Index of Refraction of a Moving Medium

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (December 17, 2014; updated October 20, 2019)

1 Problem

A linear, isotropic medium at rest can be characterized by a (frequency-dependent) index of refraction n(ω). What is the index of refraction in a frame in which this medium has velocity v?

2 Solution

This problem is implicit in early experiments to search for effects of the supposed æther in moving media, such as that of Arago (1810) [1] and Fizeau (1851) [2, 3, 4], and was addressed by Lorentz in 1903 [5].^1 Discussion in the context of special relativity was first given by Laub [7], and then more clearly by Laue [8], both in 1907.^2 See also sec. 36 of Pauli’s review [10]. Perhaps because these works were written in German, awareness of them seems to have faded in the English literature, where discussions such as [11]-[14] make no mention of them.

We write a 4-vector as a_μ = (a_0, a) and the square of its invariant length as a_μa^μ = a^2_0 −a^2. In particular, the position 4-vector is x_μ = (ct, x), where c is the speed of light in vacuum.

The Lorentz transformation of a 4-vector a_μ from one inertial frame to another with velocity v with respect to the first can be written as,

a^′_0 = γ(a_0 − a_‖v/c), (1) a^′_‖ = γ(a_‖ − a_0v/c), (2) a^′_⊥ = a_⊥, (3)

where, γ = 1 √ 1 − v^2/c^2

, a = a_‖ + a_⊥, a_‖ = (a · v̂)v̂, (4)

and the 4-vector has components (a_0, a) and (a^′_0, a^′) in the first and second frames.

We recall that the 3-velocity u of a particle obeys u < c and can be embedded in the 4-velocity, u_μ = γ_u(c, u), where γ_u = 1 √ 1 − u^2/c^2

. (5)

The Lorentz transformation (1)-(3) of the particle 4-velocity is,

γ_u′ = γγ_u(1 − u · v/c^2), (6)

1Lorentz discussed his eponymous transformations with respect to a stationary æther), prior to Einstein’s derivation thereof (1905) [6] (without an æther).

2For discussion of how after 1907 Einstein sometimes stated that an awareness of Fizeau’s experiment was a significant motivation for his development of the theory of relativity, see [9].

u^′_‖ = γγ_u γ_u′

(u_‖ − v) = u_‖ − v 1 − u · v/c^2 = (u · v̂)v̂ − v 1 − u · v/c^2

, (7)

u^′_⊥ = u_⊥ = u − (u · v̂)v̂. (8)

Equations (7) and (8) can be combined to give,

u^′ = u − v − u_⊥(u · v)/c^2

1 − u · v/c^2

, (9)

which reverts to the Galilean transformation, u^′ = u − v, of particle velocity in the lowvelocity limit.

2.1 Lorentz Transformation of Phase Velocity

As will be confirmed below, phase velocity is not the spatial part of a 4-vector, and does not transform according to eq. (9). However, we can still display an explicit form for the Lorentz transformation of phase velocity via considerations of the (Lorentz invariant) phase of a wave.

In particular, we can associate the plane wave, cos(k · x − ωt), with a wave 4-vector k_μ = (ω/c, k) such that the phase ϕ of the wave is a Lorentz scalar,

ϕ = k · x − ωt = −k_μx^μ. (10)

Surfaces of constant phase propagate with phase velocity,

u_p(ω, k) = ω k^2 k = u_{p‖} + u_{p⊥} = u_{p‖} v̂ + u_{p⊥} k̂_⊥, (11)

where u_{p‖} = u · v̂, and k̂_⊥ is a unit vector in the direction of u_{p⊥} = u_p − u_{p‖} (and not the component perpendicular to v of the unit vector k̂ = û_p). If we write,

k = k_‖ v̂ + k_⊥ k̂_‖, (12)

and note that ω = k u_p, we also have,

k_‖ = ω u_{p‖} u^2_p

, k_⊥ = ω u_{p⊥} u^2_p

. (13)

In a frame that moves with velocity v with respect to the original frame the phase velocity is, u^′_p = ω^′ k^{′2} k^′ = ω^′ k^′ û^′_p = u^′_{p‖} + u^′_{p⊥}. (14)

The Lorentz transformation (1)-(3) of the wave 4-vector k_μ is,

ω^′ = γ(ω − k · v) = γ(ω − k_‖ v) = γ ω u^2_p

(u^2_p − u_{p‖} v), (15)

k^′_‖ = γ(k_‖ − ωv/c^2) = γ v̂(k_‖ − ωv/c^2) = γ ω c^2 u^2_p v̂ ( c^2 u_{p‖} − u^2_p v ) , (16)

k^′_⊥ = k_⊥ = k_⊥ k̂_⊥ = ω u_{p⊥} u^2_p k̂_⊥. (17)

Combining eqs. (16) and (17) we find,

k^{′2} = ω^2 c^4 u^4_p

[c^4 u^2_{p⊥} + γ^2(c^2 u_{p‖} − u^2_p v)^2], (18)

and hence the Lorentz transformation of phase velocity is,

u^′_p = ω^′ k^′ = γ c^2(u^2_p − u_{p‖} v) √ c^4 u^2_{p⊥} + γ^2(c^2 u_{p‖} − u^2_p v)^2 = u_p − v u_{p‖}/u_p √ u^2_{p⊥}/γ^2u^2_p + (u_{p‖}/u_p − u_p v/c^2)^2

, (19)

and the direction of the wavefront is,

û^′_p = k̂^′ = k^′_‖ + k^′_⊥ k^′ = γ(c^2 u_{p‖} − u^2_p v) v̂ + c^2 u_{p⊥} k̂_⊥ √ c^4 u^2_{p⊥} + γ^2(c^2 u_{p‖} − u^2_p v)^2 = (u_{p‖}/u_p − u_p v/c^2) v̂ + (u_{p⊥}/γu_p) k̂_⊥ √ u^2_{p⊥}/γ^2u^2_p + (u_{p‖}/u_p − u_p v/c^2)^2 . (20) The components of the transformed phase velocity are,

u^′_{p‖} = u^′_p k^′_‖ k^′ = γ^2 c^2(u^2_p − u_{p‖} v)(c^2 u_{p‖} − u^2_p v) c^4 u^2_{p⊥} + γ^2(c^2 u_{p‖} − u^2_p v)^2 v̂ =

(u_p − v u_{p‖}/u_p)(u_{p‖}/u_p − u_p v/c^2) u^2_{p⊥}/γ^2u^2_p + (u_{p‖}/u_p − u_p v/c^2)^2 v̂, (21)

u^′_{p⊥} = u^′_p k^′_⊥ k^′ = γ c^4(u^2_p − u_{p‖} v) u_{p⊥} c^4 u^2_{p⊥} + γ^2(c^2 u_{p‖} − u^2_p v)^2 k̂_⊥ = (u^p − v u^{p‖}/u^p) u^{p⊥}/γu^p u^2_{p⊥}/γ^2u^2_p + (u_{p‖}/u_p − u_p v/c^2)^2 k̂_⊥. (22)

For the special case that u_p = c, eq. (15) becomes ω^′ = γ ω(1 − u_{p‖}v/c^2), and eq. (18) becomes (after some algebra) k^{′2} = γ^2ω^2(1 − u_{p‖}v/c^2)^2/c^2 = ω^{′2}/c^2. That is, if the phase velocity is c in one inertial frame it is also c in any other inertial frame.

The comments in the rest of this section suppose that the phase velocity differs from c in the rest frame of the medium.

From eq. (19) we see that the phase velocity in the moving medium depends on the direction of the wave, so that the moving medium appears to be anisotropic even if the medium at rest is isotropic.

We defer discussion of dispersion in the moving medium to sec. 2.2. If the boost velocity v is parallel to the phase velocity u_p, then from eqs. (15) and (16), or from eq. (19), we find that,

u^′_p = u_p − v 1 − u_p · v/c^2

(u_p ‖ v), (23)

so that the Lorentz transformation of phase velocity is the same as that for particle velocity, eq. (9), in this special case.

However, since the phase speed ω/k can have any value less than, equal to, or even greater than c,^3 the wave 4-vector k_μ can be spacelike, lightlike or timelike, respectively. This permits possibly surprising scenarios such as u_p = 2c x̂, v = c x̂/2, for which the transformed wave vector k^′ vanishes, the transformed waveform is the standing wave cos( √ 3/4ωt^′), and the transformed phase velocity is formally infinite.

3A well-known case with phase speed greater than c is a waveguide. See, for example, sec. 8.3 of [16].

2.2 Propagation of Light in a Moving Medium

In the case of propagation of light in a medium with an index of refraction different from 1, the rest frame of that medium is a preferred frame. In this frame, the phase velocity (11) can be written as, u_p = ω k û_p = c n û_p, (24)

i.e., u_p = c/n, such that the phase velocity (19) in a frame where the medium has velocity v at angle α to the wave vector k (in the rest frame of the medium) can be written as,^4

u^′_p =

1 − nβ cos α √ n^2(1 − cos^2 α)(1 − β^2) + (n cos α − β)^2 c û^′_p ≡ c n^′ û^′_p, (25)

noting that u_{p‖}/u_p = cos α. Then, the index of refraction n^′ in the moving medium is given by,

n^′ = √ n^2(1 − cos^2 α)(1 − β^2) + (n cos α − β)^2 1 − nβ cos α = √ n^2(1 + β^2 cos^2 α) − 2nβ cos α − (n^2 − 1)β^2 1 − nβ cos α = k^′c ω^′

, (26)

which is a function of the angle α and index of refraction n in the rest frame of the medium.^5 If the medium at rest is nondispersive, the index n is independent of the angular frequency ω, and likewise the index n^′ is independent of ω^′, so the moving medium also is nondispersive (but anisotropic).^6

Only for the special case that the phase velocity is c are the waves both nondispersive and isotropic in all inertial frames.

For low velocities, v ≪ c, the phase velocity u^′_p in the frame where the medium has velocity v follows from eq. (25) as,

u^′_p ≈ c n − v cos α ( 1 − 1 n^2 ) . (27)

This expression was predicted by Fresnel (1818) [17], via an argument about partial dragging of the æther by moving media, inspired in part by the null result of an ether-drift experiment by Arago (1810) [1] that added a prism to a telescope.^7 The expression (27) was confirmed

4Equation (25) was first given by Laue (1907) [8], where quantities in the rest frame of the medium were labeled with a^′, and our cos α is Laue’s − cos ϑ^′. See also eq. (311c) of Pauli’s 1921 review [10].

5The naïve assumption that the index of refraction of a moving medium is isotropic if it is so in its rest frame can lead to spurious deductions, as in [13].

6This conclusion is reached in [14], where a much less compact expression for the index (26) in the moving medium is given.

7The intricate story of thought experiments on stellar aberration that influenced Fresnel is reviewed in Pederson [18]. See also [19, 20]. For additional commentary on Arago’s experiment, see [21]. The thought experiments with water-filled telescopes were first realized, with the expected negative results, around 1870 [22, 23].

experimentally, for cos α = −1, by Fizeau (1851) [2, 3, 4].^{8,9} Lorentz (1903) deduced eq. (27) for cos α = −1 in sec. 60 of [5], using his electron theory with a stationary æther that slightly preceded Einstein’s (1905) theory of special relativity [6]. It is noteworthy that eq. (27) is a “special relativistic” effect observable for v ≪ c that is not anticipated by use of Galilean relativity (in contrast to stellar aberration, discussed by Einstein in sec. 7 of [6]).

Appendix: Lorentz Transformation of Group Velocity

This Appendix follows [28]. See also [29, 30].

A suitable 4-vector generalization of the 3-dimensional group velocity, u_g = ∂ω/∂k, is based on rewriting the dispersion relation ω = ω(k) as,

F (k_μ) = F (ω/c, k) = 0, (28)

and then taking the 4-vector gradient, ∂F ∂k_μ | | | |_{F =0} = ( c ∂F ∂ω , ∂F ∂k ) F =0 = ∂F ∂ω | | | |_{F =0} ( c, ∂ω ∂k ) = ∂F ∂ω | | | |_{F =0} (c, u^g). (29)

The invariant length of this gradient is, √ ∂F ∂k_μ ∂F ∂k^μ | | | |_{F =0} = c ∂F ∂ω | | | |_{F =0} √ 1 − u^2_g/c^2 = c γ_{ug} ∂F ∂ω | | | |_{F =0} . (30)

Dividing the 4-vector (29) by the Lorentz scalar (30) and multiplying by c we obtain the group-velocity 4-vector, u_{g,μ} = γ_{ug} (c, u_g). (31)

This 4-vector is formally identical to that of the 4-velocity (5) of a particle, so the Lorentz transformation of the group velocity u_g has the form of eq. (9),

u^′_g = u_g − v − u_{g⊥}(u_g · v)/c^2 1 − u_g · v/c^2

. (32)

References

[1] A. Arago, Mémoire sur la vitesse de la lumière, Comptes Rend. Acad. Sci. 36, 38 (1810),

http://kirkmcd.princeton.edu/examples/GR/arago_cras_36_38_10.pdf

[2] M.H. Fizeau, Sur les hypothèses relatives à l’éther lumineux, et sur une expérience qui parait démontrer que le mouvement des corps change la vitesse avec laquelle la lumière se propage dans leur intérieur, Comptes Rend. Acad. Sci. 33, 349 (1851),

8Fizeau’s result disagreed with the view that the æther was completely “dragged” by a moving body, as advocated by Stokes [24] and others.

9A recent discussion of the many repetitions of Fizeau’s experiment is [25]. Discussions of complexities in Fizeau’s experiment are given in [26, 27].

http://kirkmcd.princeton.edu/examples/GR/fizeau_cras_33_349_51.pdf

On the Hypotheses Relating to the Luminous Æther and an Experiment which appears to Demonstrate that the Motion of Bodies alters the Velocity with which Light propagates Itself in Their Interior, Phil. Mag. 2, 568 (1851),

http://kirkmcd.princeton.edu/examples/GR/fizeau_pm_2_568_51.pdf

[3] M.H. Fizeau, Sur les hypothèses relatives à l’éther lumineux, et sur une expérience qui parait démontrer que le mouvement des corps change la vitesse avec laquelle la lumière se propage dans leur intérieur, Ann. Chim. Phys. 57, 385 (1859),

http://kirkmcd.princeton.edu/examples/GR/fizeau_acp_57_385_59.pdf

On the Effect of the Motion of a Body upon the Velocity with which it is traversed by Light, Phil. Mag. 19, 245 (1860), http://kirkmcd.princeton.edu/examples/GR/fizeau_pm_19_245_60.pdf

[4] M.E. Mascart, Traité de Optique, Vol. 3, Gauthier-Villars (1893), pp. 101-105,

http://kirkmcd.princeton.edu/examples/optics/mascart_optique_89.pdf

[5] H.A. Lorentz, Weiterbildung der Maxwellschen Theorie. Elektronentheorie, Enzykl.

Math. Wiss. 5, part II, 145 (1904),

http://kirkmcd.princeton.edu/examples/EM/lorentz_emw_5_2_145_04.pdf

[6] A. Einstein, Zur Elektrodynamik bewegter Körper, Ann. d. Phys. 17, 891 (1905),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05_english.pdf

[7] J. Laub, Zur Optik der bewegten Körper, Ann. d. Phys. 23, 738 (1907),

http://kirkmcd.princeton.edu/examples/GR/laub_ap_23_738_07.pdf

Zur Optik der bewegten Körper, II, Ann. d. Phys. 25, 175 (1908),

http://kirkmcd.princeton.edu/examples/GR/laub_ap_25_175_08.pdf
http://kirkmcd.princeton.edu/examples/GR/laub_ap_25_175_08_english.pdf

[8] M. Laue, Die Mitführung des Lichtes durch bewegte Köper nach dem Relativitätsprinzip, Ann. d. Phys. 23, 989 (1907),

http://kirkmcd.princeton.edu/examples/GR/vonlaue_ap_23_989_07.pdf
http://kirkmcd.princeton.edu/examples/GR/vonlaue_ap_23_989_07_english.pdf

[9] A. Cassini and M.L. Levinas, Einstein’s reinterpretation of the Fizeau experiment: How it turned out to be crucial for special relativity, Stud. Hist. Phil. Mod. Phys. 65, 55 (2019), http://kirkmcd.princeton.edu/examples/GR/cassini_shpmp_65_55_19.pdf

[10] W. Pauli, Jr, Relativitätstheorie (Teubner, 1921),

http://kirkmcd.princeton.edu/examples/GR/pauli_emp_5_2_539_21.pdf

The Theory of Relativity (Pergamon, 1958; Dover 1981),

http://kirkmcd.princeton.edu/examples/GR/pauli_sec36.pdf

[11] R.A. Bachman, Relativistic phase velocity transformation, Am. J. Phys. 57, 628 (1989),

http://kirkmcd.princeton.edu/examples/mechanics/bachman_ajp_57_628_89.pdf

[12] X. Zhang, Generalized transformation of relativistic phase velocity, Eur. J. Phys. 15, 309 (1994), http://kirkmcd.princeton.edu/examples/mechanics/zhang_ejp_15_309_94.pdf

[13] J.Q. Shen, A note: the relativistic transformations for the optical constants of media (2004), http://arxiv.org/abs/physics/0408005

[14] M. McCall and D. Censor, Relativity and mathematical tools: Waves in moving media, Am. J. Phys. 75, 1134 (2007),

http://kirkmcd.princeton.edu/examples/optics/mccall_ajp_75_1134_07.pdf

[15] J.L.J. Fernandez-Diez and K.T. McDonald, Galilean Transformation of Wave Velocity (Jan. 14, 2007), http://kirkmcd.princeton.edu/examples/wave_velocity.pdf

[16] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[17] A.-J. Fresnel, Lettre de M. Fresnel à M. Arago, sur l’influence du mouvement terrestre dans quelques phénomènes d’optique, Ann. Chim. Phys. 9, 57 (1818),

http://kirkmcd.princeton.edu/examples/GR/fresnel_acp_9_57_18.pdf

[18] K.M. Pederson, Water-Filled Telescopes and the Pre-History of Fresnel’s Ether Dragging, Arch. Hist. Exact Sci. 54, 499 (2000),

http://kirkmcd.princeton.edu/examples/GR/pedersen_ahes_54_499_00.pdf

[19] R. Newburgh, Fresnel Drag and the Principle of Relativity, Isis 63, 379 (1974),

http://kirkmcd.princeton.edu/examples/GR/newburgh_isis_65_379_74.pdf

[20] J. Stachel, Fresnel’s (Dragging) Coefficient as a Challenge to 19th Century Optics of Moving Bodies, in The Universe of General Relativity, A.J. Kox and J. Eisenstaedt, eds. (Birkhäuser, 2005), http://kirkmcd.princeton.edu/examples/GR/stachel_fresnel_05.pdf

[21] R. Ferraro and D.M. Sforza, Arago (1810): the first experimental result against the ether, Eur. J. Phys. 26, 195 (2005),

http://kirkmcd.princeton.edu/examples/GR/ferraro_ejp_26_195_05.pdf

[22] M. Hoek, Determination de la vitesse avec laquelle est entrainée une onde lumineuse traversant un milieu en mouvement, Arch. Neer. Sci. 3, 180 (1868),

http://kirkmcd.princeton.edu/examples/GR/hoek_ans_3_180_68.pdf
http://kirkmcd.princeton.edu/examples/GR/hoek_69.pdf

[23] G.B. Airy, On a supposed alteration in the amount of Astronomical Aberration of Light, produced by the passage of the Light through a considerable thickness of Refracting Medium, Proc. Roy. Soc. London 20, 35 (1871),

http://kirkmcd.princeton.edu/examples/GR/airy_prsl_20_35_71.pdf

[24] G.G. Stokes, On the Aberration of Light, Phil. Mag. 27, 9 (1845),

http://kirkmcd.princeton.edu/examples/GR/stokes_pm_27_9_45.pdf

[25] R.J. Neutze, G.E. Stedman and H.R. Bilger, Reanalysis of Laub drag effects in a ring cavity, J. Opt. Soc. Am. B 13, 2065 (1996),

http://kirkmcd.princeton.edu/examples/GR/neutze_josab_13_2065_96.pdf

[26] I. Lerche, The Fizeau effect: Theory, experiment, and the Zeeman’s measurements, Am.

J. Phys 45, 1154 (1977), http://kirkmcd.princeton.edu/examples/GR/lerche_ajp_45_1154_77.pdf

[27] G. Clément, Does the Fizeau experiment really test special relativity? Am. J. Phys 48, 1059 (1980), http://kirkmcd.princeton.edu/examples/GR/clement_ajp_48_1059_180.pdf

[28] V.G. Polevoǐ and S.M. Rytov, The four-dimensional group velocity, Sov. Phys. Usp. 21, 630 (1978), http://kirkmcd.princeton.edu/examples/mechanics/polevoi_spu_21_630_78.pdf

[29] J.M. Saca, Addition of group velocities, Am. J. Phys. 53, 173 (1985),

http://kirkmcd.princeton.edu/examples/mechanics/saca_ajp_53_173_85.pdf

[30] G.E. Stedman, Relativistic transformation of group velocity via spatial filtering, Am.

J. Phys. 60, 1117 (1992), http://kirkmcd.princeton.edu/examples/GR/stedman_ajp_60_1117_92.pdf