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1 Problem

An infinitely long wire with linear charge density —A\ lies along the z axis. An insulating
cylindrical shell of radius a and moment of inertia I per unit length is concentric with the
wire, and can rotate freely about the z axis. The areal charge density on the cylinder is
0 = A\/2ma and is uniformly distributed.
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The cylinder is immersed in an external magnetic field B.cz, and is initially at rest.
Starting at ¢t = 0 the external magnetic field is slowly reduced to zero over a time 7' > a/c,
where c is the speed of light. What is the final angular velocity w of the cylinder?

2 Solution

This problem is a version of the Feynman disk paradox [1]-[25] that is particularly easy
to analyze.! However, it avoids a subtle point related to the return flux of the external
magnetic field, as discussed in sec. 2.4. This problem is based on earlier discussions by
McKenna [26, 27] and by Romer [2].

!The cylinder paradox had its origins in a discussion by J.J. Thomson, p. 348 of [23], the paper that
introduced the concept of electromagnetic field angular momentum. See also [24].



2.1 Solution Via Conservation of Angular Momentum

The initial angular momentum L; (per unit length) of the system is entirely due to the
electromagnetic field,
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L; fiela = /r X p dArea = 27r/ r X rdr, (1)
0
recalling that the field momentum density is the Poynting vector S = cExB /47 (in Gaussian
units) divided by ¢?, where c is the speed of light.
In the present problem, an electric field exists only for r < a, since the charge density o
on the cylinder has been chosen to cancel the field from the charged wire for » > a. From
Gauss’ law we obtain,
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and hence the field momentum density in a cylindrical coordinate system (r, ¢, z) is,
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The initial angular momentum is therefore?
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Li7ﬁeld =27 Y rdr = Z. (5)
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The angular momentum when the external magnetic field is zero is due to the rotation of

the cylinder at angular velocity w. There is now the mechanical angular momentum /w as

well as the field angular momentum due to the solenoidal magnetic field inside the rotating,

charged cylinder. The azimuthal current (per unit length) is,
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The resulting final magnetic field is along the z axis, with strength,
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B, = (r <a), (7)
independent of radius for » < a according to Ampere’s law. Since this field is in the same
sense as the original field, we can immediately use eq. (5) to find the final field angular
momentum:
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2As discussed, for example, in [28], the field angular momentum in quasistatic examples can also be
computed via,
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noting that the vector potential of the external magnetic field is A(C) = r By (}5/ 2.



The total angular momentum in the final state is therefore,

MNa?
Lf = Lf,mechanical + Lf,ﬁeld = (I + 2 ) WZ. (9)

Since there is no frictional torque in this problem (and we ignore radiation), angular
momentum is conserved. Hence,
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The presence of ¢? in the denominator of the last term of eq. (10) indicates the presence of
relativistic effects in this problem.

2.2 Solution Via Faraday’s Law

As the magnetic field drops, its time derivative B results in an induced electric field in the
azimuthal direction. According to Faraday’s law, we have,
rB.
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This field acts on the charged cylindrical shell to produce an azimuthal torque (per unit
length) of, .
)\aQBz . dLmechanical dw
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We integrate to find the final angular velocity,
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Again, we must note that the final magnetic field is not zero, but is given by eq. (7). With
this, eq. (13) becomes,
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which again leads to eq. (10).

2.3 Another Relativistic Correction

This section was written April, 2002.

In addition to the above accounting of angular momentum, there is a small amount
of initial angular momentum associated with the motion of the conduction current that
produces the field B.c. Furthermore, in the final state the cylinder of radius a is rotating
angular velocity w, so its moment of inertia increases by the factor v = 1/4/1 — a?w?/¢? due
to the relativistic increase of mass.?

3The related issue of the relation between mechanical kinetic energy of electrical currents and magnetic
field energy is considered in [29].



To characterize the initial mechanical angular momentum, we suppose the magnetic field
B« is produced by a long cylinder of radius b > a, which must therefore carry azimuthal
current (per unit length along the z axis),

Iy = — Bey. (15)

This current is due to an areal number density n. of conduction electrons that we take to
have velocity v.. Then, the current I is also related by,

Iy = —enu,, (16)

writing e > 0 as the magnitude of the charge of the electron. Hence,
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The initial mechanical angular momentum (per unit length) associated with conduction

electrons is,
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where the total number of conduction electrons per unit length is 2wbn,., m. is the rest mass
of the electron, and 7, = 1/4/1 —v2/c? ~ 1. Combining this with eq. (5), the total initial
angular momentum is,
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where 1. = ¢?/m.c? is the classical electron radius. The last term in eq. (19) is not necessarily
small, since e/r, corresponds to & 10'3 electrons/cm.

Reviewing the argument of sec. 2.2, we see that in eq. (12) the derivative dw/dt should
really be dyw/dt, with the moment of inertia I being calculated using the rest mass of the
cylinder. However, eq. (7) for the final magnetic field remains the same, so eq. (14) becomes,
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Expanding v as approximately 1 + a?w?/2¢?, we find,
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2.4 A Subtle Point

This section was updated May 2015.
This example, and near equivalents [2, 7, 26|, are crafted so as to avoid a complication
associated with the return flux of the magnetic field.



To see the difficulty, suppose instead that the linear charge density on the central wire
were Ao, while that on the cylinder of radius a is still called A. Then, according to eq. (1),
the initial field angular momentum would be,
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where b is the radius of the solenoid that provides the external field. Here, we make the usual
(but as we will see, unwarranted) assumption that the field of a long solenoid is essentially
zero outside the solenoid.

The final magnetic field is still given by eq. (7), so the final field angular momentum
would be,

Aw .
Ly fiea = g[)\GQ — (A 4 Xo)b?)z. (23)

The total final angular momentum would be,
Ay o 2 A
L= (I+ g[)\a — (A + X)) | wz. (24)

Equating (22) and (24) the final angular velocity would be,
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However, the argument in sec. 2.2 based on Faraday’s law is exactly the same as before,
which again implies that the final angular velocity is given by eq. (10).

The argument based on Faraday’s law seems the more robust, so I conclude that eq. (10)
is correct for any value of the charge density A\g on the central wire.

The field angular momentum calculations must be in error.

Real solenoids have only finite length, and the magnetic field is not quite zero outside the
solenoid since all of the magnetic flux inside the solenoid must be returned on paths outside
the solenoid. As discussed in [28], computations of field angular momentum associated with
long solenoids are more reliably made using eq. (4) than eq. (1). We see that the form (4)
predicts a field angular momentum that is independent of the charge density \g along the
axis, which restores agreement with the argument based on Faraday’s law.*

2.5 Do the Electric and Magnetic Field Lines Rotate When the
Cylinder Rotates?

This section is based on a query by Michael Romalis, May 20, 2015.

Suppose the charged cylinder were rotating with angular velocity w in the absence of any
external magnetic field. The electric field is again given by eq. (2), and the magnetic field is
given by eq. (7). Do the lines of these electric and magnetic fields also rotate with angular
velocity w?

4In examples where the source of the magnetic field has only a finite extent, an analysis in spherical
coordinates is possible [1, 25] using both egs. (1) and (4), given the same results.
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An appealing view of electric field lines is that they begin/end on electric charges, such
that if charges are in motion so are the electric fields lines associated with them. Hence, when
the charged cylinder rotates with final angular velocity w we interpret the radial electric field
lines of eq. (2) as rotating with this angular velocity.

In contrast, magnetic field lines always form close loop, as magnetic charges do not exist
(as far as we know). Hence, it is less clear that the magnetic field lines rotate along with the
charged cylinder. Indeed, Faraday’s view (secs. 218 and 220 of [30], and sec. 3090 of [31])
was that the magnetic field lines do not rotate in this case.’

If we follow Einstein [33] in supposing that the density « = (E?+ B?)/87 of energy in the
electric and magnetic fields corresponds to density u/c? of effective mass, and also suppose
that this energy density rotates along with the charged cylinder, then there are densities of
momentum and angular momentum associated with the fields. In particular, the angular
momentum per unit length associated with the rotating electric field lines is

E? “rfw (2))7 Na?
LE:/rx —Tr X w dArea:/ i it QWTdTi:ﬂi, (26)
8mc o Sme \'r 2¢?
and that associated with the magnetic field (if it rotates) is,
B2 a .2 2\ 2 R a2’ X
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In contrast, the field angular momentum per unit length computed according to eq. (1)
is,
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The supposed contribution (27) to the field angular momentum due to the possibly
rotating magnetic field lines does not have the same functional form as the “standard” result
(28), which reinforces Faraday’s view that the magnetic fields lines are not actually rotating
in this case.

On the other hand, the result (26) obtained by assuming that the electric field lines do
rotate is 1/2 of the “standard” result (28). This suggests that there is some validity to
regarding the rotating electric field as carrying momentum and angular momentum with it.

We noted above that the most reliable computation of the field angular momentum
associated with a long/infinite solenoid is via the vector potential,
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independent of the value of the charge density —)\g on the wire.
In particular, if Ay = 0, then the electric field is zero for r < a, and E, = 2\/r for r > a,
and the field angular momentum associated with the rotating electric field lines is infinite,

E2 00 .2 2 2 2 2 2
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°For a review of this issue, see sec. 2 of [32].




Note also that the velocity of rotation of the electric field lines is v = wr at radius r,
which exceeds the speed of light for r > ¢/w. Hence, the interpretation of the rotating
field energy density u = E?/87 as being associated with an effective, rotating mass density
E?/8mc? is doubtful for r > c/w.

We conclude that the form (1), or better (4), should be used for computation of the
field angular momentum, rather than supposing that the rotating electric field lines can be
associated with a rotating, effective mass density E?/8mc?.

2.6 Could We Use S =V J for the Poynting Vector? (Sept. 29, 2022)

Asreviewed in secs. 3.3 and 3.5 of [34], an alternative form of the Poynting vector, namely S =
VJ, was advocated by Livens (1917), which has some ongoing popularity in the engineering
community for static examples as it realtes the flow of electromagnetic energy to the flow of
electric current, which is naively appealing (the “plumbing analogy”).

We can then follow Poincaré [35] in identifying the momentum density in the electromag-
netic field as pem = S/¢?, leading to

F VJ
Pl = 2 (31)
as first explicitly argued by Furry [36]. This further leads us to suppose that the field angular
momentum might be computed as,

8]
L) = / r x piy; dVol = / rx —-dvol. (32)

To apply this to the present example, we must identify the potential V' associated with the
charged wire 4 cylinder and the current density J associated with the “uniform” magnetic
field B. However, the electric potential outside the infinite, charged cylinder can be taken as
zero, while the source currents of the magnetic field lie outside the cylinder. Then, eq. (32)
implies that there would be no field angular momentum, and there would be no resolution
to the cylinder paradox.

This is consistent with a general result, reviewed on p. 7 of [37], that the Furry form (32)
is not equal to the form,

Ex B
L) = / r % 4X dvol, (33)

me
based on the standard form of the Poynting vector, S = (¢/47)E x B.

Thus, the Feynman cylinder paradox provides an (initially) static example where the
identification of the Poynting vector as S = V' J is unsatisfactory.
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