Distortionless Transmission Line

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (November 11, 1996; updated February 10, 2018)

1 Problem

Deduce the differential equation for current (or voltage) in a two-conductor transmission line that is characterized by resistance R (summed over both conductors), inductance L, capacitance C and leakage conductance K, all defined per unit length. The leakage conductance describes the undesirable current I_{leakage} (per unit length) that flows directly from one conductor to the other across the dielectric that separate them according to,

I_{leakage} = KV, (1)

where V (x, t) is the voltage between the two conductors, taken to be along the x axis.^1

Deduce a relation among R, L, C and K that permits “distortionless” waves of the form,

e^{−γx}f(x − vt) (4)

to propagate along the transmission line. Give expressions for v and γ in terms of R, L and C, and discuss the line impedance Z = V/I for distortionless transmission.

1The leakage current I_{leakage} = KV per unit length can be related to the conductivity σ of the medium surrounding the conductors by considering length dx along one conductor,

I_{leakage} dz = σ ∫ E_⊥ dArea = σ ϵ ∫ D_⊥ dArea = σ ϵ Q = σ ϵ V C dx, (2)

where ϵ is the permittivity of the medium. Then, we find K = σC/ϵ.

When considering propagation of waves with time dependence e^{−iωt} (= e^{jωt}) (which tacitly assumes there is no distortion), the permittivity can be written as ϵ = ϵ^′ + iϵ^{′′}, where nonzero ϵ^{′′} characterizes energy loss in the oscillating dipoles of the medium. In this case the relation between the total current J in the medium and the electric field E includes the polarization current ∂D/∂t, according to J = J_{cond} + J_{pol} = σE + Re(−iωD) = (σ + ωϵ^{′′})E ≡ σ_T E, so that σ_T = σ + ϵ^{′′}ω. Then, the (real) conductance K can be written as, K = C(σ + ωϵ^{′′}) ϵ^′

≡ ωC tan δ, where tan δ ≡ σ + ωϵ^{′′} ωϵ^′ (3) is the so-call loss tangent. The conductance K is constant at low frequencies but varies linearly with ω at high frequencies.

2 Solution

Referring to the sketch below, Kirchhoff’s rule for the circuit of length dz (shown by dashed lines) tells us that,

V (x) − I(R dx) − V (x + dx) − (L dx) ∂I ∂t = 0, or − ∂V ∂x = L ∂I ∂t + IR. (5)

Next, the charge dQ that accumulates on length dx of the upper wire during time dt is (C dx) V in terms of the difference V in voltage between the wires, which also can be written in terms of currents as,

Q = (C dx) dV = [I(x) − I(x + dx) − I_{leakage} dx] dt, so − ∂I ∂x = C ∂V ∂t + KV. (6)

Together these imply the desired wave equation,

∂^2I ∂x^2

= LC

∂^2I ∂t^2

+ (RC + KL) ∂I ∂t + KRI. (7)

We seek solutions of the form,

I = e^{−γx}f(x − vt), (8)

for which, ∂I ∂t = −ve^{−γx}f^′, and

∂^2I ∂t^2

= v^2e^{−γx}f^{′′}, (9)

while, ∂I ∂x = −γe^{−γx}f + e^{−γx}f^′, so

∂^2I ∂x^2

= γ^2e^{−γx}f − 2γe^{−γx}f^′ + e^{−γx}f^{′′}. (10)

Inserting these into the wave equation we find,

γ^2f − 2γf^′ + f^{′′} = KRf − v(RC + KL)f^′ + v^2LCf^{′′}. (11)

This should be true for an arbitrary function f, so the coefficients of each derivative of f must separately be equal, γ = √ KR, 2 γ v = RC + KL = 2 √ RCKL, and v = √ 1 LC , (12)

where we have used the first and third relations in obtaining the second form of the second. In general, a + b ≠ 2 √ ab; this only holds when a = b. So, we deduce the desired condition,

RC = KL, (13)

for distortionless telegraphy.^2 With this condition, we can re-express γ as γ = R √ C/L.

Finally, we consider the impedance Z = V/I, assuming the line to be driven sinusoidally with time dependence e^{−iωt} (= e^{jωt}). For this, we suppose that V = V_0 e^{−γx}e^{i(kx−ωt)} and I = V/Z, where the wave number k is related by k = ω/v = ω √ LC. Using these forms^3 in eqs. (5) and (6) we find that,

Z = √ R − iωL K − iωC = √ L C (RC/KL)K^2 + ω^2C^2 K^2 + ω^2C^2

+ iω

RC − KL K^2 + ω^2C^2 ( = √ R + jωL K + jωC ) . (14)

Not only is the line impedance purely real, with value Z = √ L/C, when both R and K are zero, but also when condition (13) for distortionless transmission is satisfied.

Remarks: A typical cable has RC ≫ KL at low frequencies, where K is constant. It costs a lot to reduce RC, although this was the direction of industry prior to Heaviside. He noted that one shouldn’t even try to reduce leakage K, so long as the signal is not attenuated until it is undetectable – and the distortion-free condition makes it much easier to detect small signals. Rather one should increase the inductance, or leakage, or both! This counterintuitive result did not sit well with industry leaders, who, needless to say, were little guided by partial differential equations.

At high frequencies the conductance K rises linearly with frequency, so there is always a particular (high!) frequency at which condition (13) is satisfied, and Z is purely real, without inductive loading of the line.

2The condition (13) is equivalent to the statement that the resistive losses per unit length, |I|^2 R/2, are equal to the leakage-current (dielectric) losses per unit length, |I_{leakage}|^2 /2K = | |V 2 | | K/2.

3These forms are “exact” solutions to the wave equation (7) only if the distortionless condition (13) holds, although eq. (14) follows in general from the first-order differential equations (5)-(6) when using these forms. That is, the notion of an impedance Z associated with waves of a pure angular frequency ω is a good approximation for lines shorter than 1/γ, for which the wave equation (7) is well satisfied by waves of the form V = V_0e^{−γx}e^{i(kx−ωt)} and I = V/Z.

A Appendix: Historical Note

A wave equation for charge and current on a single wire was first given by Kirchhoff [1, 2] (1857) in the context of Weber’s electrodynamics [3]. The consideration of a single wire by Kirchhoff followed the practice of telegraphy at the time [4]-[8], in which only a single wire appeared to be involved, and the role of the ground/earth as a return path to “complete the circuit” was not yet recognized,^4 as were neither the capacitance between the wire and ground/earth nor the self inductance of the wire + ground circuit.

Weber followed Neumann (1845) [9] who had introduced the concept of mutual inductance M of two circuits (but not the self inductance L of a single circuit), as well as the vector potential A. For example, the magnetic flux Φ_{12} through circuit 1 due to current I_2 in circuit 2 is related by Φ_{12} = M_{12}I_2 = ∫ B_2 · dArea_1 = ∮ A_2 · dl_1. We would now add that the integral form of Faraday’s law then tells us that if current I_2 varies with time, a (scalar) EMF is induced in circuit 1 related by E_{12} = −Φ̇_{12} = −M_{12}İ_2. However, Neumann, Weber and Kirchhoff did not say this, but rather emphasized the (vector) electromotive) force (electromotorische Kraft) of one current element on another, and that the (scalar) EMF on current element 1 due to changes in current element 2 is related by E_{12} = −k_{12}İ_2, where k_{12} is a geometric factor.^5

Rather impressively, Kirchhoff [2] deduced a wave equation for the current and charge on current elements (conductors), finding the wavespeed to be c = 1/ √ ϵ_0μ_0, where the constants ϵ_0 and μ_0 can be determined from electro- and magnetostatic experiments (Weber and Kohlsrausch (1856) [11]), and the value of c was close to the speed of light as then known. However, as Weber’s electrodynamics was based on action-at-a distance, and was not a field theory in the sense of Faraday and Maxwell, Weber and Kirchhoff did not infer that, since electric waves on wire moved at light speed, light must be an electromagnetic phenomenon.

We now consider that electromagnetic waves associated with conductors are almost entirely outside the conductors, and that the wavespeed of surface charge and current densities matches the wave speed in the medium outside the conductor, i.e., c in case of vacuum. Kirchhoff’s argument was the first demonstration of the latter result, which holds for waves propagating parallel to the surface of a conductor of “any” shape. In this sense, Kirchhoff did not deduce the “telegrapher’s equation” for transmission lines based on two, parallel conductors, for which the wave speed is v = 1/ √ LC, where L and C are the inductance and capacitance per unit length. This behavior is consistent with Kirchhoff’s result because of a general (geometrical) “theorem” that LC = ϵ_0μ_0 = 1/c^2 for a one-dimensional transmission line, if dielectric effects can be ignored and the current flows only on the surface of the conductors. See, for example, [12, 13, 14].

The term impedance in circuit analysis was introduced by Heaviside in 1886 [15]. The kind of derivation of the “telegrapher’s equation” found in textbooks today, us-

4Kirchhoff mentioned the earth on p. 406 of [2] (English version), but only as a reference at zero potential, and not as a conductor.

5The first analysis to relate an EMF to a (self) inductance of a circuit was given in 1851 by Helmholtz [10], who gave a model of propagation of electric signals on nerves as an L-R circuit.

ing Kirchhoff’s circuit laws, was first given by Heaviside in 1876 [16].^{6,7} See also [18, 19] (where p = d/dt in the latter), which mentioned Kirchhoff’s derivation as transcribed by J.J. Thomson, p. 138, June 25, (1886) of [20].^8

Discussion of a “distortionless” transmission line was made by Heaviside in 1887 [21],^9 who argued that long-distance telegraph lines (including trans-Atlantic cables) should be designed to be “distortionless”. Previous cables were fairly far from this ideal, and compatible with a theory of W. Thomson (Lord Kelvin) [22] that ignored the effect of inductance (and so considered telegraphy to be a diffusion phenomenon rather than a wave phenomenon). However, long cables are expensive so there was considerable hesitation to abandon the large existing capital investment and implement the proposed improvements.^{10} Large-scale implementation of “distortionless” telegraphy occured only after 1900 following vigorous advocacy by M. Pupin [23], for whom the physics building of Columbia U. is named.

References

[1] G. Kirchhoff, Ueber die Bewegung der Elektricitat in Drähten, Ann. d. Phys. Chem.

100, 193 (1857), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_100_193_57.pdf On the Motion of Electricity in Wires, Phil. Mag. 13, 393 (1857),

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_pm_13_393_57.pdf

[2] G. Kirchhoff, Ueber die Bewegung der Elektricität in Drähten, Ann. Phys. Chim. 102, 529 (1857), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_100_193_57.pdf

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_102_529_57_english.pdf

[3] W. Weber, Elektrodynamische Maassbestimmungen, Abh. König. Sächs. Gesell. Wiss.

209 (1846), http://kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

http://kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46_english.pdf

6Heaviside denoted the resistance per unit length of the wire by r, its capacitance per unit length by c, and its inductance per unit length by s. On p. 143 of [16], Heaviside noted that in addition to the current in the wire, there is a reverse current in the earth.

7The term telegrapher’s equation was coined by Poincaré [17] (1893): d’équation des télégraphistes. 8Heaviside’s struggles to follow Kirchhoff’s argument appear on pp. 279-280 of [18] and on pp. 81-82 of [19]._9

Heaviside indicated his dissatisfaction with Kirchhoff’s argument on p. 310 of [21]: In treatments of electromagnetism by the German methods, a current element and its properties of attraction, repulsion, etc., occupy an important place. It is, however, quite an abstraction and devoid of physical significance when by itself. But the current element in our theory above, ...., is a physical reality. It is a complete electromagnetic system of itself, with the electric currents closed. To fix ideas most simply, the two conductors may a wire in an enveloping tube separated by a dielectric...

In the last sentence above, Heaviside invented the concept of a coaxial cable.

His main point was perhaps that Kirchhoff considered only a single wire, which if straight would not form a complete circuit, so the meaning of Kirchhoff’s wave equation was suspect. Nonetheless, Kirchhoff’s wave equation is valid when applied to two-conductor transmission lines in which there is only one wire plus “ground” as the second conductor (and no dielectric). So, Heaviside’s point should have been that Kirchhoff did not realize that his “circuit” had a second conductor.

10Indeed, the editor of the journal that published Heaviside’s papers was fired for being too sympathetic to Heaviside’s views that were initially quite unpopular with industry. Heaviside, who was unemployed for most of his life, could not be fired!

[4] E. Highton, The Electric Telegraphy: Its History and Progress (Weal, London, 1852),

http://kirkmcd.princeton.edu/examples/EM/highton_telegraph_52.pdf

[5] L. Turnbull, The Electro-Magnetic Telegraph: with a Historical Account of Its Rise, Progress and Present Condition (Hart, Philadelpha, 1853),

http://kirkmcd.princeton.edu/examples/EM/turnbull_telegraph_53.pdf

[6] G.B. Prescott, History, Theory, and Practice of the Electric Telegraph (Ticknor and Fields, Boston, 1866), http://kirkmcd.princeton.edu/examples/EM/prescott_telegraph_66.pdf

[7] R. Sabine, The History and Progress of the Electric Telegraph (Lockwodd, London, 1872), http://kirkmcd.princeton.edu/examples/EM/sabine_telegraph_72.pdf

[8] J.J. Fahie, A History of Electric Telegraphy to the Year 1837 (Spon, London, 1884),

http://kirkmcd.princeton.edu/examples/EM/fahie_telegraphy_84.pdf

[9] F.E. Neumann, Allgemeine Gesetze der inducirten elektrischen Ströme, Abh. König.

Akad. Wiss. Berlin 1, 45 (1845), http://kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_45.pdf

[10] H. Helmholtz, Ueber die Dauer und den Verkauf der durch Stromesschwankungen inducirten elektrischen Ströme, Ann. d. Phys. Chem. 88, 505 (1851),

http://kirkmcd.princeton.edu/examples/EM/helmholtz_ap_88_505_51.pdf

[11] W. Weber and R. Kohlsrausch, Ueber die Elektricitätsmenge, welche bei galvanischen Strömen durch den Querschnitt der Kette fliesst, Ann. d. Phys. 99, 10 (1856),

http://kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56.pdf
http://kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56_english.pdf

[12] A. Föppl Theorie del Elektrizität, Vol. 1, sec. 73, p. 331 (Teubner, Leipzig, 1904),

http://kirkmcd.princeton.edu/examples/EM/abraham_foppl_elektrizitat_v1_04.pdf

[13] R. Becker, Electromagnetic Fields and Interactions, pp. 255-256 (Blaisdell, 1964).

[14] K.T. McDonald, Waves in Conducting Media, pp. 155-157

http://kirkmcd.princeton.edu/examples/ph501/ph501lecture13.pdf

[15] O. Heaviside, Oscillatory impressed force at one end of a line, Electrician 17, 212 (1886),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_17_212_86.pdf

[16] O. Heaviside, On the Extra Current, Phil. Mag. 2, 135 (1876),

http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_2_135_76.pdf

[17] H. Poincaré, Sur la propagation de l’électricité, Compte Rendu Acad. Sci. 117, 1027 (1893), http://kirkmcd.princeton.edu/examples/EM/poincare_cras_117_1027_93.pdf

[18] O. Heaviside, On the Self-induction of Wires—Part II, Phil. Mag. 22, 273 (1886),

http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_22_273_86.pdf

[19] O. Heaviside, Electrical Papers, Vol. 2, sec. 33, pp. 81-86 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_2.pdf

[20] J.J. Thomson, Electrical Theories, Electrician 16, 246 - 17, 324 (1886),

http://kirkmcd.princeton.edu/examples/EM/thomson_electrician_16_246_86.pdf

Also in Rep. Brit. Assoc. Adv. Sci. 55, 97 (1886),

http://kirkmcd.princeton.edu/examples/EM/thomson_baas_55_97_86.pdf

[21] O. Heaviside, The Transmission of Electromagnetic Waves along Wires without Distortion, Electrical Papers, Vol. 2, p. 307 (Macmillan, 1894),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_2.pdf

[22] W. Thomson, On the Theory of the Electric Telegraph, Proc. Roy. Soc. London 7, 382 (1855), http://kirkmcd.princeton.edu/examples/EM/thomson_prsl_7_382_55.pdf

[23] M.I. Pupin, Propagation of Long Electrical Waves, Trans. Amer. Inst. Elec. Eng. 16, 93 (1899), http://kirkmcd.princeton.edu/examples/EM/pupin_taiee_16_93_99.pdf