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1 Problem

Discuss the gravitational interaction of a pair of electrically-neutral, fast-moving particles.
In the limit that the particles move with the speed ¢ of light in vacuum, the discussion
is applicable to photons and laser beams

2 Solution

The case of massless particles has been discussed in the literature [1]-[14] using general
relativity. Here we show how a key result can be deduced via special relativity plus Newto-
nian gravitation, that the gravitational interaction is “zero” between particles that move in
parallel at speeds close to c.

The (attractive) force between two particles of mass m at rest, separated by distance d
is F'= Gm?/d?, along their line of centers.

We now consider an observer the moves with speed v & ¢, with respect to the rest frame
of the particles, in a direction perpendicular to their line of center, Of course, in the frame
of the observer, the particles appear to have speed v.

The Minkowski 4-force between the particles in the * frame of the observer is,

fu = (PVF* ’ V/C, 7F*)> (1)

where v is the velocity of the particles in the frame of the observer, and v =1/4/1 — v?/c?.
In the rest frame of the particles, the 4-force is just f, = (0, F).

When the force F is perpendicular to v, as considered above, the Lorentz transformation
of the 4-force f, from the rest frame of the particles to the observer’s frame tells us that,

vF* =F, F*:E (F-v=0). (2)
Y

As v — cand 7 grows large, the observer considers that the gravitational interaction between
the particles (whose line of centers is perpendicular to v) goes to zero.

We infer that for photons with v = ¢, moving parallel and “side by side”, their gravita-
tional interaction is zero.

This is equivalent to the result reported in [1] (and subsequent papers, such as [14]) that
there is no gravitational interaction between parallel beams of light (moving in the same
direction).

'Similarly, if F is parallel to v, then YF* = ~F, i.e., F* = F.



2.1 Counterpropagating Particles

The case of particles moving at high speeds in opposite directions cannot be analyzed using
special relativity only.

It is known from general relativity [16, 17] that a fast-moving particle that passes a
particle at rest experiences a transverse “kick” (and an angular deflection) which is twice as
large as expected from a Newtonian analysis.? So it is agreeable that when both particles
have high speeds in opposite directions, the effect of each on the other is twice the Newtonian
result, and the net angular deflection between the two particles is four times the Newtonian
expectation.

2.2 Misner’s Paradox

In 1959, Misner [18], citing Tolman [2], commented that if a positron from, say, a **Na -
source annihilated with an electron to produce two photons, there would be an increase of the
gravitational effect on a distance observer. Likewise, when protons are accelerated to speeds
near ¢ in a synchrotron, the gravitational pull of the synchrotron on a distance observer would
increase. Misner found such a time dependent gravitational effect “paradoxical”, perhaps
because it violates the equivalence principle, and sought to explain it away.

The view of this author is that the equivalence principle is only a low-velocity approxima-
tion, and that a distant observer could, in principle, detect changes in the gravitational effect
of masses as their velocities change. Indeed, the detection of gravitational radiation by LIGO
in black-hole mergers [19]-[25], in which the relative velocities of the black holes approach ¢
just before the merger (and so the black holes are somewhat equivalent to photons with ener-
gies of many solar masses), is evidence that distant observers can detect velocity-dependent
gravitational effects.

A Appendix: Electromagnetic Interactions of High-
Speed Charged Particles

For comparison, we review the case of electrically charged particles with speeds close to ¢ in
the lab frame. See also [26].
The (Lorentz) force on an electric charge ¢ with velocity v is, in Gaussian units,

F:q<E+%><B), (3)

where we suppose the electromagnetic fields E and B are due to another electric charge, say
_q‘
When the other charge has the same velocity v as the first, and is “side-by-side” with it,
separated by distance d, we can consider the rest frame of the charges, where their separation
is also d, and the fields of the other charge at the position of the first are,

qd
:¥7

2For comments by the author on this famous result, see [15].

E* B* =0, (4)




where unit vector d points from the first charge to the second. Transforming the fields of
the second charge at the position of the first to the lab frame, we have,

~ ~

qd

E=1E"=~

Hence, the force on the first charge in the lab frame is

v2 qE*  ¢? d
) L (©)

Fz’yq[E*—i—Xx(sz*)}:’qu* 1—— =
c c c? y vd?

which goes to zero as v — ¢. Thus, the electromagnetic interaction between side-by-side,
fast-moving charged particles is negligible, and if photons carried electric charge, there would
be no electromagnetic interaction between parallel beams of such photons.
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