Biot-Savart vs. Einstein-Laub Force Law

Kirk T. McDonald
Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544
(May 21, 2013; updated September 3, 2018)

1 Problem

The Biot-Savart force density f on a conduction-current density J.onq in a magnetic field is
commonly written (in SI units) as,

fBiot—Savart - Jcond X B> (1)

which is verified by experiment when the current flow in a magnetic medium, provided the
field B used in eq. (1) is the “initial” field that would exist in the absence of the current.!»?3
The extrapolation of eq. (1) to a single charge ¢ with velocity v,

FLorentz =qv X B; (3)

has been verified experimentally when the charge moves inside a magnetic medium for which
B is much larger than p H [15].

It is sometimes preferable that the force law be given in term of the total magnetic field
on the current, in which case it is generally best (in the author’s opinion) to use the Maxwell
stress tensor [3]. In 1908 Einstein and Laub [10, 16, 17] argued that the force density could be
written in terms of the total H field and the magnetization density M (of quantum magnetic
dipoles) in the medium that supports the current law as,

fEinstein—Laub == Jcond X ,U()H + MO(M . V)H (4)

The awkward second term on the right is easily neglected,* as by Einstein himself in [19],
which has created the misimpression that the FEinstein claimed the force density is just

IFor reviews, see [1, 2, 3].

2When the medium that supports the current has uniform relative permeability y, such that B = pu H =
1o (H + M), the magnetization density is M = (u — 1)H. Associated with this magnetization is the bound
current density Jpound = VXM = (u — 1)V x H = (g — 1)Jcona- Hence, the total current density is
Jiotal = Jeond + Jbound = pdcond, and the Biot-Savart force density can be written as,

fBiot—Savart = Jtotal X uH; (permeable current). (2)

3Biot and Savart [4, 5] had no concept of the magnetic field B of an electric current I, and discussed
only the force on a magnetic pole p as p § I dl x 1/r?, although not, of course, in vector form. The form (1)
can be traced to Ampere (1825) [7] and Grassmann (1845) [§], still not in vector form. The vector relation
Fon1= fl I, dly x By 44 1 appears without attribution as eq. (11) of Art. 603 of Maxwell’s Treatise [9], while
Einstein may have been the first to call this the Biot-Savart law, in sec. 2 of [10].

Heaviside, p. 551 and 559 of [11], discussed the form dF = pE + T' x H, where p is the electric charge
density and T' = V x H = J 4+ dD/0t, where J is the conduction current density J and dD/dt is the
“displacement current” density. However, the present view is that the “displacement current” does not
experience a magnetic force. Lorentz himself seems to have advocated the form gv x puoH in eq. (V), sec. 12
of [12]. See also eq. (23) of [13].

The earliest description in English of eq. (1) as the Biot-Savart law may be in sec. 7-6 of [14].

4The term py(M - V)H has dubious physical justification, as mentioned in sec. 2.3.1 of [18].



Jeona X poH, which conflicts with experiment [1]. Also, it might be supposed that the
extrapolation of the Einstein-Laub force law (4) to a “point” charge q is Fr_1, = qv x uoH,
which conflicts with experiment [15]; however, the H-field in eq. (4) is that inside the current,
rather than in the surrounding medium, so when extrapolating to a single charge we must
make the convention that “inside” the point charge (with unit relative permeability) the
H-field is actually B/p, of the surrounding medium, such that the Lorentz law (3) still
applies.

Einstein and Laub (rightly) considered that valid force densities for steady currents (in
the absence of electric fields) must predict that a system exerts no net force on itself.>® Using
forms (1) and (4), deduce the total force per unit length on a straight, current-carrying wire
with permanent magnetization M perpendicular to the axis of the wire.

Also, deduce the force per unit length on a permeable, current-carrying wire in an exter-
nal, transverse magnetic field using forms (1) and (4).

Can the conduction current be replaced by an effective magnetization in eq. (4)7

2 Solution

Aspects of the following were discussed by Gans in 1911 [24].

2.1 Self Force of a Permanently Magnetized Wire

In the absence of the wire the “initial” fields are zero, so form (1) immediately predicts there
to be zero self force on the wire.

The wire has radius a, carries total current / and lies along the z-axis. The permanent
magnetization M is taken to be in the z-direction. The medium surrounding the wire has
relative permeability pu.

The conduction-current density inside the wire is,

1

Jo(r<a)=—,
ol ) Ta?
and the azimuthal magnetic field due to this current follows from Ampere’s law as,

Ir . I . .
Be(r <a) = pyHe(r <a) = gfraQ 0= Q/jr()GQ(—yX—i- ry), (6)

in a cylindrical coordinate system (7,0, z). The total force on the conduction current due to
its own magnetic field is zero according to either of the force laws (1)-(4).

5Systems in which both electric and magnetic fields are present can exhibit nonzero self electromag-
netic forces [20], in which cases one must consider electromagnetic-field momentum, and even so-called
“hidden” mechanical momentum to avoid “bootstrap spaceships” [21, 22].

6 Accelerated charges can be subject to the so-called radiation-reaction force ¢?v/2c?, which is a self
force (first noted by Lorentz [23], and so should be considered as part of the “Lorentz force law”). Not all
accelerated charges are subject to the radiation reaction force, since interference of the fields of the various
charges may cancel the total radiation, as for steady current loops. Also, a uniformly accelerated charge
(which is a kind of steady motion) famously experiences no self/radiation-reaction force.



To compute the fields By /1y = Har + M due to the permanent magnetization M(r <
a) = M x we note that V- By /g = 0=V -Hy + V- M, so we can say that V- Hy =
—V -M = p,,. For the present example the volume density p,, of effective magnetic charges
is zero both inside and outside the wire,” but there is an effective surface density of magnetic
charges on the outer surface of the wire,®

ou(r=a")=M(r=a") -1t = Mcos#, (7)
and also surface density on the adjacent inner surface of the surrounding medium,
ouy(r=a")=-M(r=a")-t=—(p—1)H(Fr=a") - t=—(u—DHy,(r=a") (8

Then, since V x H)y; = 0, this field can be deduced from a scalar potential, Hy; = — V&),
where the potential ®,, has the form,

Oy (r<a)= Ag cos 0, 9)
Qp(r>a)= A2 cos. (10)
T

The matching condition at the surface of the cylinder is,

2A
Hy,(r=a%)—Hy,(r=a")="cos = oy(r=a)+oulr=a")
a
A
= Mcost — (n—1)—cos¥, (11)
a
such that,
M
A= (12)
A+ 1
and the potential inside the cylinder is,
o <a)= 0= 13
m(r < a) T eos o = (13)
The interior fields are therefore,
M froM
Hyr<a)=——o, By(r<a)=p,Hy(r <a)+ M| = , 14
ulr<a)= == Bulr<a) = plHu(r <o)+ M= 290
and the exterior fields are,
B > Ma? - Ma?
Hy(r>a)= ulr > a) = ¢ (rcosf + Osinf) = ¢ (x cos 20 + ysin20),(15)

[kt (o4 1)r? (o4 1)r?

such that B, and Hy are continuous at the surface r = a.

"Outside the wire, B = juoH = pig(H+ M), M = (u — 1)H, so V - B = 0 implies that V- H = 0 and
Pt = —V - M = 0 here.
8See, for example, the Appendix of [25].



The force F¢ per unit length on the conduction current Jo (which has zero magnetization)
due to the fields of the magnetization M is then,

pol M
M°+1y- (16)

FEinstein—Laub,C = /JC X ,UOHM dVol = —

The force F); per unit length on the magnetization due to the fields of the conduction
current is then,

pol M

0
FEmstem Laub,M — /(M V)MOHC dVol = /M MO (—y§<+:17$/) dVol = y (17)

Ox 2ma?
Thus, the total self-force, Fo +Fy = (u—1)pgI M y/2(pe+ 1), on the wire is nonzero for the
Einstein-Laub form (4) if the relative permeability ;1 of the medium surrounding the wire is
not unity.>!® Thus, the Einstein-Laub form fails to meet their own criterion for
validity.
We can also calculate the force F, on the permeable medium at r > a using the force den-
sity (4) for the exterior fields (15), noting that in the permeable medium the magnetization
is given by,

I é i Ma2
27r (n+1)r?

M:(,u—l)H:(,u—l)( (f‘cos@—i—ésin@)), (19)

and that 9t/90 = 0, 90/00 = —¥,

FE—L,,u = / (M . V)MOH dVol
r>a

- W Ho 2200 (p+ 1)r? T r 00

I é + Ma2
27r (p+ 1)r?

(,u—l,uOIMa/ Td?”/ " rsm@—i—@cos@
2r(p+ 1)

(f cos 0 + O sin 9)) dVol

(b — 1)l Ma?

2m
= df (—xsin 20 + y cos 20) = 0. 20
r(u+ 1) / 3/0 (—xsin 26 + y cos 26) (20)

2.2 Force on a Permeable Wire in an External Magnetic Field

Consider a current-carrying wire of relative permeability p that is embedded in a medium
of relative permeability i/. The wire runs along the z-axis, has area A, carries conduction

9For completeness, we note that the force on the magnetization due to its own field is zero using either
form (1) or (4),

Fself,Einstein,J\/[ = /(M : V)M()H]V[ dVol = 0. (18)
10See the Appendix for the case that the permeable medium has inner radius b > a.
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current,
1
Jeond = — 2, (21)

and is immersed in an “initial” (external) magnetic field,

B; By .
Bi:BO )A(, HZ:H())A(: ; :/—OX. (22)
Wl g
The force per unit length on the wire according to eq. (1) is,
FBiot—Savart =1z x BO X = IBO 5’7 (23)

as confirmed experimentally [1]'* (and which can be deduced by several other methods as
reviewed in [3]).

Section 2.1 confirmed for a the original example of [10] that the Einstein-Laub force
density (4) results in no net magnetic force of the system on itself. This suggests that if we
write the total magnetic field as,

B=B;+B,  H=H +H,. (24)

where B,, and H,, are the fields induced in the system by the presence of the wire, then it
would suffice to compute the force on the wire using the only the “initial” field H;. That is,

FEinstein—Laub = Mo /[Jcond X Hz + (M : V)HZ] dVol. (25)

Since the “initial” magnetic field H; is uniform in space the gradient term in eq. (25) makes
no contribution for any form of magnetization M, and eq. (25) predicts the force per unit
length on the wire to be,

IB, .
M,O Y, (26)

FEinstein—Laub = M()IHO Yy =

which differs from the “correct” result (23) when the relative permeability 1" of the medium
surrounding the wire is different from unity.'?

4

To clarify this discrepancy, we go into more detail, based on the “wire” shown in the
figure below from p. 545 of [10], which is a strip of magnetic material of relative permeability
u, surrounded by a medium with relative permeability p/.'*> The initial /external magnetic
field B; = p/pyH; = By x points downwards in the figure. The current I = Iz is out of the
page, so the Biot-Savart force I Byy per unit length due to the initial field acting on the
current points to the right (the +y-direction).

"Einstein and Laub [10] were aware that eq. (23) is the experimental result. It would be interesting to
know what data on this topic were available in 1908.

12This case was not considered in [10].

3 [10], ¢/ = 1.
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If the strip carried no current, and its thickness a in x is much less than its width b in y,
the magnetic field inside the strip (due to the external sources) would be approximately,
Bext,in BO ~

= —X, (27)
Hfo Hfbo

Bext,in - Bz - BO X, Hext,in -

noting that the normal component of B is continuous across the boundaries at || = a/2.
The magnetic field inside the wire, (|z] < a/2,|y| < b/2), due to the current I in the wire is
given approximately by,

VE ppgle .
Hwire in—= ~ 7Y, Bwire in — Hin - . 28
=y in = [}l Y (28)
The total magnetic field inside the wire is the sum of egs. (27) and (28),
1 B 1
By, = Box+ s j, = x4y (29)
ab Jim ab
The magnetization density M inside the wire is approximately given by,
BO Ix
(= DM = (=) (s o (30)
Then,
By 0 Ix 0 By . Ix . 1\ IBy .
My V)Hy = (p—1) == - =22 ) (x4 =) = (1-=) =y (31)
iy 0x  abdy ) \ ppy ab i) ab

and the total force on the wire according to the Einstein-Laub prescription is,
1By . 1 . .
FE—L = Mo [Jcond X Hin + (Min . V)Hln] dVol = 7 y +(1— ; IBO y = IBO Yy, (32)

which agrees with the “correct” result (23).
However, the force of the wire on itself seems to be nonzero. To show this, we note that
the magnetic field due to the wire is, inside the wire,
1 1 ) BO “ Ix ~
— X

—— = + = y. 33
woow) g ab (33)

Then, (Mi, - V)H,, = (Mi, - V)Hi,, so the self force is,

Hw:Hin_Hi:(

1 1 . 1 N
FE—L,self = Ky /[Jcond X Hw + (Min . V)Hw] dVol = (; - ;) IBOY + (1 - ;) IBOY

— (1 - %) IByy. (34)



We note that the sum of eqs. (26) and (34) is indeed the “correct” result (23), but the self
force is nonzero when the relative permeability ' of the medium surrounding the wire differs
from unity.

Thus, both examples in the paper [10] of Einstein and Laub demonstrate that
their form (4) is invalid, when applied to a situations only very slightly different
from those which they considered.

In their discussion of this example, Einstein and Laub first computed “effective” mag-
netic charge densities inside the wire and on its surface, and then computed forces on these
“effective” charges. However, their final form (4) is not obviously related to these “effective”
charges (which represent yet another way of making force calculations in magnetic media,
as reviewed in sec. 3.2 of [2] and sec. 7 of [3]).

2.3 Can Conduction Currents Be Replaced by an Effective
Magnetization?

A broader discussion of this topic is given in [26].
In footnote 2 we remarked that magnetization M is associated with an effective current
density,

Ju =V x M. (35)

Can the conduction current Jo that appears in eq. (4) be replaced by an effective magneti-
zation M¢ such that the Einstein-Laub force density could be written as,

fEinstein—Laub = MO(Mtotal . V)H> where Mtotal - Mquantum + MC> (36)

)

noting that “ordinary” magnetization is actually a quantum effect not well described in
detail by classical electrodynamics?

In the thought experiment of Einstein and Laub (sec. 2.1), Jo = I z/ma?, so the corre-
sponding effective magnetization is,

Ir -
Me=—=0, suchthat Jo=V x Me. (37)
2ra

The total magnetic field is,

~ ~

Ir6 Mx I(—%y+yz) Mx Ir@ M(icosf — sind)

H=H H) = — = = — (38
o+ Hu 2ma? 2 2ma? 2 2ma? 2 (38)
The Einstein-Laub force per unit length on the conduction current is then,
FEinstein—Laub,C = Mo / (MC : V) Htotal dVol
Ir 19 [ Ir@  M(tcosf — Osin0)
_ - - dVol
M0/27ra27"89 <27ra2 2 ) ©
pol M [ o . 0 _
o (rsind + 6 cosf) dVol = 0, (39)



which differs from that found in eq. (16), and that on the (quantum) magnetization is (as
previously found in eq. (17)),

FEinstein—Laub,M = W / (MM . V) Htotal dVol

0 (I(—xy+yz) Mx o MI'y
- M - R A 0T}
,uo/ ox ( 2ma? 2 dvo 2 (40)

Hence, the total self force on the wire would be nonzero in the Einstein-Laub formalism
if one replaced the conduction current by an effective magnetization. We conclude that
conduction currents cannot be replaced by an effective magnetization.

2.4 Comments

The slight extensions presented here of the original test examples of Einstein and Laub [10]
of their force density (4) show that it suffers from the defect of having nonzero forces of
systems on themselves.

It is not clear to the author how Einstein and Laub arrived at their expression (4). A
possible derivation is given in Appendix B of [27], where the delicate issue of how to avoid
nonzero self forces is not discussed. The derivation starts with the Lorentz force law written
as,

f = ptotalEtotal + Jtotal X Btotal- (41)

However, it is well known!* that this version gives incorrect results if the fields E and B
include contributions from the charge and current densities being acted upon. This defect
propagates through the derivation [27] to eq. (B.7), the Einstein-Laub force density.

Some of the methods that avoid inclusion of self forces in computations of magnetic forces
are reviewed in [3].

A Appendix: Variant on the Permanently Magnetized
Wire

In this Appendix we consider a variant of the example in sec. 2.1 in which the wire of radius
a with transverse, permanent magnetization M(r < a) = M x is surrounded by vacuum for
a < r < b and then by a medium of relative permeability p for r» > b.

The conduction-current density inside the wire is, as before,

1
Jc(T' < a) = @, (42)
and the azimuthal magnetic field due to this current follows from Ampere’s law as,
Ir - I R R
Be(r <a) = poHe(r <a) = Fo = o (—yx+azy), (43)

2ma? 2ma?

1See, for example, sec. 4 of [2].



in a cylindrical coordinate system (7,6, z).

To compute the fields By /1y = Har + M due to the permanent magnetization M(r <
a) = M x we note that V- By /g =0=V -Hy + V- M, so we can say that V- Hy =
—V -M = p,,. For the present example the volume density p,, of effective magnetic charges
is zero, but there are effective surface densities of magnetic charges on the outer surface of
the wire,

ou(r=a")=M(r=a") -1t = Mcos#, (44)
and also on the inner surface of the permeable medium at r > b, where M = (¢ — 1)H,
ou(r=0")=-M@r=>0")t=—(u—1DH@Er=0")t=—(u—1)Hpy,(r=0") (45)

Then, since V x Hj; = 0, this field can be deduced from a (continuous) scalar potential,
H,, = —V®,, where the potential ®,; has the form,

Op(r<a) = Ag cos 0, (46)
Opyla<r<b) = CECOSQ—FDECOS@, (47)
a T
Oy (r>0) = BY coso. (48)
T

Continuity of ®,; at r = a and b fixes coefficients C' and D in terms of A and B, such that,

cos 0
B2 _ a2

Qyla<r<b) = [(B — A)ar + (b°A—a’B) %} (49)

The matching condition at the surface r = a is,

— Tt -
M cosf = UM(’I" = a_) — HM,T‘(T :a+) _HM,T(T _ a_) _ _a(I)M(T a ) 1 a(I)M(’I" a )

or or
0
= [(30*—a2) A — 2a*B] —t 50
(2 - ) 4 - 202B] 22 50
and that at the surface r = b is,
Hy (r=0")—Hy,(r=b")=0ou(r=0"—)=—(u—1)Hy,(r =0b"), (51)
such that,
pHugo(r = b7) = Hago(r = 07), (52)
M —1a? M
A= a— - M—a_ 5 = ¢ ) (53)
2 w1062 pw+1
and the potential inside the cylinder is,
w—1a? M pw—1a?
o =5 \1-——== = |l-—3 54
m(r < a) 5 ( M+1b2)TCOSQ 5 ( i) (54)



The interior fields are therefore,

M uw—1a? oM w—1a?
H =——(1-0—= B = 14+ ——= 995
M(T<a) 2( M+1b2)7 M(T<a) 5 +M+1b2 ) ( )

The force F¢ per unit length on the conduction current Jo (which has zero magnetization)
due to the fields of the magnetization M is then,

ol M w—1a?\ .
Fginstein—vaun.c = [ Jo X pogHm dVol = — 1— —|y. 56
Einst Lb,C/CMoMO 2(u+162y (56)
The force F); per unit length on the magnetization due to the fields of the conduction
current is then
0 pol

Finsein— au = M-V H¢ dVol = M—
Einstein—Laub, M /( JoHe dVo / 52 Ima?

pol M

(—yx+2xy)dVol =

y- (57)

Thus, the total self-force, Fo + Fyy = (u — 1)pga®I M y/2(p + 1)b?, on the wire is nonzero
for the Einstein-Laub form (4) if the relative permeability x of the medium surrounding the
wire is not unity. As b — a the self force approaches the value found in sec. 2.1.

Acknowledgment

Thanks to Vladimir Hnizdo and Masud Mansuriupr for e-discussions of this problem.

References

[1] L.W. Casperson, Forces on permeable conductors in magnetic fields, Am. J. Phys. 70,
163-168 (2002), kirkmcd.princeton.edu/examples/EM/casperson_ajp_70_163_02.pdf

2] K.T. McDonald, Magnetic Force on a Permeable Wire (March 17, 2002),

kirkmcd.princeton.edu/examples/permeable_wire.pdf

3] K.T. McDonald, Methods of Calculating Forces on Rigid Magnetic Media (March 18,
2002),kirkmcd.princeton.edu/examples/magnetiC_force.pdf

[4] J.-B. Biot and F. Savart, Note sur la Magnétisme de la pile de Volta, Ann. Chem. Phys.
15, 222 (182(0, kirkmcd.princeton.edu/examples/EM/biot_acp_15_222_20.pdf
English translation on p. 118 of [6].

[5] J.-B. Biot, Précis Elémentaire de Physique Expérimentale, 3 ed., Vol. 2 (Paris, 1820),
pp. 704-774, kirkmcd.princeton.edu/examples/EM/biot_precis_24_v2.pdf
English translation on p. 119 of [6].

6] R.A.R. Tricker, Early Electrodynamics, the First Law of Circulation (Pergamon, Oxford,
1965),kirkmcd.princeton.edu/examples/EM/triCker_early_em.pdf

10



[7]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

A.M. Ampere, Théorie mathématique des Phénoménes électro-dynamiques uniquement
déduite de I’Expérience, (Paris, 1826), pp. 40-41,
kirkmcd.princeton.edu/examples/EM/ampere_theorie_26.pdf

English translation in A.K.T. Assis and J.P.M.C. Chaib, Ampére’s Electrodynamics
@AperknL 2015),11 366, kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf

H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, 1 (1845),
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

J.C. Maxwell, A Treatise on Electricity and Magnetism, 3rd ed., vol. II, (Clarendon
PreSS,1892),kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

A. Einstein and J. Laub, Uber die im elektromagnetishen Felde auf ruhende Koper
ausgeiibten ponderomotorishen Kréfte, Ann. Phys. 26, 541 (1908),
kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf
kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08_english.pdf

O. Heaviside, Flectrical Papers, Vol. 1 (Macmillan, 1894),

kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

H.A. Lorentz, Versuch einer Theorie der FElectrischen und Optischen FErscheinungen
Bewegten Korpern (E.J. Brill, 1895),
kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95.pdf

kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95_english.pdf

H.A. Lorentz, The Theory of Electrons (B.G. Teubner, 1909),
kirkmcd.princeton.edu/examples/EM/lorentz_theory_of_electrons_09.pdf

W.K.H. Panofsky and M. Phillips, Classical FElectricity and Magnetism (Addison-
Wesley, 1995, 2nd ed. 1962), kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

F. Rasetti, Deflection of mesons in magnetized iron, Phys. Rev. 66, 1 (1944),
kirkmcd.princeton.edu/examples/EM/rasetti_pr_66_1_44.pdf
This paper mentions the earlier history of erratic results on this topic.

A. Einstein and J. Laub, Uber die elektromagnetishen Grundgleichungen fiir bewegte
Képer, Ann. PhyS 26, 532 (1908), kirkmcd.princeton.edu/examples/EM/einstein_ap_26_532_08.pdf

FEinstein and Laub on the Electrodynamics of Moving Media, in The Collected Papers
of Albert Einstein, vol. 2, ed. J. Stachel (Princeton U. Press, 1989), p. 503,

kirkmcd.princeton.edu/examples/EM/einstein_laub_08_commentary.pdf

K.T. McDonald, Forces on Magnetic Dipoles (Oct. 26, 2014),

kirkmcd.princeton.edu/examples/neutron.pdf

A. Einstein, Sur les force pondéromotrices qui agissent sur des conducteurs ferro-
magnétique disposés un champ magnétique et parcourus par un courant, Arch. Sci.
Phys. Nat. 30, 323 (1910), xirkmcd.princeton.edu/examples/EM/einstein_aspn_30_323_10.pds
http://kirkmcd.princeton.edu/examples/EM/einstein_aspn_30_323_10_english.pdf

11



[20]

[21]

[22]

23]

[24]

[25]

[26]

[27]

L. Page and N.I. Adams, Jr, Action and Reaction Between Moving Charges, Am. J.
PhyS ]_37 141 (1945), kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf

K.T. McDonald, No Bootstrap Spaceships (Aug. 9, 2018),
kirkmcd.princeton.edu/examples/bootstrap.pdf

K.T. McDonald, No Bootstrap Spaceships via Magnets in Electric Fields (Aug. 16,
2018),kirkmcd.princeton.edu/examples/redfern.pdf

H.A. Lorentz, La Théorie Electromagnétique de Maxwell et son Application aux Corps
Mouvants, Arch. Neérl. 25, 363-552 (1892),

kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

Reprinted in Collected Papers (Martinus Nijhoff, The Hague, 1936), Vol. I, pp. 64-343.

R. Gans, Uber das Biot-Savartsche Gesetz, Phys. Z. 12, 806 (1911),
kirkmcd.princeton.edu/examples/EM/gans_pz_12_806_11.pdf

K.T. McDonald, Poynting’s Theorem with Magnetic Monopoles (May 1, 2013),
kirkmcd.princeton.edu/examples/poynting. pdf

K.T. McDonald, Can an Electric-Current Density Be Replaced by an Equivalent Mag-
netization Density? (Jan. 5, 2017), kirkmcd.princeton.edu/examples/jandm.pdf

M. Mansuripur, Resolution of the Abraham-Minkowski controversy, Opt. Comm. 283,
1997 (2010),kirkmcd.princeton.edu/examples/EM/mansuripur_oC_283_1997_10.pdf

12



