The Helmholtz Decomposition and the Coulomb Gauge

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 17, 2008; updated September 7, 2020)

1 Problem

Helmholtz is credited with showing in 1858 [1] (in a hydrodynamic context) that any vector field, say E, that vanishes suitably quickly at infinity can be decomposed as,^{1,2,3}

E = E_{irr} + E_{rot}, (1)

where the irrotational and rotational components E_{irr} and E_{rot} obey,^4

∇ × E_{irr} = 0, and ∇ · E_{rot} = 0. (2)

For the case that E is the electric field, discuss the relation of the Helmholtz decomposition to use of the Coulomb gauge.^{5,6}

2 Solution

The Helmholtz decomposition (1)-(2) is an artificial split of the vector field E into two parts, which parts have interesting mathematical properties.

We recall that in electrodynamics the electric field E and the magnetic field B can be related to a scalar potential V and a vector potential A according to (in SI units),

E = −∇V − ∂A ∂t , (3)

B = ∇ × A. (4)

This results in another decomposition of the electric field E which might be different from that of Helmholtz. Here, we explore the relation between these two decompositions.

1The essence of this decomposition was anticipated by Stokes (1849) in secs. 5-8, pp. 9-10 of [2]. Parts of Stoke’s argument were given by Maxwell (1856) on pp. 61 of [3]. See Appendix A below, and [4].

2For a review of the Helmholtz’ decomposition in non-electromagnetic contexts, see [5]. 3Radiation fields, which fall off as 1/r at large distance r from their (bounded) source, do fall off sufficiently quickly for Helmholtz’ decomposition to apply, as reviewed in [6, 7, 8]. Doubts as to this were expressed in [9], but see [10]. See Appendix A for the Helmholtz decomposition of “any” electromagnetic field via knowledge of the instantaneous (Coulomb) electric field of its sources.

4The irrotational component is sometimes labeled “longitudinal” or “parallel”, and the rotational component is sometimes labeled “solenoidal” or “transverse”.

5Vector plane waves E e^{i(k·r−ωt)} do not vanish “suitably quickly” at infinity, so care is required in applying the Helmholtz decomposition E_{irr} = (E · k) k̂, E_{rot} = E − E_{irr} of this mathematically useful, but physically unrealistic class of fields. See, for example, sec. 2.4.2 of [11].

6In case of coupled fields like E and B of electromagnetism, their expressions in terms of retarded potentials can be cast into forms somewhat similar to the Helmholtz decomposition. See [12].

We also recall that the potentials V and A are not unique, but can be redefined in a systematic way such that the fields E and B are invariant under such redefinition. A particular choice of the potentials is called a choice of gauge, and the relations (3)-(4) are said to be gauge invariant.^7

Returning to Helmholtz’ decomposition, we note that he also showed how,

E_{irr}(r) = −∇ ∫ ∇^′ · E(r^′) 4πR dVol^′, and E_{rot}(r) = ∇ × ∫ ∇^′ × E(r^′) 4πR dVol^′, (5)

where R = r − r^′. Time does not appear in eq. (5), which indicates that the vector field E at some point r (and some time t) can be reconstructed from knowledge of its vector derivatives, ∇ ·E and ∇ ×E, over all space (at the same time t).^8 The main historical significance of the Helmholtz decomposition (1) and (5) was in showing that Maxwell’s equations, which give prescriptions for the vector derivatives ∇ · E and ∇ × E, are mathematically sufficient to determine the field E. Since ∇ · E = ρ_{total}/ϵ_0 and ∇ × E = −∂B/∂t, the fields E_{irr} and E_{rot} involve instantaneous action at a distance and should not be regarded as physically real. This illustrates how gauge invariance in necessary, but not sufficient, for electromagnetic fields to correspond to “reality”.^{9,10,11}

7The gauge transformation A → A + ∇χ, V → V − ∂χ/∂(ct), leaves the fields E and B unchanged. A consequence of this is that when the vector potential is decomposed as A = A_{irr} + A_{rot}, the rotational part is unchanged by transformations where ∇^2χ ≠ 0. That is, in such cases, A_{irr} + A_{rot} → (A_{irr} + ∇χ) + A_{rot}, where the term in parenthesis is the irrotational part of the transformed vector potential, so the rotational part, A_{rot}, is unchanged by the gauge transformation.

On the other hand, if ∇^2χ = 0 everywhere, then the gauge transformation is A_{irr} + A_{rot} → A_{irr} + (A_{rot} + ∇χ), which leaves the irrotational part of A unchanged.

8If the field E is known only within a finite volume V, bounded by a closed surface S, then the Helmholtz decomposition (1) and (5) becomes,

E_{irr}(r) = −∇ (∫ V ∇^′ · E(r^′) 4πR dVol^′ + ∫ S n̂ · E(r^′) 4πR dArea^′ ) , (6)

E_{rot}(r) = ∇ × (∫ V ∇^′ × E(r^′) 4πR dVol^′ + ∫ S n̂ × E(r^′) 4πR dArea^′ ) , (7)

where n̂ is the inward unit normal vector on the surface S. That is,

E = −∇V only if ∇ × E = 0 in V, and n̂ × E = 0 on S, (8) E = ∇ × A only if ∇ · E = 0 in V, and n̂ · E = 0 on S. (9) Neglect of the conditions on the surface S can lead to error, as remarked in [13]-[16]. 9The forms (5) are not the only possible representations of E_{irr} and E_{rot}. For example, we could write,

E_{irr}(r) = −∇ [∫ ∇^′ · E(r^′) 4πR dVol^′ + C ] , and E_{rot}(r) = ∇ × [∫ ∇^′ × E(r^′) 4πR dVol^′ + ∇χ ] , (10)

for any constant C and any differentiable scalar function χ, without changing the values of E_{irr} and E_{rot}.

Also, since [∇^′ ·E(r^′)]/R = ∇^′ ·[E(r^′)/R]+∇·E(r^′)/R and [∇^′ ×E(r^′)]/R = ∇^′ ×[E(r^′)/R]+∇×E(r^′)/R (noting that ∇(1/R) = −R/R^3 = −∇^′(1/R)), if E falls off sufficiently quickly at large R we can rewrite E_{rot} as,

E_{irr}(r) = −∇ ∫ ∇ · E(r^′) 4πR dVol^′, E_{rot}(r) = ∇ × ∇ × ∫ E(r^′) 4πR dVol^′. (11)

10See Appendix A.1 for an application of the Helmholtz decomposition to Hertzian dipole radiation. 11The Helmholtz decomposition leads to interesting interpretations of the momentum and angular momentum associated with electromagnetic fields [11].

The Helmholtz decomposition (1) and (5) can be rewritten as,

E = −∇V + ∇ × F, (12)

where, V (r) = ∫ ∇^′ · E(r^′) 4πR dVol^′, and F(r) = ∫ ∇^′ × E(r^′) 4πR dVol^′. (13)

It is consistent with usual nomenclature to call V a scalar potential and F a vector potential. That is, Helmholtz decomposition lends itself to an interpretation of fields as related to derivatives of potentials.

When the vector field E is the electric field, it also obeys Maxwell’s equations, two of which are (in SI units and for media where the permittivity is ϵ_0),

∇ · E = ρ ϵ_0

, and ∇ × E = − ∂B ∂t , (14)

where ρ is the electric charge density and B is the magnetic field.

If we insert these physics relations into eq. (13), we find,

V (r) = ∫ ρ(r^′) 4πϵ_0R dVol^′, (15)

F(r) = − ∂ ∂t ∫ B(r^′) 4πR dVol^′. (16)

The scalar potential (15) is calculated from the instantaneous charge density, which is exactly the prescription (42) of the Coulomb gauge. That is, Helmholtz + Maxwell implies use of the Coulomb-gauge prescription for the scalar potential.

However, eq. (16) for the vector potential F does not appear to be that of the usual procedures associated with the Coulomb gauge. Comparing eqs. (12)-(13) and (16), we see that we can introduce another vector potential A which obeys,

∇ × F = − ∂A ∂t , (17)

such that, A(r) = ∇ × ∫ B(r^′) 4πR dVol^′, (18)

and, E = −∇V − ∂A ∂t , (3)

which is the usual way the electric field is related to a scalar potential V and a vector potential A. Note also that eq. (18) obeys the Coulomb gauge condition (38) that ∇ · A = 0.^{12} Thus, the Helmholtz decomposition (1) and (5) of the electric field E is equivalent to the decomposition (3) in terms of a scalar and a vector potential, provided those potentials are calculated in the Coulomb gauge.^{13}

12See, for example, sec. 3 of [17].

13The fields E_{irr} = −∇V − ∂A_{irr}/∂(ct) and E_{rot} = −∂A_{rot}/∂(ct) can be deduced from scalar potential V and vector potential A = A_{irr} + A_{rot} in any gauge, but only in the Coulomb gauge is A^{(C)}_{irr} = 0 such that the Helmholtz decomposition has the simple form E_{irr} = −∇V^{(C)} and E_{rot} = −∂A^{(C)}/∂t.

Using various vector calculus identities, we have,

A(r) = ∇ × ∫ B(r^′) 4πR dVol^′ = ∫ ∇ 1 R × B(r^′) 4π dVol^′ = − ∫ ∇^′ 1 R × B(r^′) 4π dVol^′ = ∫ ∇^′ × B(r^′) 4πR dVol^′ + ∫ ∇^′ ×

B(r^′) 4πR dVol^′ = ∫ ∇^′ × B(r^′) 4πR dVol^′ − ∮ dArea^′ ×

B(r^′) 4πR = ∫ ∇^′ × B(r^′) 4πR dVol^′, (19)

provided B vanishes sufficiently quickly at infinity. In view of the Maxwell equation ∇·B = 0, we recognize eq. (19) as the Helmholtz decomposition B = ∇ × A for the magnetic field.^{14} We can go further by invoking the Maxwell equation,

∇ × B = μ_0J + 1 c^2 ∂E ∂t , (23)

where J is the current density vector, the medium is assumed to have permeability μ_0, and c is the speed of light, so that,

A(r) = μ_0 4π ∫ J(r^′) R dVol^′ + ∂ ∂t ∫ E(r^′) 4πc^2R dVol^′. (24)

This is not a useful prescription for calculation of the vector potential, because the second term of eq. (24) requires us to know E(r^′)/c^2 to be able to calculate E(r).^{15} But, c^2 is a big number, so E/c^2 is only a “small” correction, and perhaps can be ignored.^{16} If we do so,

14We can verify the consistency of eqs. (18) and (19) by taking the curl of the latter. For this, we note that, ∇ × ∇^′ × B(r^′) 4πR = −(∇^′ × B(r^′)) × ∇ ( 1 4πR ) = (∇^′ × B(r^′)) × ∇^′ ( 1 4πR ) . (20)

The i-component of this is,

ϵ_{i,j,k}ϵ_{jlm}(∂^′_l B_m)∂^′_k (1/4πR) = δ^{ki}_{lm}(∂^′_l B_m)∂^′_k(1/4πR) = (∂^′_kB_i)∂^′_k(1/4πR) − (∂^′_iB_k)∂^′_k(1/4πR) = ∂^′_k[B_i∂^′_k(1/4πR)] − B_i∇^{′2}(1/4πR) − ∂^′_k[(1/4πR) ∂^′_iB_k] + (1/4πR) ∂^′_i∇^′ · B = B_i(r^′) δ^3(r − r^′) + ∂^′_k[B_i∂^′_k(1/4πR) − (1/4πR) ∂^′_iB_k]. (21)

The volume integral of this gives B(r) plus a surface integral that vanishes if the magnetic field falls off sufficiently quickly at large distances. That is, ∇ × A = B for the vector potentials given by eqs. (18) and (19).

We could also proceed by taking the curl of eq. (18), noting that, ∇ × ( ∇ × B(r^′) 4πR ) = ∇ ( ∇ · B(r^′) 4πR ) − B(r^′) ∇^2 ( 1 4πR ) = ∇ ( ∇ · B(r^′) 4πR ) + B(r^′) δ^3(r − r^′). (22)

Then, integrating this over dVol^′ gives B(r) plus a surface integral that vanishes for magnetic fields that fall off sufficiently quickly at large distances. So, again we find that ∇ × A = B.

This footnote is due to Vladimir Hnizdo. See also [18].

15Using the Helmholtz decomposition for E in eq. (24) permits us to proceed without knowing E, provided we know the charge density ρ and the time derivative ∂B/∂t, which is no improvement conceptually.

16See [19] for an argument that the second integral of eq. (24) vanishes in the quasistatic approximation.

then,

A(r) = μ_0 4π ∫ J(r^′) R dVol^′, (25)

which is the usual instantaneous prescription for the vector potential due to steady currents. Thus, it appears that practical use of the Helmholtz decomposition + Maxwell’s equations is largely limited to quasistatic situations, where eqs. (15) and (25) are sufficiently accurate.^{17} Of course, we exclude wave propagation and radiation in this approximation. We can include radiation and wave propagation if we now invoke the usual prescription, eqs. (44)-(45) of Appendix B, for the vector potential in the Coulomb gauge. However, this prescription does not follow very readily from the Helmholtz decomposition, which is an instantaneous calculation.

Note that in the case of practical interest when the time dependence of the charges and currents is purely sinusoidal at angular frequency ω, i.e., e^{−iωt}, the Lorenz gauge condition [21] (37) becomes,

V = − ic k ∇ · A. (26)

In this case it suffices to calculate only the vector potential A, and then deduce the scalar potential V , as well as the fields E and B, from A.

However, neither the Coulomb gauge condition ∇ ·A = 0 nor the Lorenz gauge condition (37) suffices, in general, for a prescription in which only the scalar potential V is calculated, and then A, E and B are deduced from this. Recall that the Helmholtz decomposition tells us how the vector field A can be reconstructed from knowledge of both ∇ · A and ∇ × A. The gauge conditions tell us only ∇ · A, and we lack a prescription for ∇ × A in terms of V . [In 1 dimension, ∇ × A = 0, so in 1-dimensional problems we can deduce everything from the scalar potential V plus the gauge condition.^{18} But life in 3 dimensions is more complicated!]

A Appendix: The “Helmholtz” Decomposition as Per Stokes and Maxwell

The “Helmholtz” decomposition was anticipated by Stokes, pp. 9-10 of [2] and by Maxwell, p. 61 of [3], who considered a (differentiable) vector field F for which ∇ · F = g. They also considered the field F_{irr} that satisfies ∇ × F_{irr} = 0 and ∇ · F_{irr} = g. That is, F_{irr} = −∇V for the scalar field V which is the instantaneous solution to Poisson’s equation ∇^2V = −g. Then, F_{rot} = F − F_{irr} satisfies ∇ · F_{rot} = 0, and F = F_{irr} + F_{rot} is the desired “Helmholtz” decomposition, as in eq. (1).

There is no requirement that field F vanish at infinity. Examples of fields with a decomposition (1) that are nonzero at infinity include transverse plane waves, and the fields of an infinite solenoid that carries a linearly rising current [25].

17A version of Helmholtz’ theorem in which the integrands involve retarded quantities has been given in [20], especially sec. 4.

18For additional discussion of electrodynamics in one spatial dimension, see [24].

As an application of the above (not made by Maxwell), we consider the electromagnetic fields E and B, which obey the Maxwell equations,

∇ · E = ρ ϵ_0

, ∇ · B = 0. (27)

Then, we have that,

E_{irr} = E_{Coulomb}, E_{rot} = E − E_{Coulomb}, B_{irr} = 0, B_{rot} = B, (28)

where the instantaneous Coulomb field is related by,

∇ · E_{Coulomb} = ρ ϵ_0

, ∇ × E_{Coulomb} = 0, (29)

E_{Coulomb} = −∇V_{Coulomb}, ∇^2V_{Coulomb} = − ρ ϵ_0

. (30)

For static fields, E = E_{Coulomb} = E_{irr}, and E_{rot} = 0. For source-free electromagnetic fields, such as infinite plane waves, E_{irr} = 0 and E_{rot} = E.

(This section added April 20, 2023.)

A.1 Helmholtz Decomposition of Hertzian Dipole Radiation

As a particular example, we consider the electric and magnetic fields of an ideal, “point”, Hertzian electric dipole at the origin, p = p cos ωt p̂ for constant p and p̂, which can be written (for r > 0, in Gaussian units) as,

E = k^2p(r̂ × p̂) × r̂ cos(kr − ωt) r + p[3(p̂ · r̂) r̂ − p̂] [ cos(kr − ωt) r^3 + k sin(kr − ωt) r^2 ] , (31)

B = B_{rot} = k^2p(r̂ × p̂) [ cos(kr − ωt) r − sin(kr − ωt)

kr^2 ] , (32)

where r̂ = r/r is the unit vector from the origin (center of the oscillating dipole) to the observer, ω is the angular frequency, k = ω/c = 2π/λ is the wave number and c is the speed of light [26, 27].

The irrotational part of the electric field is the instantaneous field of the electric dipole,

E_{irr} = p[3(p̂ · r̂)r̂ − p̂] cos ωt r^3

, (33)

for r > 0 at time t. Thus, the rotational part of the electric field is,

E_{rot} = E − E_{irr} = k^2p(r̂ × p̂) × r̂ cos(kr − ωt) r +p[3(p̂ · r̂) r̂ − p̂] [ cos(kr − ωt) − cos ωt r^3 + k sin(kr − ωt) r^2 ] . (34)

Both fields E_{irr} and E_{rot} have instantaneous terms.

(Apr. 24, 2023) Equations (31)-(34) do not specify the fields at the origin, i.e., “inside” the “point” Hertzian dipole. Discussion at the end of sec. 4.1 of [27] indicates how we can extend the expression for the instantaneous field of the “point” dipole to include the origin as, E_{irr} = p[3(p̂ · r̂)r̂ − p̂] cos ωt r^3 − 4π 3 p δ^3(r), with p = p cos ωt p̂. (35)

The delta-function term (distribution) in eq. (35) should also appear in eq. (31), in association with the second term of the latter equation, but does not appear in eq. (34). There could also be a delta-function term associated with the third term in eq. (31), but since the third term is kr tan ωt times the second term for small r, its behavior “inside” the “point” dipole can be described by the distribution (4π/3) kr p sin ωt p̂ δ^3(r), whose volume integral is zero. That is, we can neglect any delta-function (distribution) associated with the third term of eq. (31).^{19} Then, eq. (34) remains a valid expression for E_{rot}.

A.1.1 Energy Flow

The flow of energy in the electromagnetic field is described by the Poynting vector S = (c/4π)E × B, which can be given a Helmholtz decomposition, S + S_{irr} + S_{rot}. However, as noted in Stokes’ argument at the beginning of this Appendix, both S_{irr} and S_{rot} would involve instantaneous terms, so they are not well suited to a general characterization of the flow of energy in electromagnetic fields. This also applies to a different decomposition, S = S_1 +S_2 = (c/4π)E_{irr}×B_{rot} +(c/4π)E_{rot} ×B_{rot}, inspired by the Helmholtz decompositions of E and B.

B Appendix: Coulomb Gauge

The relations (in SI units),

E = −∇V − ∂A ∂t , and B = ∇ × A (36)

between the electric and magnetic fields E and B and the potentials V and A permits various conventions (gauges) for the potentials. According to Helmholtz, the vector potential is determined by its curl, ∇ × A = B, and by its divergence, ∇ · A. So, to complete the determination of A, given B, we must specify its divergence, which latter is called the gauge condition.

One popular choice is the Lorenz gauge [21],

∇ · A = − 1 c^2 ∂V ∂t (Lorenz). (37)

19The divergence of the distribution r p̂ δ^3(r) is the distribution −δ^3(r)∇ · (r p̂) = −δ^3(r)(r̂ · p), which is meaningless, since r̂ cannot be defined at the origin. See, for example,

https://math.stackexchange.com/questions/2899559/
https://dsp.stackexchange.com/questions/68732/

In situations with steady charge and current distributions (electrostatics and magnetostatics), ∂V/∂t = 0, so the condition (37) reduces to,

∇ · A = 0 (Coulomb). (38)

Even in time-dependent situations it is possible to define the vector potential to obey eq. (38), which has come to be called the Coulomb gauge condition.

Using eq. (36) together with the Maxwell equation ∇ · E = ρ/ϵ_0 leads to,

∇^2V + ∂ ∂t ∇ · A = − ρ ϵ_0

, (39)

and the Maxwell equation ∇ × B = μ_0J + ∂E/∂c^2t leads to,

∇^2A − 1 c^2

∂^2A ∂t^2

= −μ_0J + ∇ ( ∇ · A + 1 c^2 ∂V ∂t ) . (40)

Thus, in the Coulomb gauge (38), eq. (39) becomes Poisson’s equation,

∇^2V^{(C)} = − ρ ϵ_0

, (41)

which has the formal solution,

V^{(C)}(r, t) = 1 4πϵ_0 ∫ ρ(r^′, t) R dVol^′ (Coulomb), (42)

where R = |r − r^′|, in which changes in the charge distribution ρ instantaneously affect the potential V at any distance.^{20}

For completeness, a formal solution for the vector potential in the Coulomb gauge follows from eq. (40) with ∇ · A = 0,

∇^2A^{(C)} − 1 c^2

∂^2A^{(C)}

∂t^2

= −μ_0J + ϵ_0μ_0

∂∇V^{(C)} ∂t ≡ −μ_0J̃, (43)

using the method of retarded potentials [21, 22, 23],^{21}

A^{(C)}(r, t) = μ_0 4π ∫~ J(r^′, t^′ = t − R/c) R dVol^′. (44)

The vector J̃ can be re-expressed using a Helmholtz decomposition of the current density J = J_{irr} + J_{rot}. Then, recalling eq. (5), the continuity equation ∇ · J + ∂ρ/∂t = 0, and eq. (42),

J_{irr}(r, t) = −∇ ∫ ∇^′ · J(r^′, t) 4πR dVol^′ = ∇ ∫ ∂ρ(r^′, t) ∂t dVol^′ 4πR = ϵ_0

∂∇V^{(C)}(r, t) ∂t , (45)

20It is possible to choose gauges for the electromagnetic potentials such that some of their components appear to propagate at any specified velocity v [29, 30, 31]. One can also choose that the scalar potential be zero [32], or have no time dependence [33] such that all time dependence of the electric field is associated with that of the vector potential.

21For a static current density, eq. (44) reduces to eq. (25).

and we see from eqs. (11) and (43) that,

J̃ = J_{rot}(r, t) = ∇ × ∇ × ∫ J(r^′, t) 4πR dVol^′ = J − J_{irr} = J − ϵ_0

∂∇V^{(C)}(r, t) ∂t , (46)

which is called the transverse current in [29]. Note that J_{irr} and J_{rot} are nonzero throughout all space (except perhaps on certain curves and surfaces) if J is nonzero anywhere.

While the Coulomb-gauge vector potential (44) would appear to propagate (in vacuum) with the speed of light, this is not so in general, as illustrated by the case of a Hertzian electric dipole, reviewed in Appendix B of [32]. And, the part of the electric field, −∂A^{(C)}/∂t, derived from it has pieces that propagate instantaneously, as needed to cancel the instantaneous behavior of the part, −∇V^{(C)}, derived from the Coulomb-gauge scalar potential (42). For additional discussion, see, for example, [34]-[37].

Unless the geometry of the problem is such that the rotation current density J_{rot} is easy to calculate, use of the Coulomb gauge is technically messier than the use of the Lorenz gauge, in which case the (retarded) potentials are given by the retarded potentials,

V^{(L)}(r, t) = 1 4πϵ_0 ∫ ρ(r^′, t^′ = t − R/c) R dVol^′ (Lorenz), (47)

A^{(L)}(r, t) = μ_0 4π ∫ J(r^′, t^′ = t − R/c) R dVol^′ (Lorenz), (48)

where R = |r − r^′|.

Analyses of circuits are typically performed in the quasistatic approximation that effects of wave propagation and radiation can be neglected. In this case, the speed of light is taken to be infinite, so that the Lorenz gauge condition (37) is equivalent to the Coulomb gauge condition (38), and the potentials are calculated from the instantaneous values of the charge and current distributions. As a consequence, gauge conditions are seldom mentioned in “ordinary” circuit analysis.

B.1 Alternative Forms of the Coulomb-Gauge Potentials

While the potentials (42) and (44) can be considered to be the standard forms for the Coulomb gauge, they are not the only possible ones.

If the gauge-transformation function χ obeys Laplace’s equation, ∇^2χ = 0, then the vector potential of the gauge transformation A^{(C)} → A^{(C)} + ∇χ, V^{(C)} → V^{(C)} − ∂χ/∂t, also satisfies the Coulomb-gauge condition (38).^{22}

In quasistatic examples of charge and current densities within a bounded volume, and where radiation can be ignored, the standard potentials (42) and (44) go to zero at large distances. Then, all of the alternative Coulomb-gauge potentials, generated by a gauge function χ that obeys Laplace’s equation do not go to zero at infinity in all directions. This follows from the uniqueness theorem for solutions to Laplace’s equation with either Dirichlet or Neumann boundary conditions (see, for example sec. 1.9 of [27]), since the trivial case

22For example, the gauge functions χ±Bxy/2 lead from the axially symmetric vector potential of a uniform magnetic field B ẑ inside an axially symmetric current distribution to the so-called “Landau” potentials, which are nonzero at infinity. See also sec. 2.1 of [38].

χ = 0 has both χ and its derivatives equal to zero (at large distances). So, when one adds the constraint that the Coulomb-gauge potentials must vanish at infinity, then the standard forms (42) and (44) are the only such solutions (if indeed they vanish at infinity).^{23}

B.2 Coulomb-Gauge Potentials for Hertzian Dipole Radiation

The fields (31)-(32) for a Hertzian electric dipole are typically deduced from the Lorenz-gauge potentials^{24} (here given in Gaussian units),

A^{(L)} = Re ( −ikp p̂ e^{i(kr−ωt)} r ) = kp p̂ sin(kr − ωt) r , (49)

V^{(L)} = Re ( − i k ∇ · A^{(L)} ) = p(p̂ · r̂) ( cos(kr − ωt) r^2 + k sin(kr − ωt) r ) , (50)

recalling the Lorenz-gauge condition, ∇ · A^{(L)} = −∂V^{(L)}/∂ct = Re(ikV^{(L)}).

In the Coulomb gauge the scalar potential is the instantaneous Coulomb potential,

V^{(C)} = Re ( p(p̂ · r̂^2) e^{−iωt)} r ) = p(p̂ · r̂) cos ωt r^2

. (51)

The Coulomb-gauge vector potential is most readily obtained from the relation,

E = Re ( −∇V^{(C)} −

∂A^{(C)} ∂ct ) = Re(−∇V^{(C)} + ikA^{(C)}), (52)

A^{(C)} = Re ( − i k E − i k ∇V^{(C)} ) (53)

= Re ( −ikp e^{i(kr−ωt)} r r̂ × (p̂ × r̂) + p [ e^{i(kr−ωt)} r^2 + i(e^{i(kr−ωt)} − e^{−iωt}) kr^3 ] [p̂ − 3(p̂ · r̂)r̂] )

= kp sin(kr − ωt) r [p̂ − (p̂ · r̂)r̂] + p [ cos(kr − ωt) r^2 − (sin(kr − ωt) + sin ωt) kr^3 ] [p̂ − 3(p̂ · r̂)r̂].

Note that the very first term in the last line of eq. (53) is the same as the Lorenz-gauge vector potential (49). This illustrates the transformation of Lorenz-gauge potentials to those in other gauges, as discussed in [31, 41]. Note also that the last term in the last line of eq. (53) is instantaneous, whose contribution to the electric field in eq. (52) cancels that of the instantaneous scalar potential.

23It is claimed in eq. (B.26), p. 17, of [39] that A_{rot} (called A_⊥ there) is gauge invariant, since the Fourier transform of the gauge transformation A → A^′ = A + ∇χ is A^′_k = A_k + ik χ_k. This makes it appear that the term ik χ_k contributes only to the irrotational part of A^′, since the Fourier transform of A_{irr} is A_{k,irr} = (k̂ · A_k) k̂ (as in eq. (B.14a) of [39]), such that A^′_{rot} = A_{rot}. However, k̂ is undefined for k = 0, such that the Fourier component A_{k=0} is entirely rotational. Then, if ∇^2χ = 0, its Fourier transform is 0 = −k^2χ_k = ik · (ik χ_k), such that ik χ_k can be nonzero for k = 0, in which case ∇χ contributes to A^′_{rot} and this differs from A_{rot}.

24See, for example, sec. 9.3 of [27] or prob. 8.2 of [40].

The rotational part of the electric field is now given by,

E_{rot} = − 1 c ∂A^{(C)} ∂t (54)

= k^2p cos(kr − ωt) r [p̂ − (p̂ · r̂)r̂] − p [ k sin(kr − ωt) r^2 + (cos(kr − ωt) − cos ωt) r^3 ] [p̂ − 3(p̂ · r̂)r̂],

in agreement with eq. (34).

References

[1] H. Helmholtz, Über Integrale der hydrodynamischen Gleichungen, welche den Wirbelbewegungen entsprechen, Crelles J. 55, 25 (1858),

http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58.pdf
http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58_english.pdf

On Integrals of the Hydrodynamical Equations, which express Vortex-motion, Phil. Mag. 33, 485 (1867), http://kirkmcd.princeton.edu/examples/fluids/helmholtz_pm_33_485_67.pdf

[2] G.G. Stokes, On the Dynamical Theory of Diffraction, Trans. Camb. Phil. Soc. 9(1), 1 (1849), http://kirkmcd.princeton.edu/examples/optics/stokes_tcps_9(1)_1_51.pdf

[3] J.C. Maxwell, On Faraday’s Lines of Force, Trans. Camb. Phil. Soc. 10, 27 (1858),

kirkmcd.princeton.edu/examples/EM/maxwell_tcps_10_27_58.pdf

[4] K.T. McDonald, On the “Helmholtz” Decomposition (Apr. 23, 2023).

http://kirkmcd.princeton.edu/examples/helmholtz_em.pdf

[5] H. Bhatia et al., The Helmholtz-Hodge Decomposition–A Survey, IEEE Trans. Vis.

Comp. Graph. 19, 1386 (2013),

http://kirkmcd.princeton.edu/examples/EM/bhatia_ieeetvcg_19_1386_13.pdf

[6] A.M. Stewart, Does the Helmholtz theorem of vector decomposition apply to the wave fields of electromagnetic radiation? Phys. Scripta 89, 065502 (2014),

http://kirkmcd.princeton.edu/examples/EM/stewart_ps_89_065502_14.pdf

[7] D. Petrascheck, The Helmholtz decomposition revisited, Eur. J. Phys. 37, 015201 (2016), http://kirkmcd.princeton.edu/examples/EM/petrascheck_ejp_37_015201_16.pdf

[8] D. Petrascheck and R. Folk, Helmholtz decomposition theorem and Blumenthal’s extension by regularization, Cond. Matt. Phys. 20, 1-11 (2017).

http://kirkmcd.princeton.edu/examples/EM/petrascheck_cmp_20_1_17.pdf

[9] J.A. Heras, Comment on Causality, the Coulomb field, and Newton’s law of gravitation, Am. J. Phys. 71, 729 (2003), http://kirkmcd.princeton.edu/examples/EM/heras_ajp_71_729_03.pdf

[10] F. Rohrlich, The validity of the Helmholtz theorem, Am. J. Phys. 72, 412 (2004),

http://kirkmcd.princeton.edu/examples/EM/rohrlich_ajp_72_412_04.pdf

[11] K.T. McDonald, Orbital and Spin Angular Momentum of Electromagnetic Fields (March 12, 2009), http://kirkmcd.princeton.edu/examples/spin.pdf

[12] J.A. Heras and R. Heras, Helmholtz’s theorem for two retarded fields and its application to Maxwells equations, Eur. J. Phys. 41, 035201 (2020),

http://kirkmcd.princeton.edu/examples/EM/heras_ejp_41_035201_20.pdf

[13] T. Teichmann and E.P. Wigner, Electromagnetic Field Expansions in Loss-Free Cavities Excited through Holes, J. Appl. Phys. 24, 262 (1953),

http://kirkmcd.princeton.edu/examples/EM/teichmann_jap_24_262_53.pdf

[14] A.F. Stevenson, Note on the Existence and Determination of a Vector Potential, Quart.

Appl. Math. 12, 194 (1954), http://kirkmcd.princeton.edu/examples/EM/stevenson_qam_12_194_54.pdf

[15] K. Kurokawa, The Expansions of Electromagnetic Fields in Cavities, IRE Trans. Micro.

Meth. Tech. 6, 178 (1958), http://kirkmcd.princeton.edu/examples/EM/kurokawa_iretmtt_6_178_58.pdf

[16] J. van Bladel, On Helmholtz’s Theorem in Multiply-Bounded and Multiply-Connected Regions, J. Franklin Inst. 269, 445 (1960),

http://kirkmcd.princeton.edu/examples/EM/vanbladel_jfi_269_445_60.pdf

[17] A.M. Stewart, Vector potential of the Coulomb gauge, Eur. J. Phys. 24, 519 (2003),

http://kirkmcd.princeton.edu/examples/EM/stewart_ejp_24_519_03.pdf

[18] V. Hnizdo, Comment on ‘Vector potential of the Coulomb gauge’, Eur. J. Phys. 25, L21 (2004), http://kirkmcd.princeton.edu/examples/EM/hnizdo_ejp_25_L21_04.pdf

[19] A. Shadowitz, The Electromagnetic Field (McGraw-Hill, 1977; Dover reprint, 1978), sec. 11-2, http://www.kirkmcd.princeton.edu/examples/EM/shadowitz_75_chap11.pdf

[20] R. Heras, The Helmholtz theorem and retarded fields, Eur. J. Phys. 37, 065204 (2016),

http://kirkmcd.princeton.edu/examples/EM/heras_ejp_37_065204_16.pdf

[21] The gauge condition (37) was first stated by L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibrations of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf Lorenz had already used retarded potentials of the form (47) in discussions of elastic waves in 1861 [22], and Riemann had discussed them as early as 1858 [23].

[22] L. Lorenz, Mémoire sur la théorie de l’élasticité des corps homogènes à élasticité constante, J. reine angew. Math. 58, 329 (1861),

http://kirkmcd.princeton.edu/examples/mechanics/lorenz_jram_58_329_61.pdf

[23] B. Riemann, Ein Beitrag zur Elektrodynamik, Ann. d. Phys. 207, 237 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_ap_207_237_67.pdf

A Contribution to Electrodynamics, Phil. Mag. 34, 368 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_pm_34_368_67.pdf

[24] K.T. McDonald, Electrodynamics in 1 and 2 Spatial Dimensions (Sept. 23, 2014),

http://kirkmcd.princeton.edu/examples/2dem.pdf

[25] K.T. McDonald, The Fields Outside a Long Solenoid with a Time-Dependent Current (Dec. 6, 1996), http://kirkmcd.princeton.edu/examples/solenoid.pdf This example is electrically neutral, so the instantaneous Coulomb field is zero, and the electric field is purely rotational.

[26] H. Hertz, Die Kräfte electrischer Schwingungen, behandelt nach der Maxwell’schen Theorie, Ann. d. Phys. 36, 1 (1889), http://kirkmcd.princeton.edu/examples/EM/hertz_ap_36_1_89.pdf The Forces of Electrical Oscillations Treated According to Maxwell’s Theory, Nature 39, 402 (1889), http://kirkmcd.princeton.edu/examples/EM/hertz_nature_39_402_89.pdf Reprinted in chap. 9 of H. Hertz, Electric Waves (Macmillan, 1900),

http://kirkmcd.princeton.edu/examples/EM/hertz_electric_oscillations.pdf

[27] Sec. 9.2 of J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[28] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001), http://kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[29] J.D. Jackson, From Lorenz to Coulomb and other explicit gauge transformations, Am.

J. Phys. 70, 917 (2002), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_70_917_02.pdf

[30] K.-H. Yang, The physics of gauge transformations, Am. J. Phys. 73, 742 (2005),

http://kirkmcd.princeton.edu/examples/EM/yang_ajp_73_742_05.pdf

[31] K.-H. Yang and K.T. McDonald, Formal Expressions for the Electromagnetic Potentials in Any Gauge (Feb. 25, 2015), http://kirkmcd.princeton.edu/examples/gauge.pdf

[32] K.T. McDonald, Potentials of a Hertzian Dipole in the Gibbs Gauge (Aug. 23, 2012),

http://kirkmcd.princeton.edu/examples/gibbs.pdf

[33] K.T. McDonald, Static-Voltage Gauge (March 25, 2008),

http://kirkmcd.princeton.edu/examples/static_gauge.pdf

[34] O.L. Brill and B. Goodman, Causality in the Coulomb Gauge, Am. J. Phys. 35, 632 (1967), http://kirkmcd.princeton.edu/examples/EM/brill_ajp_35_832_67.pdf

[35] C.W. Gardiner and P.D. Drummond, Causality in the Coulomb gauge: A direct proof, Phys. Rev. A 38, 4897 (1988), http://kirkmcd.princeton.edu/examples/EM/gardiner_pra_38_4897_88.pdf

[36] F. Rohrlich, Causality, the Coulomb field, and Newton’s law of gravitation, Am. J.

Phys. 70, 411 (2002), http://kirkmcd.princeton.edu/examples/EM/rohrlich_ajp_70_411_02.pdf

[37] B.J. Wundt and U.D. Jentschura, Sources, Potentials and Fields in Lorenz and Coulomb Gauge: Cancellation of Instantaneous Interactions for Moving Point Charges, Ann. Phys. (N.Y.) 327, 1217 (2012), http://kirkmcd.princeton.edu/examples/EM/wundt_ap_327_1217_12.pdf

http://arxiv.org/abs/1110.6210

[38] K.T. McDonald, Electromagnetic Field Angular Momentum of a Charge at Rest in a Uniform Magnetic Field (Dec. 21, 2014), http://kirkmcd.princeton.edu/examples/lfield.pdf

[39] C. Cohen-Tannoudji, J. Dupont-Roc and G. Grynberg, Photons and Atoms. Introduction to Quantum Electrodynamics (Wiley, 1989),

http://kirkmcd.princeton.edu/examples/EM/cohen-tannoudji_chap1.pdf

[40] K.T. McDonald, Electromagnetism Problem Set 8 (2001),

http://kirkmcd.princeton.edu/examples/ph501set8.pdf

[41] K.T. McDonald, Potentials for a Hertzian Oscillating Dipole (Apr. 6, 2015),

http://kirkmcd.princeton.edu/examples/hertizan_potentials.pdf