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1 Problem

The conversion of sound and music to electrical signals, and vice versa, began with the
invention of the telephone by Gray and Bell in 1875 [1, 2]. Here, the musical instrument
produces sound waves, which actuate a mechanical transducer that leads to a variable elec-
trical resistance (Gray) or a variable magnetic flux through a coil (Bell). The latter scheme
is shown in the figure below

A more direct coupling between musical instruments and magnetic coils was introduced
by Lloyd Loar, an instrument maker for Gibson, in the 1920’s [3, 4]. In Loar’s electrical
stringed instruments the vibrations of a sound board actuated the pickup coil (which term
Loar used), as sketched in the figure below.

A further increase in the directness of the coupling of a stringed instrument to a magnetic
coil was introduced around 1930 by Miessner [5] and others, in which the vibrations of strings
made of permeable magnetic material (such as steel) cause variations in the magnetic flux
through a pickup coil wrapped around a permanent magnet, as sketched in the figure on the
next page.
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The concept of an electro-acoustic pickup based on permeable strings and coils wound
around permanent magnets has been vastly elaborated over the last 70 years, leading to a
musical esthetic in which the “defects” in the fidelity of the pickup coils are considered as
desirable attributes. The prototype of the contemporary electric guitar based on this type
of pickup is generally considered to be the 1931 “frying pan” guitar (whose pickup is shown
in the figure below) of Beauchamp [6], who worked for Rickenbacker Electro [7].1

An alternative concept for the pickup has a conducting (but not permeable) string that
is part of a closed electrical loop, as shown in the figure below [8]. When the string vibrates
in the presence of a permanent magnet, a voltage is induced around the loop, according to
Faraday’s law. While this technique has not found much application in musical instruments,
it has been used by the author as a noninvasive method for measuring the tension of wires
[9].

1The electric guitar as we know it today includes the innovation of Les Paul in 1941 that eliminated
the hollow acoustic chamber of the classical guitar in favor of exclusive use of the harmonic content of the
electromagnetic pickup.
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In this problem you will consider a simplified model of the magnetic coupling between
the steel string (of radius a and relative magnetic permeability μrel) and the pickup coil (of
area w × w), as shown in the figure below. When at rest the string is height h above the
pickup coil. The vibration of the string parallel to the face of the guitar is described by x(t),
and that perpendicular to the face by y(t). At all times the string is immersed in a uniform
magnetic field B0 that is perpendicular to the face of the guitar.

Deduce the magnetic field when the string is displaced by (x, y) from its rest position,
and from this deduce the voltage V (t) induced in the pickup coil by the vibrating string.

The pickup voltage is affected by the position of the coil along the string, as discussed in
[10]. The electrical signal from the guitar to the external amplifier is modified by the R-L-C
circuit whose inductance is that of the pickup coil, which circuit acts as a (wide) bandpass
filter [11].

2 Solution

We first suppose the guitar sting (of radius a and relative permeability μrel) is centered on the
z-axis in a uniform magnetic field B0 ŷ that is produced by a (distant) permanent magnet.

As there are no conduction currents in the string or in the permanent magnet,2 the
magnetic field H obeys ∇ × H = 0. Hence, the magnetic field H can be deduced from
a (magnetic) scalar potential φ (which obeys Laplace’s equation ∇2φ = 0 outside of the
permanent magnet) according to,

H = −∇φ. (1)

2We ignore the tiny magnetic field due to the current induced in the pickup coil.
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The field H0 of the permanent magnet (taken to be far away from the permeable wire) can
be written as,

H0 =
B0

μ0

=
B0

μ0

ŷ =
d

dy

B0y

μ0

ŷ = −∇−B0y

μ0

= −∇−B0r sin θ

μ0

, (2)

where we introduce the cylindrical coordinate system (r, θ, z) in the last form of eq. (2).
The full scalar potential for H when the permeable wire is present can be written as

(since the symmetry of the problem about the y-axis precludes terms in cos nθ for n > 0),

φ(r < a) =
−B0r sin θ

μ0

+
∞∑

n=1

An
rn

a2
sinnθ, (3)

φ(r > a) =
−B0r sin θ

μ0

+

∞∑
n=1

An
an

rn
sinnθ, (4)

in terms of the to-be-determined Fourier coefficients An.
Maxwell’s equation ∇ · B = 0 implies that the radial component of the magnetic field

B = μH is continuous across the surface of the string at r = a,

Br(r = a−) = μrelμ0Hr(r = a−) = −μrelμ0

∂φ(r = a−)

∂r
= μrel

(
B0 sin θ − μ0

∞∑
n=1

nAn

a
sinnθ

)

= Br(r = a+) = −μ0

∂φ(r = a+)

∂r
= B0 sin θ + μ0

∞∑
n=1

nAn

a
sinnθ, (5)

and hence, An = 0 for n > 1, and,

A1 =
aB0

μ0

μrel − 1

μrel + 1
. (6)

The scalar potential outside the string is therefore,

φ(r > a) = −B0

μ0

(
r − a2

r

μrel − 1

μrel + 1

)
sin θ. (7)

The magnetic field components in cylindrical coordinates are,

Br(r > a) = −μ0

∂φ(r > a)

∂r
= B0

(
1 +

a2

r2

μrel − 1

μrel + 1

)
sin θ, (8)

Bθ(r > a) = −μ0

r

∂φ(r > a)

∂θ
= B0

(
1 − a2

r2

μrel − 1

μrel + 1

)
cos θ. (9)

So long as the relative permeability is large compared to unity, the factor (μrel−1)/(μrel +1)
is essentially one, and the behavior of the electric guitar does not depend on the precise
value of the permeability of the string.

We are interested in the magnetic flux through a coil that lies in a plane of constant y,
so we need the component By for r > a,

By(r > a) = Br sin θ + Bθ cos θ = B0

(
1 + a2 μrel − 1

μrel + 1

y2 − x2

(x2 + y2)2

)
. (10)
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The magnetic flux Φ through a loop of area w × w that extends from xl − w/2 to xl + w/2
at height yl is,

Φ = w

∫ xl+w/2

xl−w/2

By(x, yl) dx = B0w

[
w + a2μrel − 1

μrel + 1

(
xl + w/2

(xl + w/2)2 + y2
l

− xl − w/2

(xl − w/2)2 + y2
l

)]
.

(11)
We have calculated this flux in a coordinate system centered on the (vibrating) string. We
now switch to a (lab frame) coordinate system whose origin is at the rest position of the
string. The string is at (x, y) in this coordinate system, and the offsets between the string
and the center of the loop are xl = x and yl = y + h. Using these offsets in eq. (11), the
magnetic flux through the coil is,

Φ = B0w

[
w + a2μrel − 1

μrel + 1

(
x + w/2

(x + w/2)2 + (y + h)2
− x − w/2

(x − w/2)2 + (y + h)2

)]

= B0w

[
1 + a2μrel − 1

μrel + 1

(y + h)2 − x2 + w2/4

(x2 − w2/4)2 + 2(x2 + w2/4)(y + h)2 + (y + h)4

]
(12)

The voltage V induced in the pickup coil by the time variation of the magnetic flux is,

V = −Φ̇ = B0a
2w2 μrel − 1

μrel + 1

{
2xẋ[3(y + h)4 + 2(x2 + w2/4)(y + h)2 − (x2 − w2/4)2]

[(x2 − w2/4)2 + 2(x2 + w2/4)(y + h)2 + (y + h)4]2

ẏ[2(y + h)5 − 4(x2 − w2/4)(y + h)3 + (6x4 − x2w2/2 − w4/8)(y + h)]

[(x2 − w2/4)2 + 2(x2 + w2/4)(y + h)2 + (y + h)4]2

}

≈ B0a
2w2 μrel − 1

μrel + 1

[
2xẋ

3h2 − w2/4

(h2 + w2/4)3
+

2hẏ

(h2 + w2/4)2

]
, (13)

where the approximation holds for x and y small compared to distances h and w. The
intricate form of eq. (13) shows that even for vibrations of the wire at a pure frequency f ,
the voltage induced in the pickup coil has a complex harmonic structure. The approximate
form of eq. (13) reveals that the fundamental frequency in the pickup coil is due only to
the y vibration, i.e., the vibration perpendicular to the face of the guitar. The x vibration
(parallel to the face of the guitar) induces only second harmonic and higher frequencies (since
if x = sin(ωt) then 2xẋ = ω sin(2ωt)). Furthermore, if the wire is close to the pickup coil,
such that h = w/

√
12, the 2nd harmonic pickup of the x vibration is suppressed.

Thus, the electric guitar pickup does not generate an accurate reproduction of the direct
acoustic sound of the guitar, but rather creates a more complex waveform, leading to a
distinct musical esthetic.

The figures on the next page illustrate the voltage waveform (13) for the case that the
magnetic field strength is B0 = 1000 gauss, the wire radius is a = 0.25 mm, the width of
the pickup coil is w = 1 cm, the height of the wire above the pickup coil is h = 5 mm, the
pickup coil contains 1000 turns, and the wire vibrates at frequency f = 100 Hz. The left
figure shows the small voltage induced by the motion of the wire in x, parallel to the face
of the guitar, while the right figure shows the total induced voltage. The latter has a strong
component at the fundamental frequency of 100 Hz, but the voltage due to the x vibration
is primarily at the second harmonic frequency, 200 Hz.
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A Fourier analysis [12] of these voltage waveforms is shown in the figures below. The
left figure is the voltage due to the x vibration of the string, and has significant frequency
components only at the second and fourth harmonics. The right figure is the total induced
voltage (almost entirely due to the y vibration of the string), which contains frequency
components at all harmonics of the fundamental, with exponentially decreasing strength as
a function of the harmonic number.
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Although the wire has been assumed to vibrate with a single frequency, the voltage
waveform V (t) is nearly triangular in shape. Recall that a plucked string has a triangular
waveform [13], so the “distortion” of an electric guitar pickup tends to “sharpen” the plucked
sound of the instrument, which has proven to be a very popular effect.

For similar analyses, see [14, 15].
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