kirkmcd.princeton.edu/examples/polsphere.pdf

[16] Lord Rayleigh, Investigation of the Character of the Equilibrium of an Incompressible Heavy Fluid of Variable Density, Proc. London Math. Soc. 14, 170 (1883),

http://kirkmcd.princeton.edu/examples/fluids/rayleigh_plms_14_170_82.pdf

[17] G. Taylor, The instability of liquid surfaces when accelerated in a direction perpendicular to their planes, Proc. Roy. Soc. London A 201, 192 (1950),

http://kirkmcd.princeton.edu/examples/fluids/taylor_prsla_201_192_50.pdf

[18] C.-L. Navier, Mémoire sur les Lois du Mouvement des Fluides, Acad. Roy. Sci. 6, 389 (1823), http://kirkmcd.princeton.edu/examples/fluids/navier_mars_389_22.pdf

[19] G.G. Stokes, On the Theories of the Internal Friction of Fluids in Motion, and of the Equilibrium and Motion of Elastic Solids, Trans. Camb. Phil. Soc. 8, 287 (1845),

http://kirkmcd.princeton.edu/examples/fluids/stokes_tcps_8_287_45.pdf

[20] N. Jeevanjee and D.M. Romps, Effective buoyancy at the surface and aloft, Q.J.R. Met.

Soc. 142, 811 (2016), http://kirkmcd.princeton.edu/examples/fluids/jeevanjee_qjrms_142_811_16.pdf

[21] J.A. Osborn, Demagnetizing Factors of the General Ellipsoid, Phys. Rev. 67, 351 (1945),

http://kirkmcd.princeton.edu/examples/EM/osborn_pr_67_351_45.pdf

[22] D.C. Cronemeyer, Demagnetization factors for general ellipsoids, J. Appl. Phys. 70, 2911 (1991), http://kirkmcd.princeton.edu/examples/EM/cronemeyer_jap_70_2911_91.pdf

[23] M. Beleggia, M. De Graef and Y. Millev, Demagnetization factors of the general ellipsoid: An alternative to the Maxwell approach, Phil. Mag. 86, 2451 (2006),

http://kirkmcd.princeton.edu/examples/EM/beleggia_pm_86_2451_06.pdf

[24] D.-X. Chen, J.A. Brug and R.B. Goldfarb, Demagnetizing Factors for Cylinders, IEEE Trans. Mag. 27, 3601 (1991), http://kirkmcd.princeton.edu/examples/EM/chen_ieeetm_27_3601_91.pdf

[25] D.-X. Chen, E. Pardo and A. Sanchez, Demagnetizing Factors of Rectangular Prisms and Ellipsoids, IEEE Trans. Mag. 38, 1742 (2002),

http://kirkmcd.princeton.edu/examples/EM/chen_ieeetm_38_1742_02.pdf

[26] D.-X. Chen, E. Pardo and A. Sanchez, Demagnetizing Factors for Rectangular Prisms, IEEE Trans. Mag. 41, 2077 (2005),

http://kirkmcd.princeton.edu/examples/EM/chen_ieeetm_41_2077_05.pdf

[27] M. Beleggia et al., Demagnetization factors for elliptic cylinders, J. Phys. D 38, 3333 (2005), http://kirkmcd.princeton.edu/examples/EM/beleggia_jpd_38_3333_05.pdf

[28] M. Beleggia, D. Vokoun and M. De Graef, Demagnetization factors for cylindrical shells and related shapes, J. Mag. Mag. Mat. 321, 1306 (2009),

http://kirkmcd.princeton.edu/examples/EM/beleggia_jmmm_321_1306_09.pdf