Radiation from the Open End of a Coaxial Cable

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (December 2, 2009; updated June 25, 2014)

1 Problem

A coaxial cable of inner radius a and outer radius b has the volume between the (perfect) conductors filled with a dielectric of relative permittivity ϵ and unit relative permeability, such that its transmission-line impedance is, Z = Z_0 ln(b/a) 2π √ ϵ , where Z_0 = √ μ_0 ϵ_0 = 1 ϵ_0c

= 120π = 377 Ω ( = 4π c in Gaussian units ) , (1) and c is the speed of light in vacuum. Estimate the time-average power P (i.e., the radiation) that escapes from the end of the cable using vector (or scalar) Huygens-Kirchhoff diffraction theory for the case that the cable is excited with a TEM wave with λ ≫ b.

Compare the cases of a coaxial cable by itself, and one with its outer conductor attached to a ground plane such that the radiation is into a half space. You may assume that the medium outside the cable has unit relative permittivity and unit relative permeability.

2 Solution

The coaxial cable lies along the negative z-axis, with its open end in the plane z = 0. It supports a TEM wave with electric and magnetic fields of amplitude E_+ = V_+/ρ ln(b/a) and H_+ = √ ϵE_+/Z_0 [where (ρ, ϕ, z) are cylindrical coordinates with the z-axis being the axis of the cable] that propagates in the +z-direction (from a source at the end of the cable at negative z) towards the open end of the cable. The time-average power that propagates inside the cable in the +z-direction follows from the Poynting vector S_+ = E_+ × H_+ as,

P_+ = ∫ ⟨S_{+z}⟩ dArea = ∫ E_+H_+ 2 dArea =

∫_b a ρ dρ

∫_{2π} 0 dϕ √ ϵ V^2_+ 2Z_0ρ^2 ln^2(b/a) = π √ ϵ ln(b/a)

V^2_+ Z_0

. (2)

When this TEM wave reaches the end of the cable, some energy is transmitted into the space beyond the end, some is reflected into a TEM wave in the negative-z direction, and some into higher-order (TM) modes that are damped as they propagate in the negative-z direction.^1

The “source” currents in the TEM wave that is incident on the end of the cable are longitudinal and azimuthally symmetric. As a consequence, all magnetic fields (and currents) in this problem are azimuthally symmetric.

1The role of higher-order modes in transmission lines was perhaps first well explored in [1]. These modes die out over a distance roughly b − a from the end of the cable when the wavelength exceeds this quantity.

We solve this problem in various approximations, first for a cable by itself using vector diffraction theory,^2 following Stratton and Chu [3],^3 and then for a cable connected to a ground plane using scalar diffraction theory.

2.1 Cable by Itself

The surface S^′ used in the diffraction calculation for a cable by itself lies just outside the surface of the cable, including its open end, as well as the surface at “infinity”. If the cable is attached to a ground plane the surface S^′ consists of that plane, including the end of the cable, and the hemisphere at “infinity”. It is more convenient to calculate the magnetic field (whose time dependence is e^{−iωt}) according to eq. (15) of [3],

H(x) = 1 4π ∮ S^′ { iωϵ_0[n̂^′ × E(x^′)] e^{ikr} r − [n̂^′ × H(x^′)] × ∇^′ e^{ikr} r − [n̂^′ · H(x^′)]∇^′ e^{ikr} r } dArea^′, (3)

where k = ω/c = 2π/λ, c is the speed of light in vacuum, n̂^′ is the outward unit vector normal to the surface S^′ (so n̂^′ = −ẑ on the,

∇^′ e^{ikr} r = − ( ik − 1 r ) e^{ikr} r r̂. (4)

At large distances the radiation fields fall off as 1/r and are related by the 4th Maxwell equation according to, ik n̂^′ × H = iωϵ_0E, (5) such that the contribution to the integral (3) from surface at “infinity” vanishes. The magnetic field just outside the surface of a good conductor is parallel to the surface,

H = n̂^′ × K, K = −n̂^′ × H, (6)

where K is the surface current density and n̂^′ is the inward normal to the surface, such that n̂^′ · H = 0 there. In addition, n̂^′ · H = 0 at the open end of the cable (and also on the (spherical) surface at “infinity”), because this field has only an azimuthal component. Hence, the third term in eq. (3) is zero. Since the electric field is normal to the surface of the coaxial cable, eq. (3) reduces to

H(x) = 1 4π ∮ end of cable

iωϵ_0[n̂^′ × E(x^′)] e^{ikr} r dArea^′ + 1 4π ∮ cable

K(x^′) × ∇^′ e^{ikr} r dArea^′. (7)

2.1.1 A First Approximation

As a first approximation (Schelkunoff [4], 1936), we ignore the excitation of higher-order modes, and suppose that the reflected TEM wave has the same amplitude as the incident

2For a review, see the Appendix of [2].

3Vector diffraction theory for electromagnetic fields is equivalent to Schelkunoff’s “equivalence method” [4, 5] (that is a curious mixture of scalar and vector diffraction theory for the “electric vector potential”.

TEM wave.^4 This implies that the outer radius b of the cable is small compared to a wavelength λ (i.e., kb ≪ 1). Then, the magnetic field is negligible at the open end of the cable, and the electric field is twice that of the incident wave,

E_ρ(a < ρ < b, 0) ≈ 2E_+ =

2V_+ ρ ln(b/a)

, H_ϕ(ρ < b, 0) ≈ 0. (8)

In this approximation it also seems reasonable that the currents on the outer surface of the outer conductor of the cable can be neglected, such that the 2^{nd} term in the diffraction integral (7) vanishes, and the magnetic field outside the cable is given by,

H(x) ≈ − iωϵ_0 4π ∮ end of cable

dArea^′ E_ρ(x^′) e^{ikr} r ϕ̂^′. (9)

The azimuthal component of eq. (9) is,

H_ϕ(x) ≈ − iωϵ_0 4π ∮ end of cable

dArea^′ E_ρ(x^′) e^{ikr} r cos(ϕ^′ − ϕ) = − iωϵ_0 4π ∮ end of cable

dArea^′ E_ρ(x^′) e^{ikr} r cos ϕ^′ ≈ − iωϵ_0V_+ 2π ln(b/a)

∫_b a ρ^′ dρ^′

∫_{2π} 0 dϕ^′ e^{ikr} ρ^′r cos ϕ^′. (10)

It suffices to consider an observer at x = (r_0, θ, 0) in spherical coordinates [(r_0 sin θ, 0, r_0 cos θ) in rectangular coordinates], where r_0 ≫ b. A source point in the integrand of eq. (5) is at x^′ = (ρ^′, ϕ^′, 0) in cylindrical coordinates [(ρ^′ cos ϕ^′, ρ^′ sin ϕ^′, 0) in rectangular coordinates]. As usual in diffraction calculations, we approximate the distance r in the exponential factor as,

r ≈ r_0 − x̂ · x^′ = r_0 − ρ^′ sin θ cos ϕ^′, (11)

while in the denominator we approximate r as r_0. Then, since kb ≪ 1,

e^{ikr} ≈ e^{ikr0} (1 − ikρ^′ sin θ cos ϕ^′), (12)

and eq. (10) becomes,

H_ϕ(r_0, θ) ≈ − iωϵ_0V_+ 2π ln(b/a) e^{ikr0} r_0

∫_b a ρ^′ dρ^′

∫_{2π} 0 dϕ^′

(1 − ikρ^′ sin θ cos ϕ^′) cos ϕ^′ ρ^′ = − π^2ϵ_0cV_+(b^2 − a^2) λ^2 ln(b/a) sin θ e^{ikr0} r_0 = − V_+ 4Z_0 ln(b/a) 4πA λ^2 sin θ e^{ikr0} r_0

, (13)

where A = π(b^2 −a^2) is the cross-sectional area between the conductors of the coaxial cable.^5 The electric field E in the far zone is equal to Z_0 x̂ × H, which has only a θ component,

E_θ = Z_0H_ϕ, (14)

4This assumption contrasts with that for radiation from the open end of a hollow waveguide, whose transverse dimensions are necessarily of order λ, where the reflected wave is ignored [6].

5The field (13) agrees with that in eq. (33) of [4] noting that Schelkunoff’s V is 2V_+.

and the time-average radiated power into 4π solid angle is,

P_1 = r^2_0 2 ∫ Re(E × H^⋆) dΩ ≈

V^2_+ 32Z_0 ln^2(b/a) ( 4πA λ^2

)_2 ∫

sin^2 θ dΩ = πV^2_+ 12Z_0 ln^2(b/a) ( 4πA λ^2

)_2

= 1 12 √ ϵ ln(b/a) ( 4πA λ^2

)_2 P_+ = k^4(b^2 − a^2)^2 12 √ ϵ ln(b/a)

P_+, (15)

recalling eq. (2) for the power P_+ incident on the open end. The fraction of the incident power that is radiated is very small for A ≪ λ^2, as is usual for the operation of coaxial cables. Example: For a cable with Z = 50 Ω and outer radius b = 2 mm, P_1/P_+ ≈ −90 dB for λ = 1 m.

If the outer radius b were greater than (λ/2π)[12 √ ϵ ln(b/a)]^{1/4} the radiated power according to eq. (15) would exceed the incident power. An open-ended coaxial cable can be a good radiator, if the outer radius b is of order of a wavelength, for which case the present approximation is poor.

The power radiated into the forward hemisphere is, in the present approximation, 1/2 that given by eq. (15). This suggests that if the cable were connected to a ground plane at z = 0 (with the end of the cable still open), the radiated power would be 1/2 that given by eq. (15). For this to be so, the currents on the conductors must be different from those assumed above, which casts doubt on the assumption that the currents are negligible on the outside of the outer conductor of the coaxial cable. Indeed, when coaxial cables are used an antennas, typically by extending the inner conductor some distance beyond the outer, the performance is greatly influenced by the currents on the outside of the outer conductor [7].^6

Radiation from the Open End of a Stripline

As a special case, we consider a coaxial cable with limited radial extent h, for which b = a + h = a(1 + δ) with δ = h/a ≪ 1. Then, b^2 − a^2 ≈ 2ah, ln b/a ≈ δ = h/a, and the radiated power is,

P_1 ≈ k^4a^3h 3 √ ϵ P_+. (16)

A possible application of eq. (16) is to radiation at the open end of a two-conductor stripline (that supports TEM waves) of width w with gap h ≪ w between the two parallel conducting strips [8]. The width w corresponds to the circumference 2πa in eq. (16), so we estimate the power radiated at the end of a stripline as,

P_{stripline} ≈ k^4w^3h 24π^3 √ ϵ P_+, (17)

which approximation is for widths w small compared to a wavelength.

2.1.2 A Second Approximation

In a second approximation we still ignore the surface currents on the outside of the outer conductor of the cable, but we take into account that the reflected TEM wave inside the

6See also the comments at the end of sec. 2.2.2.

cable has amplitude R times that of the incident wave,

E_ρ(z < 0) ≈

V_+ ρ ln(b/a) ( e^{i(kϵz−ωt)} + R e^{−i(kϵz+ωt)} ) , (18)

where k_ϵ = ω √ ϵ/c, and R is the (complex) amplitude reflection coefficient. The excitation of higher-order modes is also neglected in this approximation. The magnetic field inside the cable follows from Faraday’s law as,

H_ϕ(z < 0) ≈ √ ϵV_+ ρZ_0 ln(b/a) ( e^{i(kϵz−ωt)} − R e^{−i(kϵz+ωt)} ) . (19)

The electric and magnetic fields just inside the end of the cable are,

E_ρ(z = 0^−) ≈

V_+(1 + R) ρ ln(b/a)

, H_ϕ(z = 0^−) ≈ √ ϵV_+(1 − R) ρZ_0 ln(b/a)

. (20)

By matching the magnetic field to that just outside the end of the cable according to eq. (10), using eq. (20) for the electric field, the reflection coefficient R can be determined [9]. Thus,

H_ϕ(ρ, z = 0^+) ≈ − iωϵ_0V_+(1 + R) 4π ln(b/a)

∫_b a dρ^′

∫_{2π} 0 dϕ^′ e^{ikr} r cos ϕ^′ = − iωϵ_0V_+(1 + R) 2 ln(b/a)

∫_b a dρ^′

∫_∞ 0 k^′ dk^′ √ k^{′2} − k^2

J_1(k^′ρ)J_1(k^′ρ^′), (21)

using an impressive result from Appendix A of [9]. Comparing with eq. (20), we have, 1 ρ 1 − R 1 + R ≈ − ik 2 √ ϵ ∫_∞ 0 k^′ dk^′ √ k^{′2} − k^2

J_1(k^′ρ)

∫_b a dρ^′ J_1(k^′ρ^′) , (22)

Integrating this from a to b with respect to ρ yields (see Appendix C of [9]),

1 − R 1 + R ≈ − ik 2 √ ϵ ln(b/a)

∫_∞ 0 k^′ dk^′ √ k^{′2} − k^2 [∫_b a J_1(k^′ρ) dρ ]2 (23) = − ik 2 √ ϵ ln(b/a) {∫_k 0 + ∫_∞ k } dk^′ k^′ √ k^{′2} − k^2

[J_0(k^′a) − J_0(k^′b)]^2

= 1 2 √ ϵ ln(b/a)

{∫_{π/2} 0 du sin u

[J_0(ka sin u) − J_0(kb sin u)]^2 (using k^′ = k sin u) − i π ∫_π 0 dv [ 2Si ( k √ a^2 + b^2 − 2ab cos v ) − Si(2ka sin v/2) − Si(2kb sin v/2) ]} . For kb ≪ 1 the integrals can be approximated, noting that for small x, J_0(x) ≈ 1 − x^2/4 and Si(x) ≈ x,

1 − R 1 + R ≈ 1 2 √ ϵ ln(b/a) { k^4(b^2 − a^2)^2 16 ∫_{π/2} 0 du sin^3 u

− 2ik π ∫_π 0 dv [√ a^2 + b^2 − 2ab cos v − (a + b) sin v/2 ]}

= 1 2 √ ϵ ln(b/a) { 2 3 ( πA λ^2

)_2 − 4ik(a + b) π (∫_{π/2} 0 dw √ 1 − 4ab (a + b)^2 sin^2 w − 1 )} ,

= 1 2 √ ϵ ln(b/a) { 2 3 ( πA λ^2

)_2 − 4ik(a + b) π [ E ( 4ab (a + b)^2 ) − 1 ]} , (24)

where again A = π(b^2−a^2) is the area of the open end of the cable, and E(x) =

∫_{π/2} 0 dw √ 1 − x sin^2 w is the complete elliptic integral of the second kind (Abramowitz and Stegun [10], 17.3.3. 17.3.35), which varies between π/2 and 1 as x increases from 0 to 1; E(1 − x) − 1 ≈ 0.71x for x ≪ 1.

The voltage and current across the end of the transmission line are related to the line impedance Z, eq. (1), by,

V = V_+ + V_− = (1 + R)V_+, and I = I_+ + I_− =

(1 − R)V_+ Z = 2π √ ϵ(1 − R)V_+ Z_0 ln(b/a)

. (25)

The ratio of the current to the voltage at the end of the line is the admittance Y^′,^7

Y^′ =

I(z = 0) V (z = 0) = 1 Z 1 − R 1 + R = 2π √ ϵ Z_0 ln(b/a)

1 − R 1 + R

≡ G^′ + iB^′ ≈ π Z_0 ln^2(b/a) { 1 24 ( 4πA λ^2

)_2 − 4ik(a + b) π [ E ( 4ab (a + b)^2 ) − 1 ]} . (26)

The power radiated from the open end of the coaxial cable is the time-average power delivered into this admittance,^8

P_2 = 1 2 Re(V I^⋆) = 1 2 Re(Y^′) |V |^2 = 1 2 Re(Y^′) |1 + R|^2 V^2_+ =

2Re(Y^′)V^2_+ |1 + ZY^′|^2 ≈ πV^2_+ 12Z_0 ln^2(b/a) ( 4πA λ^2

)_2 1 |1 + ZY^′|^2 = P_1 |1 + ZY^′|^2

, (27)

in agreement with eq. (15) when ZY^′ ≪ 1, i.e., when the outer radius b of the cable is small compared to a wavelength.

2.2 Cable Connected to a Ground Plane

The case of an open-ended coaxial cable connected to a ground plane was considered in 1946 by Pistolkors [11] using scalar diffraction theory and a Dirichlet Green’s function for a

7Numerical calculation [9] of G^′ = Re(Y^′) using the integral of Bessel functions in eq. (23) shows that the approximation (26) is quite accurate even for kb = 1. This suggests that eq. (17) is still reasonably good for stripline width w ≈ λ.

8While the radiated power depends on the square of the far-zone magnetic field for a given incident field strength E_+, it is linear in the (small) magnetic field at the end of the cable since the Poynting vector there is |E × H| ≈ 2E_+H_ϕ(z = 0).

plane. Readers in the USA may be more familiar with a similar work by Levine and Papas [9] (written in 1950) that gives two derivations, using a Neumann and a Dirichlet Green’s function, respectively.^9

Open-ended coaxial cables find application in bioscience as probes of the dielectric constant of the medium just beyond the open end. See, for example, [15], where some analytic analysis of the near fields is presented.

2.2.1 Review of Scalar Diffraction Theory

Recall that Green noted how Gauss’ divergence theorem for the function ϕ∇ψ − ψ∇ϕ of any two well-behaved scalar fields ϕ and ψ implies,^{10} ∫ V^′

(ϕ∇^{′2}ψ − ψ∇^{′2}ϕ) dVol^′ = ∮ S^′

(ϕ∇^′ψ − ψ∇^′ϕ) · n̂^′ dArea^′, (28)

where unit vector n̂^′ is the outward normal from the closed surface S^′ bounds volume V^′.

Helmholtz [16], and later Kirchhoff [17], solved Helmholtz’ wave equation for a scalar function ψ in a source-free region bounded by surface S^′,

(∇^2 + k^2)ψ(x) = 0, (29)

by use of a Green’s function,

ϕ = G(x, x^′) = e^{ikr} r where r = |r| = |x − x^′| , (30)

that obeys (∇^2 + k^2)G(x, x^′) = (∇^{′2} + k^2)G(x, x^′) = −4π δ^3(x − x^′), (31) such that eq. (28) leads to,

ψ(x) = 1 4π ∫ S^′

dArea^′ {ψ(x^′)[n̂^′ · ∇^′G(x, x^′)] − G(x, x^′)[n̂^′ · ∇^′ψ(x^′)]} = − 1 4π ∫ S^′

dArea^′ e^{ikr} r [ ψ(x^′) ( ik − 1 r ) n̂^′ · r̂ +

∂ϕ(x^′) ∂n^′ ] , (32)

where the normal derivative n̂^′ · ∇^′ψ is often written as ∂ϕ/∂n^′.

Poincaré [19] noted that both ψ and its normal derivative cannot be independently specified over the surface S^′, although rather good results are often obtained with eq. (32) despite this inconsistency [20]. Sommerfeld [21] and Rayleigh [22] subsequently deduced that when the surface S^′ consists of the plane z = 0 plus a hemisphere at “infinity”, and the function ψ falls off at least as fast as 1/r at large r,^{11} one can use

G_D(x, x^′) = e^{ikr} r − e^{ikr′} r^′

, or G_N (x, x^′) = e^{ikr} r + e^{ikr′} r^′

, (33)

9Levine and Papas do not cite Pistolkors, although the title of their paper is identical to his. Their paper follows the spirit of Schwinger’s great 1943 paper [12, 13, 14], and is perhaps therefore somewhat hard to follow._{10}

For a textbook discussion, see sec. 10.5 of [18].

11This requirement (that there is no contribution to the diffraction integral from the hemisphere at “infinity”) is often called the “radiation condition”, following Sommerfeld [23].

where r^′ = |x − x^{′′}| and x^{′′} is the image of x^′ in the plane z = 0 (and thereby outside surface S^′), such that the Dirichlet Green’s function G_D, and the normal derivative of the Neumann Green’s function G_N , vanish on the plane z = 0. These functions obey,

(∇^{′2} + k^2)G_{D,N} (x, x^′) = −4π δ^3(x − x^′) ± 4π δ^3(x − x^{′′}), (34)

so that inside surface S^′ eqs. (31)-(32) hold for G = G_D or G_N . Then, one can specify either the function ψ or its normal derivative ∂ψ/∂n^′ on the plane z = 0 to obtain, from eq. (32),

ψ(x) = 1 4π ∫ z=0 dArea^′ ψ(x^′)[n̂^′ · ∇^′G_D(x, x^′)] = − 1 2π ∫ z=0 dArea^′ ψ(x^′) ( ik − 1 r ) e^{ikr} r n̂^′ · r̂, (35) and,

ψ(x) = − 1 4π ∫ z=0 dArea^′ G_N (x, x^′)[n̂^′ · ∇^′ψ(x^′)] = − 1 2π ∫ z=0 dArea^′ e^{ikr} r ∂ψ(x^′) ∂n^′

. (36)

Comparing eqs. (35)-(36) with (32), we see that if ψ and ∂ψ/∂n^′ were both correctly specified on the plane z = 0, then use of eq. (32) gives ψ as the average of eqs. (35) and (36).

2.2.2 Application to Waveguides That End in an Infinite, Conducting Flange

Electromagnetic waves in circular, coaxial, or rectangular waveguides can be decomposed into modes with transverse electric (TE) and transverse magnetic (TM) fields each with a single independent scalar amplitude. We consider the case that the waveguide is excited in a single mode that propagates in the +z-direction for z < 0, and that the guide ends in an infinite, conducting flange in the plane z = 0. The reflected wave, in general, consists of many modes, while the fields in the half space beyond the end can be related to those just next to the plane of the flange via eqs. (35) or (36). A complete solution can be obtained by matching the two sets fields at the plane z = 0 [9].^{12}

For examples such as the present case where the incident (TEM) wave has azimuthal symmetry we would like to take the scalar function ψ to be the azimuthal magnetic field H_ϕ, or perhaps the radial electric field E_ρ. However, only in Cartesian coordinates does (∇^2H)_j = ∇^2H_j [27], so scalar Kirchhoff diffraction theory applies only to Cartesian components of E and H. Because of the azimuthal symmetry of the present example, we can obtain general expressions for E_ρ and H_ϕ by considering E_x and H_y for an observer at x with x = 0.^{13} Since H_z = 0, the 4th Maxwell equation tells us that,

∂H_y ∂n^′ = − ∂H_y ∂z = ∂H_z ∂y − ∂H_y ∂z = ϵ_0

∂E_x ∂t = −iωϵ_0E_x, (37)

on the plane z = 0 where n̂^′ = −ẑ when the surface S^′ consists of this plane plus the hemisphere at “infinity” for z > 0. Using eq. (36), and noting that E_⊥(z = 0) is nonzero

12This method can also be applied to radiation by a hollow waveguide with an infinite conducting flange. Early studies of this are [24, 25]. For a recent review, see [26].

13Levine and Papas [9] solve the wave equation for H_ϕ (which differs from the scalar Helmholtz equation) using Green’s functions that are suitable modifications of those in eq. (33).

only at the open end of the cable, we find for x = (ρ, ϕ, z) inside surface S^′,

H_ϕ(ρ, ϕ, z) = H_y(x = 0, y = ρ, z) = ∫ end of cable

dArea^′

∂H_y ∂n^′ e^{ikr} r = − iωϵ_0 2π ∫ end dArea^′ E_x(x^′) e^{ikr} r = − iωϵ_0 2π ∫ end dArea^′ E_ρ(x^′) cos ϕ^′ e^{ikr} r ,(38)

since E_x = E_ρ cos ϕ + E_ϕ sin ϕ = E_ρ cos ϕ.^{14,15}

The “exact” result (38) for a coaxial cable connected to a ground plane is twice the approximate result for a cable by itself found in the second line of eq. (10). As a consequence, the analysis of sec. 2.1.2 can be taken over to the present case on multiplying the far-zone magnetic field (13), the admittance (26), and the radiated power (27) by a factor of 2. The latter result is surprising in that one might have supposed that the power radiated when the cable is connected to a conducting plane is 1/2 that radiated when the cable is by itself. This suggests that the power radiated from the end of a cable by itself is actually 4 times larger than that found in sec. 2.1, that the far-zone magnetic field is double, and the magnetic field just outside the cable end is quadruple than that found in sec. 2.1, at least when b ≪ λ.

2.2.3 Effect of Excitation of Higher-Order Modes

All approximations made so far have included neglect of the excitation of higher-order (TM) modes in the coaxial cable by the reflection off its end. See [31] for numerical calculations that include these modes.

14Alternatively [11], we can integrate eq. (37) and use eq. (35) to obtain,

H_ϕ(ρ, ϕ, z) = H_y(x = 0, y = ρ, z) = iωϵ_0 ∫ E_x(x = 0, y = ρ, z^′) dz^′ = iωϵ_0 2π ∫ dz^′ ∫ end of cable

dArea^′ E_x(x^′) ∂ ∂n^′ e^{ikr} r = − iωϵ_0 2π ∫ end dArea^′ E_x(x^′) ∫ dz^′ ∂ ∂z^′ e^{ikr} r = − iωϵ_0 2π ∫ end dArea^′ E_x(x^′) e^{ikr} r = − iωϵ_0 2π ∫ end dArea^′ E_ρ(x^′) cos ϕ^′ e^{ikr} r . (39)

15The result (38) is sometimes expressed [28, 29] in the language of Schelkunoff’s “equivalence method” [4] in which the plane z = 0 is taken to be a perfect conductor and the radial electric field in the aperture is called an “equivalent magnetic surface current” on the assumed perfect conductor. The factor of two that comes from use of the Green’s function (33) when evaluated on the plane z = 0 is said to be the result of the “image” of the “magnetic surface current” in the conducting plane. I find this mnemonic procedure misleading as an explanation, since the image with respect to a plane of a current (whether electric or magnetic) parallel to that plane is opposite to the original current. Hence, one ignores all surface currents (and charges) when using the image method. The fact that one can ignore the electric currents on a planar boundary if one doubles the “magnetic currents” follows from scalar diffraction theory and not from image theory. See [30] for use of this method to compute the near fields of the open-ended cable.

3 Effective Area and Effective Height of an Open-Ended Coaxial Cable Used as a Receiver

The radiation pattern of the open-ended coaxial cable varies as sin^2 θ, as for a Hertzian dipole antenna oriented along the z-axis (= axis of cable). The pattern has a null along the z-axis, and is maximal in the plane z = 0. Conversely, an open-ended coaxial cable receives no power from a plane wave that propagates towards it along the z-axis, and receives maximal (but very small) power from a plane wave that propagates perpendicular to the z-axis.

If such a latter wave results in an open-circuit voltage V_{oc} at the open end of the cable, then when the cable is terminated in a (“matched”) load resistor R = Z, the current in that resistor will be V_{oc}/Z, and the time-average power received will be P_{rec} = V^2_{oc}/2Z.

To determine the open circuit voltage V_{oc}, we suppose that the incident wave is from a short linear dipole antenna located at x = (r_0, θ, 0) that is driven by unit current. The dipole antenna is oriented perpendicular to the direction x, with the conductors in the x-z plane. Then, according to an antenna reciprocity theorem, V_{oc} = V^′_{oc} where V^′_{oc} is the open circuit voltage induced in the small dipole antenna when unit current flows in open-ended coaxial cable. See, for example, Appendix B of [33]. Now, for a short dipole antenna of half height h used as a receiver, the open-circuit voltage is simply h times the electric field incident on the antenna. See, for example, [34]. With unit current I_+ in the coaxial cable we have that V_+ = Z, and from eqs. (13)-(14) we then have, E = πZA sin θ 2λ^2r_0 ln(b/a)

, and V_{oc} = V^′_{oc} = Eh = πZAh sin θ 2λ^2r_0 ln(b/a)

, (40)

where A = π(b^2 − a^2) is the cross-sectional area between the conductors of the cable. Thus, the time-average power received in the load resistor R = Z = Z_0 ln(b/a)/2π √ ϵ is,

P_{rec}(θ) =

V^2_{oc} 2Z = π^2ZA^2h^2 sin^2 θ 8λ^4r^2_0 ln^2(b/a) = πZ_0A^2h^2 sin^2 θ 16 √ ϵλ^4r^2_0 ln(b/a)

. (41)

The time-average power per area (perpendicular to x) incident from the small dipole antenna when it is driven by unit current is,

dP_{in} dA = 3 8πr^2_0

P_{dipole} = 3 8πr^2_0

R_{rad,dipole} 2 = 3 8πr^2_0 π 3 Z_0 ( h λ )_2 = Z_0 8r^2_0 ( h λ )_2

, (42)

and hence the effective area of the open-ended coaxial cable when used as a receiver of radiation that propagates at angle θ to the z-axis is,

A_{eff} (θ) =

P (θ) dP_{in}/dA = sin^2 θ 8 √ ϵ ln(b/a) 4πA λ^2

A ≪ A ≪ λ^2 4π . (43)

We can also deduce an effective height h_{coax} of the coaxial cable as a receiving antenna according to, V_{oc}(θ) = E_{in}(θ)h_{coax}(θ), (44) where V_{oc} is given by eq. (40). The incident electric field E_{in} due to unit current in the small dipole antenna is related to the time-average incident power (42) by

dP_{in} dA = ⟨S_{in}⟩ =

E_{in}H_{in} 2 = E^2_{in} 2Z_0

, (45)

so that E_{in}(θ) =

Z_0 sin θ 2r_0

, (46)

and, h_{coax}(θ) = πAZ sin θ λZ_0 ln(b/a) = A sin θ 2 √ ϵλ ≈ b^2 − a^2 λ = (b − a) b + a λ ≪ b − a. (47)

The effective height (47) is much smaller than the gap b − a between the inner and outer conductors of the cable, which is the characteristic length over which higher-order modes fall off from the end of the cable. Hence, it appears to this author that there is no simple relation between the effective height and the structure of those higher-order modes.

References

[1] J.R. Carson, Radiation from Transmission Lines, J. Am. IEE 40, 789 (1921),

http://kirkmcd.princeton.edu/examples/EM/carson_jaiee_40_789_21.pdf

The Guided and Radiated Energy in Wire Transmission, J. Am. IEE 43, 908 (1924),

http://kirkmcd.princeton.edu/examples/EM/carson_jaiee_43_908_24.pdf

[2] M.S. Zolotorev and K.T. McDonald, Time-Reversed Diffraction (Sep. 5, 1999),

http://kirkmcd.princeton.edu/examples/laserfocus.pdf

[3] J.A. Stratton and L.J. Chu, Diffraction Theory of Electromagnetic Waves, Phys. Rev.

56, 99 (1939), http://kirkmcd.princeton.edu/examples/EM/stratton_pr_56_99_39.pdf

[4] S.A. Schelkunoff, Some Equivalence Theorems of Electromagnetics and Their Applications to Radiation Problems, Bell. Syst. Tech. J. 15, 92 (1936),

http://kirkmcd.princeton.edu/examples/EM/schelkunoff_bstj_15_92_36.pdf

On Diffraction and Radiation of Electromagnetic Waves, Phys. Rev. 56, 308 (1939), Appendix III, http://kirkmcd.princeton.edu/examples/EM/schelkunoff_pr_56_308_39.pdf

[5] E.C. Jordan, Electromagnetic Waves and Radiating Systems (Prentice-Hall, 1950), sec. 15.04; E.C. Jordan and K.G. Balmain, Electromagnetic Waves and Radiating Systems, 2nd ed. (Prentice-Hall, 1968), sec. 13.09,

http://kirkmcd.princeton.edu/examples/EM/jordan_68.pdf

[6] W.L. Barrow and F.M. Greene, Rectangular Hollow-Pipe Radiators, Proc. I.R.E. 26, 1498 (1938), http://kirkmcd.princeton.edu/examples/EM/barrow_pire_26_1498_38.pdf

[7] B. Drozd and W.T. Joines, Comparison of Coaxial Dipole Antennas for Applications in the Near-Field and Far-Field Regions, Microwave J. 47, 160 (2004),

http://kirkmcd.princeton.edu/examples/EM/drozd_mj_47_160_04.pdf

[8] O.S.F. Zucker, P.K.-L. Yu and A. Griffin, Photoconductive Switch-Based HPM for Airborne Counter-IED Applications, IEEE Trans. Plasma Sci. 42, 1285 (2014),

http://kirkmcd.princeton.edu/examples/EM/zucker_ieeetps_42_1285_14.pdf

[9] H. Levine and C.H. Papas, Theory of the Circular Diffraction Antenna, J. Appl. Phys.

22, 29 (1951), http://kirkmcd.princeton.edu/examples/EM/levine_jap_22_29_51.pdf

[10] M. Abramowitz and I.A. Stegun, Handbook of Mathematical Functions (Wiley, 1984),

http://kirkmcd.princeton.edu/examples/EM/abramowitz_and_stegun.pdf

[11] A.A. Pistolkors, Theory of the Circular Diffraction Antenna, Proc. Inst. Radio Eng. 36, 56 (1948), http://kirkmcd.princeton.edu/examples/EM/pistolkors_pire_36_56_48.pdf

[12] J. Schwinger, The Theory of Obstacles in Resonant Cavities and Waveguides, MIT 43-34 (May 21, 1943), http://kirkmcd.princeton.edu/examples/EM/schwinger_mit_43-34.pdf

[13] H. Levine and J. Schwinger, On the Theory of Diffraction by an Aperture in an Infinite Plane Screen. I, Phys. Rev. 74, 958 (1949),

http://kirkmcd.princeton.edu/examples/EM/levine_pr_74_958_48.pdf

II, Phys. Rev. 75, 1423 (1949), http://kirkmcd.princeton.edu/examples/EM/levine_pr_75_1423_49.pdf

[14] H. Levine and J. Schwinger, On the Theory of Electromagnetic Wave Diffraction by an Aperture in an Infinite Plane Conducting Screen, Comm. Pure Appl. Math. 3, 355 (1950), http://kirkmcd.princeton.edu/examples/EM/levine_cpam_3_355_50.pdf

[15] R.D. Nevels and J.E. Wheeler, Near Field Radiation from Four Coaxial Line Fed Structures, Micro. Opt. Tech. Lett. 3, 90 (1990),

http://kirkmcd.princeton.edu/examples/EM/nevels_motl_3_90_90.pdf

[16] H. Helmholtz, Theorie der Luftschwingungen in Röhren mit offenen Enden, J. reine angew. Math. 57, 1 (1860),

http://kirkmcd.princeton.edu/examples/mechanics/helmholtz_jram_57_1_60.pdf

[17] G. Kirchhoff, Zur Theorie der Lichtstrahlen, Ann. Phys. 18, 663 (1983),

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_ap_18_663_83.pdf

[18] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[19] H. Poincaré, Théorie Mathematique de la Lumière (George Carré, Paris, II, 1892), pp.

187-188, http://kirkmcd.princeton.edu/examples/EM/poincare_lumiere_92.pdf

[20] E. Wolf and E.W. Marchand, Comparison of the Kirchhoff and the Rayleigh-Sommerfeld Theories of Diffraction at an Aperture, J. Opt. Soc. Am. 54, 587 (1964),

http://kirkmcd.princeton.edu/examples/EM/wolf_josa_54_587_64.pdf

[21] A. Sommerfeld, Mathematische Theorie der Diffraction, Math. Ann. 47, 317 (1896),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_ma_47_317_96.pdf

[22] Lord Rayleigh, On the Passage of Waves through Apertures in Plane Screens, and Allied Problems, Phil. Mag. 43, 259 (1897),

http://kirkmcd.princeton.edu/examples/EM/rayleigh_pm_43_259_97.pdf

On the Incidence of Aerial and Electric Waves upon Small Obstacles in the form of Ellipsoids or Ellliptic Cylinders, and on the Passage of Electric Waves through a circular Aperture in a Conducting Screen, Phil. Mag. 44, 28 (1897),

http://kirkmcd.princeton.edu/examples/EM/rayleigh_pm_44_28_97.pdf

[23] A. Sommerfeld, Die Greensche Funktion der Schwingungsgleichung, Jahresb. Deutsch.

Math. Verein. 21, 309 (1912),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_jdmv_21_309_12.pdf

[24] M.H. Cohen, T.H. Crowley and C.A. Levis, The aperture admittance of a rectangular waveguide radiating into half-space, Antenna Lab., Ohio State U. Res. Found., Report 339-22, (Nov. 1951).

[25] L. Lewin, Advanced Theory of Waveguides (Iliffe, London, 1951),

http://kirkmcd.princeton.edu/examples/EM/lewin_waveguides_51.pdf

[26] J.-H. Kim et al., New Formulas for the Reflection Coefficient of an Open-Ended Rectangular Waveguide Radiating into Air Ingluding the Effect of Wall Thickness or Flange, Prog. Electr. Res. 12, 143 (2010),

http://kirkmcd.princeton.edu/examples/EM/kim_pier_12_143_10.pdf

[27] P.M. Morse and H. Feshbach, Methods of Theoretical Physics, Part I (McGraw-Hill, 1953), pp. 115-116, 125-126 and 509-510,

http://kirkmcd.princeton.edu/examples/EM/morse_feshbach_v1.pdf

[28] R.F. Harrington, Time-Harmonic Electromagnetic Fields (McGraw-Hill, 1961),

http://kirkmcd.princeton.edu/examples/EM/harrington_time-harmonic_fields_61.pdf

[29] J. Galejs, Antennas in Inhomogeneous Media (Pergamon Press, Oxford, 1969),

http://kirkmcd.princeton.edu/examples/EM/galejs_coax_69.pdf

[30] L.L. Tsai, A Numerical Solution for the Near and Far Fields of an Annular Ring of Magnetic Current, IEEE Trans. Ant. Prop. 20, 569 (1972),

http://kirkmcd.princeton.edu/examples/EM/tsai_ieeetap_20_569_72.pdf

[31] J.S. Asvestas, Radiation of a Coaxial Line Into a Half-Space, IEEE Trans. Ant. Prop.

54, 1624 (2006), http://kirkmcd.princeton.edu/examples/EM/asvestas_ieeetap_54_1624_06.pdf

[32] K.T. McDonald, Impedance Matching of Transmission Lines (July 20, 2005),

http://kirkmcd.princeton.edu/examples/impedance_matching.pdf

[33] K.T. McDonald, Power Received by a Small Antenna (Dec. 1, 2009),

http://kirkmcd.princeton.edu/examples/power.pdf

[34] K.T. McDonald, Voltage Across the Terminals of a Receiving Antenna (June 25, 2007),

http://kirkmcd.princeton.edu/examples/receiver.pdf