The Radiation Reaction during the Collapse of a Classical Electric Dipole

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544

(August 24, 2017; updated March 9, 2018)

1 Problem

Discuss the effect of the radiation reaction on the collapse of a classical electric dipole that is initially at rest.

For simplicity, consider electric charge e (which could be negative) together with a much heavier charge −e, which latter can be supposed to remain at rest at all times. You may also restrict the discussion to times when the velocity v of charge e is much less than the speed c of light in vacuum.

2 Solution

2.1 The Radiation Reaction

A survey by the author of the history of thoughts on the radiation reaction is at [1].

In sec. 120, p. 123 of [2], Lorentz (1892) approximated the retarded potentials of Lorenz [3] and Riemann [4] to order 1/c^3 to deduce the self force on an accelerated, extended charge e with low velocity (v ≪ c), finding in his eq. (111) the famous result (in Gaussian units),^1

F_{self} =

2e^2 3c^3 d^2v dt^2 = 2e^2v̈ 3c^2

(v ≪ c). (1)

That is, Lorentz considered the equation of motion for the charge, of mass m, when subject to an external force F_{ext}, to be, mv̇ = F_{ext} + F_{self} . (2)

Lorentz made no connection between this force and radiation at the time, which connection rather was made by Planck (1896) [5], who considered that there should be a damping force on an accelerated charge in reaction to its radiation, and by a clever transformation arrived at a “radiation-damping” force identical to eq. (1).^2 Subsequently, Abraham (1905), sec. 15

1Lorentz’ form (1) is independent of the size of the classical charge. However, this form is only the first term in a series expansion that includes terms with even higher derivatives of the velocity together with powers of a characteristic length r.

2Planck’s result was based on the approximation of electric-dipole radiation (that had been first analyzed by Hertz in 1889 [6]). In case of magnetic-dipole radiation (first analyzed by FitzGerald in 1883 [7, 8]), as for two like charges e moving in a circle of radius r, the radiation damping force is F_{damping,M1} = −e^2r^{2....}v /6c^5, as discussed in sec. 2.3 of [9].

of [10], extended Planck’s argument to arbitrary velocity, find the radiation damping force to be,

F_{damping} =

2e^2 3c^3 [ γ^2v̈ + γ^4v(v · v̈) c^2 + 3γ^4v̇(v · v̇) c^2 + 3γ^6v(v · v̇)^2

c^4 ] , (3)

where γ = 1/ √ 1 − v^2/c^2, which equals Lorentz’ form (1) when v = 0.

In 1908, Abraham, p. 387 of [11], and Von Laue [12] showed that a Lorentz transformation of the self force (1) from the rest frame of a charge to one in which it has velocity v yields the form (3), such that in general the self force and the radiation damping force on a classical charge are the same. In 1912, Schott, Appendix D of [13], extended Lorentz’ derivation of the self force (via expansion of the retarded potentials) to arbitrary velocity, finding it to be the same as the damping force (3) in the leading approximation. Since the self force of Lorentz and Schott and the radiation-damping force of Planck and Abraham, appear to be the same (in suitable approximations), we now call both of them the radiation-reaction force.

In this note, we restrict our attention to the low-velocity radiation-reaction force, eq. (1). Since the radiation-reaction force is very small compared to the “external” forces (in physically reasonable examples),^3 its effect on the motion is slight, and we approximate the velocity v that appears in eq. (1) by the velocity in the absence of the radiation reaction.

2.2 Freely Collapsing Dipole

Neglecting the radiation-reaction force, the low-velocity equation of motion for charge e, with mass m, of the electric dipole (with charge −e assumed to be fixed at the origin) is,

mv̇ = − e^2 z^2 ẑ (v ≪ c), (4)

taking charge e to lie along the positive z-axis.

The resulting velocity, for motion beginning at rest at position z_0 > 0, follows from conservation of energy (neglecting both radiation and the radiation reaction) as,

v(z) = − |e| √ 2 m ( 1 z − 1 z_0 ) ẑ. (5)

The time derivative of eq. (4) yields,

v̈ =

2e^2 v mz^3

, (6)

which points toward charge −e at the origin.

Approximating the radiation-reaction force as eq. (1) with v̈ of eq. (6), we have,

F_{radreact} =

4e^4 v 3mc^2z^3 = − 4 |e|^5 3mc^2z^3 √ 2 m ( 1 z − 1 z_0 ) ẑ (v ≪ c). (7)

3We follow Planck, sec. 6 of [5], in regarding “runaway” solutions, that can occur formally when the radiation-reaction force exceeds the “external” force, as having no physical meaning (keine Bedeutung).

This force adds to the Coulomb force F_{Coulomb} = −e^2 x̂/x^2, rather than opposing it as might have been expected from the interpretation of the radiation-reaction force as a damping force.

Is there something wrong with the above analysis (or with the concept of the radiationreaction force)?

To help answer this question, it is useful to consider the electromagnetic fields, and the Poynting vector [16], of the electric dipole as it collapses.

For this, we approximate the initial size z_0 of the dipole as “small”, and use the fields of a “point” electric dipole with arbitrary time dependence,^4

E(r, t) =

([p̈] × r̂) × r̂ c^2r + 3([ṗ] · r̂)r̂ − [ṗ]

cr^2 + 3([p] · r̂)r̂ − [p] r^3

, (8)

B(r, t) =

[p̈] × r̂

c^2r + [ṗ] × r̂ cr^2

, (9)

where [p(t)] = p(t − r/c) is the retarded dipole moment. In the present example, the electric dipole moment, p(t) = ez(t) ẑ = p(t) ẑ, and its time derivatives are all along the z-axis, so the fields (8)-(9) can be written as,

E(r, t) =

[p̈] sin θ c^2r θ̂ + (2 cos θ r̂ + sin θ θ̂) ( [ṗ] cr^2 + [p] r^3 ) , (10)

B(r, t) = ( [p̈] c^2r + [ṗ] cr^2 ) sin θ ϕ̂. (11)

The retarded derivatives [ṗ] and [p̈] are nonzero only for t > r/c, assuming that the collapse starts at time t = 0. The radial component of the Poynting vector is,

S_r(r, t) = cE_θB_ϕ 4π = sin^2 θ 4π ( [p̈]^2 c^3r^2 + 2[ṗ p̈] c^2r^3 + [p p̈ + ṗ^2] cr^4 + [p ṗ] r^5 ) . (12)

Close to the dipole, the last term of eq. (12) dominates,

S_r(r_{small}, t > r/c) ≈

[p ṗ] sin^2 θ 4πr^5 = − |e|^3 sin^2 θ

4πr^5 √ 2[z] m ( 1 − [z] z_0 ) < 0. (13)

Thus, close to the collapsing dipole, the flow of electromagnetic field energy is onto the dipole, rather than away from it as one might naïvely have expected.

In contrast, far from the dipole, where the first term of eq. (12) dominates, the flow of electromagnetic energy is outward, as expected for radiation into the far zone.

While one can say that the collapsing dipole “radiates” energy, this energy does not come from the dipole itself, but rather from the energy previously stored (at times t < 0) in the static field of the dipole. While the flow of energy in the far zone is associated with the acceleration of charge e, that acceleration does not “cause” the “radiation”, in the sense that the radiated energy does not come from the accelerated charge.^5

4Equations (8)-(9) are derived in the Appendix of [14]. See also [15].

5This disconcerting behavior of collapsing dipoles was first noted in [17] for the case of exponential decay of the dipole moment. See also [18] and the examples in [14].

Close to the collapsing dipole, where electromagnetic-field energy flows onto it, we now expect the reaction to this “radiation” to be an increase in the kinetic energy of the charge e, due to a radiation-reaction force that points toward the origin and adds to the inward Coulomb force, rather than opposing it.^6

2.3 Comments

This example also illustrates an issue in the derivation of the radiation-reaction force.

As noted by Abraham in sec. 15 of [10], it seems natural to consider the radiation-reaction force to be equal and opposite to the rate of momentum radiated by an accelerated charge,^7

F_{rad} = − dP_{rad} dt = − dU_{rad} dt v c^2

= − −

2e^2γ^4v 3c^5 [ v̇^2 + γ^2

(v · v̇)^2 c^2 ] . (14)

However, this goes to zero at low velocity (and does not depend on v̈ as does eq. (1) of Lorentz and Planck). Abraham argued that via integrating by parts of the energy ∫ F_{rad} ·v dt delivered to an accelerated charge by F_{rad}, one finds the radiation-damping force (3), which reduces to eq. (1) in the low-velocity limit.^8

Thus, it appears that a transformation of F_{rad} of eq. (14) into eq. (3), rather than F_{rad} itself, is actually the radiation-reaction force. This result has always been somewhat disconcerting. The present example reminds us that the quantities dU_{rad}/dt and dP_{rad}/dt refer to energy and momentum in the far zone, and do not necessarily reflect the changes in electromagnetic-field energy and momentum close to the accelerated source charge.^9 Hence, we should not expect that eq. (14) correctly describes the reaction of the charge to the radiation process.

It remains impressive that the “trick” of integration by parts (first applied to the radiation reaction by Planck [5]) does seem to yield a valid result, starting from a doubtful one.

Perhaps we should close by noting with Wigner [24] “the unreasonable effectiveness of mathematics in the natural sciences”.

References

[1] K.T. McDonald, On the History of the Radiation Reaction (May 6, 2017),

kirkmcd.princeton.edu/examples/selfforce.pdf

6This behavior constitutes a violation of Lenz’ law [23], if one considers the radiation reaction to be an “induced effect”.

7The expression for dU_{rad}/dt, for the total power radiated into the far zone, had been deduced by Liénard (1898) in eq. (21) of [19], and by Heaviside (1902) in eq. (10) of [20].

8Abraham’s argument is transcribed into English in sec. 14 of [1].

9Another such example is the famous case of a uniformly accelerated charge (first studied by Born [21], and greatly clarified by Schott [13, 22]), for which the radiation-reaction force (3) vanishes, while dU_{rad}/dt crossing a sphere surrounding the charge does not. Since no electromagnetic field energy flows away from the charge itself, one might say that the charge does not “radiate”, but a distant observer at rest detects “radiation” = flow of electromagnetic into his/her detector and therefore says that the accelerated charge is associated with “radiation”.

[2] H.A. Lorentz, La Théorie Électromagnétique de Maxwell et son Application aux Corps Mouvants, Arch. Neérl. 25, 363 (1892),

kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[3] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[4] B. Riemann, Ein Beitrag zur Elektrodynamik, Ann. d. Phys. 207, 237 (1867),

kirkmcd.princeton.edu/examples/EM/riemann_ap_207_237_67.pdf

A Contribution to Electrodynamics, Phil. Mag. 34, 368 (1867),

kirkmcd.princeton.edu/examples/EM/riemann_pm_34_368_67.pdf

[5] M. Planck, Über electrische Schwingungen, welche durch Resonanz erregt und durch Strahlung gedämpft werden, Ann. d. Phys. 60, 577 (1897),

kirkmcd.princeton.edu/examples/EM/planck_ap_60_577_97.pdf

[6] H. Hertz, Die Kräfte electrischer Schwingungen, behandelt nach der Maxwell’schen Theorie, Ann. d. Phys. 36, 1 (1889), kirkmcd.princeton.edu/examples/EM/hertz_ap_36_1_89.pdf The Forces of Electrical Oscillations Treated According to Maxwell’s Theory, Nature 39, 402, 450, 547 (1889), kirkmcd.princeton.edu/examples/EM/hertz_nature_39_402_89.pdf

[7] G.F. FitzGerald, On the Quantity of Energy Transferred to the Ether by a Variable Current, Trans. Roy. Dublin Soc. 3 (1883),

kirkmcd.princeton.edu/examples/EM/fitzgerald_trds_83.pdf

On the Energy Lost by Radiation from Alternating Electric Currents, Brit. Assoc. Rep. 175, 343 (1883), kirkmcd.princeton.edu/examples/EM/fitzgerald_bar_83.pdf

[8] K.T. McDonald, FitzGerald’s Calculation of the Radiation of an Oscillating Magnetic Dipole (June 20, 2010), kirkmcd.princeton.edu/examples/fitzgerald.pdf

[9] K.T. McDonald, The Radiation-Reaction Force and the Radiation Resistance of Small Antennas (Jan. 21, 2006), kirkmcd.princeton.edu/examples/resistance.pdf

[10] M. Abraham, Theorie der Elektrizität. Zweiter Band: Elektromagnetische Theorie der Strahlung (Teubner, 1905),

kirkmcd.princeton.edu/examples/EM/abraham_theorie_der_strahlung_v2_05.pdf

[11] M. Abraham, Theorie der Elektrizität. Zweiter Band: Elektromagnetische Theorie der Strahlung, 2nd ed. (Teubner, 1908),

kirkmcd.princeton.edu/examples/EM/abraham_foppl_elektrizitat_v2_08.pdf

[12] M. von Laue, Die Wellenstrahlung einer bewegten Punktladung nach dem Relativitätsprinzip, Ann. d. Phys. 28, 436 (1909),

physics.princeton.edu/~mcdonald/examples/EM/vonlaue_ap_28_436_09.pdf

[13] G.A. Schott, Electromagnetic Radiation and the Mechanical Reactions Arising from It (Cambridge U. Press, 1912), especially Chap. XI and Appendix D.

kirkmcd.princeton.edu/examples/EM/schott_radiation_12.pdf

[14] K.T. McDonald, The Fields of a Pulsed, Small Dipole Antenna (Mar. 16, 2007),

kirkmcd.princeton.edu/examples/pulsed_dipole.pdf

[15] P.R. Berman, Dynamic creation of electrostatic fields, Am. J. Phys. 76, 48 (2008),

kirkmcd.princeton.edu/examples/EM/berman_ajp_76_48_08.pdf

[16] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc./ London 175, 343 (1884),

kirkmcd.princeton.edu/examples/EM/poynting_pt_175_343_84.pdf

[17] L. Mandel, Energy Flow from an Atomic Dipole in Classical Electrodynamics, J. Opt.

Soc. Am. 62, 1011 (1972), kirkmcd.princeton.edu/examples/EM/mandel_josa_62_1011_72.pdf

[18] H.G. Schantz, The flow of electromagnetic energy in the decay of an electric dipole, Am.

J. Phys. 63, 513 (1995), kirkmcd.princeton.edu/examples/EM/schantz_ajp_63_513_95.pdf Electromagnetic Energy Around Hertzian Dipoles, IEEE Ant. Prop. Mag. 43, 50 (2001),

kirkmcd.princeton.edu/examples/EM/schantz_ieeeapm_43_50_01.pdf

[19] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[20] O. Heaviside, The Waste of Energy from a Moving Electron, Nature 67, 6 (1902),

kirkmcd.princeton.edu/examples/EM/heaviside_nature_67_6_02.pdf

[21] M. Born, Die Theorie des starren Elektrons in der Kinematik des Relativitätsprinzips, Ann. d. Phys. 30, 1 (1909), kirkmcd.princeton.edu/examples/EM/born_ap_30_1_09.pdf

kirkmcd.princeton.edu/examples/EM/born_ap_30_1_09_english.pdf

[22] V. Onoochin and K.T. McDonald, Fields of a Uniformly Accelerated Charge (Aug. 19, 2014), kirkmcd.princeton.edu/examples/schott.pdf

[23] E. Lenz, Ueber der Bestimmung der Richtung der durch elektrodynamische Vertheilung erregten galvanischen Ströme, Ann. d. Phys. 21, 483 (1834),

kirkmcd.princeton.edu/examples/EM/lenz_ap_21_483_34.pdf

[24] E. Wigner, The Unreasonable Effectiveness of Mathematics in the Natural Sciences, Comm. Pure Appl. Math. 8, 1 (1960),

kirkmcd.princeton.edu/examples/QM/wigner_cpam_8_1_60.pdf