The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (Dec. 5, 1996; updated May 11, 2018) Abstract

The expressions of Jefimenko for the electromagnetic fields E and B in terms of source charge and current densities ρ and J, which have received much recent attention in the American Journal of Physics, appeared previously in sec. 14.3 of the book Classical Electricity and Magnetism by Panofsky and Phillips. The latter developed these expressions further into a form that gives greater emphasis to the radiation fields. This Note presents a derivation of the various expressions, and discusses an apparent paradox in applying Panofsky and Phillips’ result to static situations.

1 Introduction

A general method of calculation of time-dependent electromagnetic fields was given by Lorenz in 1867 [1], in which the retarded potentials were first introduced.^1 These are,

Φ(x, t) = ∫ [ρ(x^′, t^′)] R d^3x^′, and A(x, t) = 1 c ∫ [J(x^′, t^′)] R d^3x^′, (1)

where Φ and A are the scalar and vector potentials in Gaussian units ,^2 ρ and J are the charge and current densities, R = |R| with R = x−x^′, and a pair of brackets, [ ], implies the quantity within is to be evaluated at the retarded time t^′ = t − R/c with c being the speed of light in vacuum. Lorenz did not explicitly display the electric field E and the magnetic field B, although he noted they could be obtained via

E = −∇Φ − 1 c ∂A ∂t , and B = ∇ × A. (3)

Had Lorenz’ work been better received by Maxwell,^3 the expressions discussed below probably would have been well known over a century ago. The retarded potentials came into

1The concept of retarded potentials is due to Riemann [2] (1858), but appeared only in a posthumous publication together with Lorenz’ work [1]. Lorenz developed a scalar retarded potential in 1861 when studying waves of elasticity [3].

2These potentials obey the Lorenz gauge condition, also first introduced in [1],

∇ · A + 1 c ∂Φ ∂t = 0. (2)

3Lorenz argued the light was mechanical vibration of electric charge (and that “vacuum” was electrically conductive), while Maxwell considered that light was waves of the electromagnetic field [4]. Maxwell’s skepticism may also have been due to a misunderstanding as to the computation of the retarded fields of a uniformly moving charge [5].

general use only after Hertz’ experiments on electromagnetic waves (1888) [6] and Thomson’s discovery of the electron [7, 8] (1897).^4 At that time basic interest switched from electromagnetic phenomena due to time-dependent charge and current distributions to that due to moving electrons, i.e., point charges. Hence, the Liénard-Wiechert potentials and the corresponding expressions for the electromagnetic fields of a point charge in arbitrary motion [12, 13] form the basis for most subsequent discussions.

For historical perspectives see the books of Whittaker [14] and O’Rahilly [15]. The textbook by Becker [16] contains concise derivations very much in the spirit of the original literature (and is still in print).

Recent interest shown in this Journal in general expressions for time-dependent electromagnetic fields arose from an article by Griffiths and Heald [17] on the conundrum: while time-dependent potentials are “simply” the retarded forms of the static potentials, the timedependent fields are more than the retarded forms of the Coulomb and the Biot-Savart laws. Of course, it was Maxwell who first expounded the resolution of the conundrum; the something extra is radiation! Hertz’ great theoretical paper on electric-dipole radiation (especially the figures) remains the classic example of how time-dependent fields can be thought of as instantaneous static fields close to the source but as radiation fields far from the source [6].

The discussion of Griffiths and Heald centered on the following expressions for the electromagnetic fields, which they attributed to Jefimenko [18], E = ∫ [ρ] n̂ R^2 d^3x^′ + 1 c ∫ [ρ̇] n̂ R d^3x^′ − 1 c^2 ∫˙ [J] R d^3x^′. (4)

where J̇ = ∂J/∂t, n̂ = R/R and B = 1 c ∫ [J] × n̂ R^2 d^3x^′ + 1 c^2 ∫˙ [J] × n̂ R d^3x^′, (5)

These expressions indeed contain retarded versions of the Coulomb and Biot-Savart laws as their leading terms, but their relation to radiation is not as manifest as it might be. In particular, eq. (4) seems to suggest that there exist both longitudinal and transverse components of the electric field that fall off as 1/R. It must be that the second term of eq. (4) cancels the longitudinal component of the third term, although this is not selfevident. Thus, from a pedagogical point of view eq. (4) goes only part way towards resolving the conundrum.

Personally, I found some of the discussion by Griffiths and Heald (and their followers [29]- [31]) surprising in that I imagined it was common knowledge that eq. (4) can be transformed to, E = ∫ [ρ] n̂ R^2 d^3x^′ + 1 c ∫ ([J] · n̂) n̂ + ([J] × n̂) × n̂ R^2 d^3x^′ + 1 c^2 ∫ ( ˙[J] × n̂) × n̂ R d^3x^′. (6)

The combination of eqs. (5) and (6) manifestly displays the mutually transverse character of the radiation fields (those that vary as 1/R), and to my taste better serves to illustrate the

4FitzGerald seems to have been aware of retarded potentials in his discussion [9, 10] of radiation by a small, oscillating current loop, one year prior to the invention of the Poynting vector [11].

nature of the time-dependent fields. However, after extensive checking the only reference to eq. (6) that I have located is in sec. 14.3 of the 2nd edition of the textbook of Panofsky and Phillips [19, 20].^{5,6}

The alert reader may be troubled by the second term in eq. (6), which seems to suggest that static currents give rise to an electric field. One can verify by explicit calculation that this is not so for current in a straight wire or (more tediously) in a circular loop. Indeed, the second term in eq. (6) vanishes whenever both ∇ · J = 0 and J̇ = 0 over the whole current distribution, i.e., in the static limit.

In the following section I give a direct derivation of eq. (6) in possible contrast to that of Panofsky and Phillips who used Fourier transforms. Section 3 clarifies why the second term of eq. (6) vanishes in the static limit. Appendix A presents a solution for the fields without use of potentials, and Appendix B considers the Helmholtz decomposition of E and B.

2 Derivation of the Electric Field

The starting point is, of course, eq. (3) applied to eqs. (1).

The time derivative ∂/∂t acts only on [J] because of the relation t^′ = t − R/c. Thus, − 1 c ∂A ∂t = − 1 c^2 ∫˙ [J] R d^3x^′. (7)

Also,

−∇Φ = − ∫ ∇ ( [ρ] R ) d^3x^′ = − ∫ [ρ] ∇ ( 1 R ) d^3x^′ − ∫ ∇ [ρ] R d^3x^′. (8)

But, ∇ ( 1 R ) = − n̂ R^2

, and ∇ [ρ] = ∇ρ(x^′, t − R/c) = [ρ̇] ( − ∇R c ) = − [ρ̇] n̂ c . (9)

Equations (7)-(9) combine to give eq. (4).

It is now desired to transform the second term of eq. (4), and the continuity equation,

∇ · J = −ρ̇, (10)

suggests itself for this purpose. Some care is needed to apply this at the retarded coordinates x^′ and t^′ = t − R/c because of the implicit dependence of the current density on x^′ through

5The Fourier transforms of eqs. (4)-(5) which appear as eqs. (14-33) and (14-36) in the book of Panofsky and Phillips also appear as eqs. (18)-(19) of [21], as eq. (16) of [22] and eq. (21), p. 466 of [23].

A form of eq. (4) can be recognized in eq. (2a), p. 505, of [24]; see also [25]. There, the context is Kirchhoff integrals for vector fields in terms of source charges and current plus relevant knowledge of the fields on some bounding surface. Since, the expressions (4)-(5) (or their Fourier transforms) are valid without use of information from a bounding surface, we learn that the integrals based on that surface information are actually zero if all sources are contained within that surface. This last point is, however, omitted from most discussions of diffraction theory.

6The attribution of eqs. (4)-(6) to Jefimenko now includes sec. 8.2, p. 261 of [26], sec. 10.2.2, p. 427 of [27], and sec. 6.5, p. 246 of [28].

R. Introducing ∇^′ = ∂/∂x^′, then,

∇^′ · [J] = [∇^′ · J] + ˙[J] · ( − ∇^′R c ) = − [ρ̇] +

˙[J] · n̂ c . (11)

Thus, 1 c ∫ [ρ̇] n̂ R d^3x^′ = − 1 c ∫ (∇^′ · [J])n̂ R d^3x^′ + 1 c^2 ∫ ( ˙[J] · n̂)n̂ R d^3x^′. (12)

If the first term on the righthand side of eq (12) actually varies as 1/R^2 then the radiation field within eq. (4) will have the form given in eq. (6), since the last term in eq. (12) is the negative of the longitudinal component of the last term in eq. (4).

The integral involving ∇^′ · [J] can be transformed further by examining the components of the integrand,

(∇^′ · [J])n̂_i R = ∂ [J]_j ∂x^′_j

R_i R^2 = ∂ ∂x^′_j

([J]_j R_i

R^2 ) −[J]_j ∂ ∂x^′_j ( R_i R^2 ) = ∂ ∂x^′_j

([J]_j R_i

R^2 ) + [J]_i − 2([J] · n̂)n̂_i R^2 , (13) where summation is implied over index j. The volume integral of the first term becomes a surface integral with the aid of Gauss’ theorem, and hence vanishes assuming the currents are contained within a bounded volume, ∫ V ∂ ∂x^′_j ( [J]_j R_i

R^2 ) d^3x^′ = ∫ S dS^′ · ( [J] R_i R^2 ) = 0. (14)

The remaining term can be summarized as, − 1 c ∫ (∇^′ · [J])n̂ R d^3x^′ = 1 c ∫ 2([J] · n̂)n̂ − [J] R^2 d^3x^′ = 1 c ∫ ([J] · n̂)n̂ + ([J] × n̂) × n̂ R^2 d^3x^′.

(15) Finally, equations (4), (12) and (15) combine to yield eq. (6).

3 The Static Limit

To ascertain the behavior of the second term of eq. (6) in the static limit, refer to eq. (15) which indicates its relation to ∇^′ · [J]. The latter is expanded in eq. (11), and accordingly vanishes if both ∇ · J = 0 and J̇ = 0. Since ∇ · J = −ρ̇, the second term of eq. (6) vanishes in the static limit (i.e., when both ρ̇ and J̇ vanish), as claimed in the Introduction.

It remains that expression (6) may be more cumbersome than expression (4) for explicit calculation of the electric field in time-dependent situations where radiation is not the dominant concern. This point has been illustrated in the calculation of the fields of a moving charge [17, 29, 30, 31, 32] and related examples [33, 34, 35, 36, 37, 38]. In another Note [39] I discuss how eqs. (4) and (5) can be used to clarify a subtle issue regarding the fields outside an infinite solenoid with a time-dependent current.

A Appendix: Solution for the Fields without Use of Potentials

Maxwell’s equations for the fields E and B can be combined into wave equations of the form,

∇^2E − 1 c^2

∂^2E ∂t^2

= 4π∇ρ + 4π c^2 ∂J ∂t , ∇^2B − 1 c^2

∂^2B ∂t^2 = − 4π c ∇ × J, (16)

in terms of source charge and current densities ρ and J.^7 Each of these six scalar component equations can be solved by the method of Riemann and Lorenz in terms of retarded source quantities,

E(x, t) = − ∫ [∇^′ρ] R d^3x^′ − 1 c^2 ∫ [ J̇ ] R d^3x^′, B(x, t) = 1 c ∫ [∇^′ × J] R d^3x^′. (17)

Now, for charge density that falls off sufficiently quickly at large distances, − ∫ ∇^′ρ R d^3x^′ = ∫ ρ∇^′ ( 1 R ) d^3x^′ = ∫ ρ n̂ R^2 d^3x^′, (18)

as follows on integration by parts, so for [ρ] = ρ(t − R/c), − ∫ [∇^′ρ] R d^3x^′ = ∫ [ρ n̂] R^2 d^3x^′ + ∫ [ρ̇] ∇^′(1/R) cR d^3x^′ = ∫ [ρ] n̂ R^2 d^3x^′ + 1 c ∫ [ρ̇] n̂ R d^3x^′. (19)

Using this in eq. (17) yields eq. (4) for E, from which eq. (6) follows as before. Similarly, integrating eq. (17) for B by parts, and using the chain rule for the derivative of the time dependence on t^′ = t − R/c leads to eq. (5).^8

B Appendix: Helmholtz Decomposition of the Fields

This section was added on May 11, 2018, at the suggestion of Joseph Subotnik.

Recall that Helmholtz showed in 1858 [41, 42] (in a hydrodynamic context) that any vector field, say E, which vanishes suitably quickly at infinity can be decomposed as,^{9,10}

E = E_{irr} + E_{rot}, (20)

7The wave equation for E was given by Lorenz [1] for a medium of electrical conductivity σ, but with E replaced by J according to Ohm’s law, J = σE. Lorenz noted that a solution to this equation exists via the method of retarded potentials, but his did not explicitly display this for J. Had he done so, he would have arrived at eq. (17). See also the Appendix to [5].

8Jefimenko’s equations (4)-(5) have been deduced from the wave equations (16) by use of a retarded Green function in [30], in sec. 6.5 of [28] and in sec. II of [40].

9The essence of this decomposition was anticipated by Stokes (1849) in secs. 5-6 of [43]. 10Radiation fields, which fall off as 1/r at large distance r from their (bounded) source, do fall off sufficiently quickly for Helmholtz’ decomposition to apply, as reviewed in [44]. Doubts as to this were expressed in [45], but see [46].

where the irrotational and rotational components E_{irr} and E_{rot} obey,^{11}

∇ × E_{irr} = 0, and ∇ · E_{rot} = 0. (21)

As noted in [42], the Helmholtz decomposition of electromagnetic fields is closely related to use of the Coulomb gauge for the electromagnetic potentials A^{(C)} and Φ^{(C)}, from which the fields E and B can be deduced according to,

E = −∇Φ^{(C)} − 1 c ∂A^{(C)} ∂t , B = ∇ × A^{(C)}. (22)

In the Coulomb gauge, the vector potential obeys,

∇ · A^{(C)} = 0, ⇒ ∇ · ( − 1 c ∂A^{(C)} ∂t ) = 0, (23)

and the scalar potential is the instantaneous Coulomb potential,

Φ^{(C)} = ∫ ρ R d^3x^′, (24)

such that the corresponding instantaneous Coulomb electric field obeys,

E_{instantaneous} = −∇Φ^{(C)} = ∫ ρ n̂ R^2 d^3x^′, ⇒ ∇ × E_{instantaneous} = 0. (25)

Hence, the Helmholtz decomposition of the electric field can be written as,

E_{irr} = E_{instantaneous} = −∇Φ^{(C)} = ∫ ρ n̂ R^2 d^3x^′, (26)

E_{rot} = − 1 c ∂A^{(C)} ∂t = E − E_{irr} (27) = ∫ ([ρ] − ρ) n̂ R^2 d^3x^′ + 1 c ∫ ([J] · n̂) n̂ + ([J] × n̂) × n̂ R^2 d^3x^′ + 1 c^2 ∫ ( ˙[J] × n̂) × n̂ R d^3x^′,

recalling eq. (6).^{12} Of course, since ∇ · B = 0,

B_{irr} = B. (28)

B.1 Are the Radiation Fields Rotational?

The “radiation” fields are those terms of eqs. (5)-(6) whose integrands are proportional to 1/R,

B_{rad} = 1 c^2 ∫˙ [J] × n̂ R d^3x^′, E_{rad} = 1 c^2 ∫ ( ˙[J] × n̂) × n̂ R d^3x^′. (29)

11The irrotational component is sometimes labeled “longitudinal” or “parallel”, and the rotational component is sometimes labeled “solenoidal” or “transverse”.

12The last term in eq. (27), the “radiation” electric field (if nonzero), has sources at which ∇ · E_{rad} is nonzero, so this term is not irrotational. In contrast, idealized, source-free plane electromagnetic waves have zero divergence. And, since ∇ × E_{rad} = −∂B_{rad}/∂ct, the radiation electric field is not rotational either.

Are these radiation fields rotational (i.e., with zero divergence)?

For example, the radiation fields of an idealized “point,” (Hertzian) oscillating electric dipole p = p_0 e^{ωt}, are (eq.(9.19) of [47]),

B_{rad} = k^2 n̂ × p e^{ikr} r = k^2 r × p e^{ikr} r^2

, E_{rad} = B_{rad} × n̂ = k^2(n̂ × p) × n̂ e^{ikr} r , (30)

where k = ω/c and n̂ = r/r. The divergences of the radiation fields are, 1 k^2

∇ · B_{rad} = ∇ · ( r × p e^{ikr} r^2 ) = p e^{ikr} r^2

· ∇ × r − r · ∇ × p e^{ikr} r^2

= r · ( ∇ e^{ikr} r^2 ) × p = p · r × ∇ e^{ikr} r^2

= p · r × r ( ik − 2 r ) e^{ikr} r^3

= 0, (31) 1 k^2

∇ · E_{rad} = ∇ · ( p e^{ikr} r − (p · r) r e^{ikr} r^3 ) = p · ∇ e^{ikr} r − (p · r)∇ · ( r e^{ikr} r^3 ) − r e^{ikr} r^3

· ∇(p · r)

= (p · r) ( ik − 1 r ) e^{ikr} r^2

− (p · r) ( r · ∇ e^{ikr} r^3 + e^{ikr} r^3

∇ · r )

−r e^{ikr} r^3

· {(p · ∇)r + p × (∇ × r)}

= (p · r) e^{ikr} r^2 ( ik − 1 r − ik + 3 r − 3 r − 1 r ) = −2(p · r) e^{ikr} r^3

. (32)

Thus, while B_{rad} is rotational, E_{rad} is not (and is not irrotational either).^{13}

References

[1] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[2] B. Riemann, Ein Beitrag zur Elektrodynamik, Ann. d. Phys. 207, 237 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_ap_207_237_67.pdf

A Contribution to Electrodynamics, Phil. Mag. 34, 368 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_pm_34_368_67.pdf

[3] L. Lorenz, Mémoire sur la théorie de l’élasticité des corps homogènes à élasticité constante, J. reine angew. Math. 58, 329 (1861),

http://kirkmcd.princeton.edu/examples/mechanics/lorenz_jram_58_329_61.pdf

[4] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

13Away from the origin, ∇ · E = 0 for the Hertzian dipole oscillator, so we infer that the divergence of its “nonradiation” electric field is also nonzero.

[5] K.T. McDonald, Maxwell’s Objection to Lorenz’ Retarded Potentials (Oct. 26, 2009),

http://kirkmcd.princeton.edu/examples/maxwell.pdf

[6] H. Hertz, Electric Waves (Macmillan, 1900). (This book contains an interesting historical preface by Lord Kelvin.) http://kirkmcd.princeton.edu/examples/EM/hertz_electric_waves.pdf

[7] J.J. Thomson, Cathode Rays, Phil. Mag. 44, 293 (1897),

http://kirkmcd.princeton.edu/examples/EP/thomson_pm_44_293_97.pdf

[8] J.J. Thomson, Cathode Rays, Electrician 39, 104 (1897),

http://kirkmcd.princeton.edu/examples/EP/thomson_electrician_39_104_97.pdf

[9] G.F. FitzGerald, On the Quantity of Energy Transferred to the Ether by a Variable Current, Trans. Roy. Dublin Soc. 3 (1883),

http://kirkmcd.princeton.edu/examples/EM/fitzgerald_trds_83.pdf

On the Energy Lost by Radiation from Alternating Electric Currents, Brit. Assoc. Rep. 175, 343 (1883), http://kirkmcd.princeton.edu/examples/EM/fitzgerald_bar_83.pdf

[10] K.T. McDonald, FitzGerald’s Calculation of the Radiation of an Oscillating Magnetic Dipole (June 20, 2010), http://kirkmcd.princeton.edu/examples/fitzgerald.pdf

[11] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[12] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[13] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann. d.

Phys. 73, 667 (1901), http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_73_667_01.pdf

[14] E. Whittaker, A History of the Theories of Aether and Electricity, (Longmans, Green, 1910), vol. I, p. 267 ff, http://kirkmcd.princeton.edu/examples/EM/whittaker_history.pdf

[15] A. O’Rahilly, Electromagnetics, (Longmans, Green, 1938), chap. VI,

http://kirkmcd.princeton.edu/examples/EM/orahilly_EM.pdf

[16] R. Becker, Electromagnetic Fields and Interactions, Dover Publications, New York, 1982), chap. DIII.

[17] D.J. Griffiths and M.A. Heald, Time-Dependent Generalizations of the Biot-Savart and Coulomb Laws, Am. J. Phys. 59, 111-117 (1991),

http://kirkmcd.princeton.edu/examples/EM/griffiths_ajp_59_111_91.pdf

[18] O.D. Jefimenko, Electricity and Magnetism, (Appleton-Century-Crofts, 1966); 2^{nd} ed.

(Electret Scientific, P.O. Box 4132, Star City, WV 26505, 1989),

http://kirkmcd.princeton.edu/examples/EM/jefimenko_EM.pdf
http://kirkmcd.princeton.edu/examples/EM/jefimenko_em_89.pdf

[19] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2^{nd} ed.

(Addison-Wesley, 1962), kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

[20] W.K.H. Panofsky (private communication, Dec. 12, 1996) did not recall the origin of his eq. (14-42), but considers it likely that he derived it “from scratch” between the first and second editions of his book.

[21] G.A. Schott, Electromagnetic Radiation and the Mechanical Reactions Arising from it (Cambridge U. Press, 1912), http://kirkmcd.princeton.edu/examples/EM/schott_radiation_12.pdf

[22] J.A. Stratton and L.J. Chu, Diffraction Theory of Electromagnetic Waves, Phys. Rev.

56, 99 (1939), http://kirkmcd.princeton.edu/examples/EM/stratton_pr_56_99_39.pdf

[23] J.A. Stratton, Electromagnetic Theory (McGraw-Hill, 1941),

http://kirkmcd.princeton.edu/examples/EM/stratton_electromagnetic_theory.pdf

[24] W. von Ignatowsky, Reflexion electromagnetisher Wellen an einem Draht, Ann. Phys.

18, 495 (1905), http://kirkmcd.princeton.edu/examples/EM/ignatowsky_ap_18_495_05.pdf

[25] W. von Ignatowsky, Diffraktion und Reflexion, abgeleitet aus den Maxwellschen Gleichungen, Ann. Phys. 23, 875 (1907), 25, 99 (1908),

http://kirkmcd.princeton.edu/examples/EM/ignatowsky_ap_25_99_08.pdf

[26] M.A. Heald and J.B. Marion, Classical Electromagnetic Radiation, 3^{rd} ed. (Sanders, 1995), http://kirkmcd.princeton.edu/examples/EM/heald_95.pdf

[27] D.J. Griffiths, Introduction to Electrodynamics, 3^{rd} ed. (Prentice Hall, 1999),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[28] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[29] T.-C. Ton, On the Time-Dependent, Generalized Coulomb and Biot-Savart Laws, Am.

J. Phys. 59, 520 (1991), http://kirkmcd.princeton.edu/examples/EM/ton_ajp_59_520_91.pdf

[30] J.A. Heras, Time-Dependent Generalizations of the Biot-Savart and Coulomb Laws, Am. J. Phys. 63, 928 (1995), http://kirkmcd.princeton.edu/examples/EM/heras_ajp_63_928_95.pdf

[31] U. Bellotti and M. Bornatici, Time-sependent, generalized Coulomb and Biot-Savart laws: A derivation based on Fourier transforms, Am. J. Phys. 64, 568 (1996),

http://kirkmcd.princeton.edu/examples/EM/bellotti_ajp_64_568_96.pdf

[32] O. Dushek and S.V. Kuzmin, The fields of a moving point charge: a new derivation from Jefimenko’s equations, Eur. J. Phys. 25, 343 (2004),

http://kirkmcd.princeton.edu/examples/EM/dushek_ejp_25_343_04.pdf

[33] O.D. Jefimenko, Solutions of Maxwell’s Equations for Electric and Magnetic Fields in Arbitrary Media, Am. J. Phys. 60, 899 (1992),

http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_60_899_92.pdf

[34] J.A. Heras, Jefimenko’s Formulas with Magnetic Monopoles and the Liénard-Wiechert Fields of a Dual-Charged Particle, Am. J. Phys. 62, 525 (1994),

http://kirkmcd.princeton.edu/examples/EM/heras_ajp_62_525_94.pdf

[35] J.A. Heras, Radiation Fields of a Dipole in Arbitrary Motion, Am. J. Phys. 62, 1109 (1994), http://kirkmcd.princeton.edu/examples/EM/heras_ajp_62_1109_94.pdf

[36] O.D. Jefimenko, Force Exerted on a Stationary Charge by a Moving Electric Current or by a Moving Magnet, Am. J. Phys. 61, 218 (1993),

http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_61_218_93.pdf

[37] O.D. Jefimenko, Direct Calculation of the Electric and Magnetic Fields of an Electric Point Charge Moving with Constant Velocity, Am. J. Phys. 62, 79 (1994),

http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_62_79_94.pdf

[38] O.D. Jefimenko, Retardation and Relativity: The Case of a Moving Line Charge, Am.

J. Phys. 63, 454 (1995), http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_63_454_95.pdf

[39] K.T. McDonald, The Fields Outside a Long Solenoid with a Time-Dependent Current, Am. J. Phys. 65, 1176 (1997), http://kirkmcd.princeton.edu/examples/solenoid.pdf

[40] R. de Melo e Souza et al., Multipole radiation fields from the Jefimenko equation for the magnetic field and the Panofsky-Phillips equation for the electric field, Am. J. Phys. 77, 67 (2009), http://kirkmcd.princeton.edu/examples/EM/demelo_ajp_77_67_09.pdf

[41] H. Helmholtz, Über Integrale der hydrodynamischen Gleichungen, welche den Wirbelbewegungen entsprechen, Crelles J. 55, 25 (1858),

http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58.pdf

http://kirkmcd.princeton.edu/examples/fluids/helmholtz_jram_55_25_58_english.pdf

On Integrals of the Hydrodynamical Equations, which express Vortex-motion, Phil. Mag. 33, 485 (1867), http://kirkmcd.princeton.edu/examples/fluids/helmholtz_pm_33_485_67.pdf

[42] K.T. McDonald, The Helmholtz Decomposition and the Coulomb Gauge (Apr. 17, 2008), http://kirkmcd.princeton.edu/examples/helmholtz.pdf

[43] G.G. Stokes, On the Dynamical Theory of Diffraction, Trans. Camb. Phil. Soc. 9, 1 (1849), http://kirkmcd.princeton.edu/examples/optics/stokes_cpst_9_1_49.pdf

[44] A.M. Stewart, Does the Helmholtz theorem of vector decomposition apply to the wave fields of electromagnetic radiation?, Phys. Scripta 89, 065502 (2014),

http://kirkmcd.princeton.edu/examples/EM/stewart_ps_89_065502_14.pdf

[45] J.A. Heras, Comment on Causality, the Coulomb field, and Newtons law of gravitation, Am. J. Phys. 71, 729 (2003), http://kirkmcd.princeton.edu/examples/EM/heras_ajp_71_729_03.pdf

[46] F. Rohrlich, The validity of the Helmholtz theorem, Am. J. Phys. 72, 412 (2004),

http://kirkmcd.princeton.edu/examples/EM/rohrlich_ajp_72_412_04.pdf

[47] J.D. Jackson, Classical Electrodynamics, 2^{nd} ed. (Wiley, 1975),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce2_75.pdf