Torricelli’s Law for Large Holes

Johann Otto Höhere Technische Bundeslehr- und Versuchsanstalt, Wiener Neustadt, A-2700 Austria Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (May 15, 2018; updated October 21, 2024)

Torricelli’s law appeared on pp. 191-192 of [1] (1644), where he observed that a water jet, which emerges from a small, upwards facing hole B in a suitable projection from the bottom of a tank A, rises to the same height C as the water level D in the tank. The upwards velocity at B is the same as the downwards velocity at E, namely √ 2gh, where g is the acceleration due to gravity, and h is the height of the water level D above points B and E.

Torricelli’s law was first explained by D. Bernoulli, p. 37 of [2],^1 via an energy argument that will be reviewed below. Nowadays, Torricelli’s law is typically presented as an example of the steady-state Bernoulli equation, which does lead to the prediction that the water emerges from a hole with velocity v = √ 2gh when the hole is at depth h below the water level in the tank. However, if the area a of the hole (in the bottom of the tank) is the same as the cross-sectional area A of the tank, the water simply falls out of the tank with acceleration g due to gravity, and velocity at the bottom of the tank given by v = √ 2g(h_0 − h), where h_0 is the initial depth of water in the tank.

That is, water flowing from a tank is not a steady process, and so Bernoulli’s equation applies only in the limit of very small holes, for which the flow is essentially steady.

1 Bernoulli’s Analysis for Large Holes

Bernoulli’s original analysis of Torricelli’s example did not assume that the area a of the hole was small compared to the cross-sectional area A of the water tank

We follow Bernoulli in assuming that the exit hole is at the center of the bottom of a right-circular-cylindrical tank. We further assume that the flow velocity in the tank is essentially vertical, and ignore the small, horizontal component of the water-flow velocity. As such, Bernoulli’s solution (and the alternative solutions presented in this note) cannot be correct in all detail.

We also suppose that the water is incompressible, and inviscid (so that no energy is lost to friction during the flow). Then, the continuity equation relates the (vertical) velocity v of water in the tank to the (vertical) velocity V of the water at the exit hole according to, v = aV A . (1)

Also, the velocity v is the rate of change with respect to time t of the depth h of water in the tank,

v = − dh dt ≡ −ḣ = aV A . (2)

1See also [3].

Bernoulli’s method (an innovation in 1738) was to set the rate at which work is done by gravity on the water in the tank equal to the rate of change of kinetic energy of the water in the tank plus the rate at which kinetic energy exits the tank through the hole. That is, the method is based on conservation of energy.

The rate dW/dt of gravitational work on the water in the tank at time t is the product of the rate ρgv of gravitational work per unit volume, and the volume Ah of the water in the tank, dW dt = ρgvAh = ρgV ah, (3)

where ρ is the mass density of the water.

The total kinetic energy of the water in the tank is the product of the kinetic energy per unit volume ρv^2/2 and by the volume of the water in the tank,

KE_{tank} = ρv^2 2 Ah = ρV^2 2 a^2 A h, (4) d KE_{tank} dt = ρV^2 2 a^2 A dh dt + ρV dV dt a^2 A h = − ρV^3 2 a^3 A^2

+ ρV dV dt a^2 A h, (5)

using eq. (2) to obtain the last form of eq. (5).

The rate at which kinetic energy exits the tank, with velocity V , is given by,

d KE_{exit} dt = dm_{exit} dt V^2 2 = ρV a

V^2 2 . (6)

Conservation of energy now implies that, dW dt = ρgV ah = d KE_{tank} dt + d KE_{exit} dt = − ρV^3 2 a^3 A^2

+ ρV dV dt a^2 A h + ρV a

V^2 2 . (7)

If we divide eq. (7) by ρV a, we obtain, noting from eq. (2) that V = −Aḣ/a, V̇ = −Aḧ/a,

gh = ( 1 − a^2 A^2 ) V^2 2 + a A h dV dt = ḣ2 2 ( A^2 a^2 − 1 ) − hḧ. (8)

Time t can be replaced as the independent variable in this equation by the depth h, by combining the first form of eq. (8) with eq. (2) to yield,^2 dV dt = dV dh dh dt = − a A V dV dh = − 1 2 a A dV^2 dh , (9)

2gh = ( 1 − a^2 A^2 ) V^2 − a^2 A^2 h dV^2 dh . (10)

Equation (10) tells us that the velocity V of the effluent stream from the tank is a function of the area ratio a/A, the water depth h, and the initial conditions v_0 = 0 = V_0 at time

2The last term in eq. (10) involves the derivative of V^2 with respect to h, which term captures the effect of the fluid acceleration in the tank that is omitted in the steady-flow version of the Bernoulli equation.

Equation (10) is consistent with the so-called extended Bernoulli equation presented in Appendix A.

t = 0, when depth of the (inviscid) water in the tank is h_0. The solution to this equation, subject to these initial conditions, is given by,^3

V (h) = √ 2gh 1 − (h/h_0)^{1−2r}r 1 − 2r = √ 2gh_0 √ h h_0

1 − (h/h_0)^{1−2r}r 1 − 2r

(0 ≤ h ≤ h_0), (16)

where r = (a/A)^2. For the limiting cases in which r = 0^+ or 1, this solution reduces to,^4

V (h, r = 0^+) = √ 2gh, V (h, r = 1) = √ 2g(h_0 − h). (17)

For the case of r = 1 (i.e., the case in which the exit-hole area is equal to the tank area), the above equation for the efflux velocity V is, as expected, just that predicted for free fall.

Results from eq. (16) for the efflux V^2, normalized by 2gh_0, as a function of the (dimensionless) fluid-depth ratio h/h_0 and the (dimensionless) area ratio a/A are shown in the

3We follow, for example, https://en.wikipedia.org/wiki/Linear_differential_equation, in the section on First-order equation with variable coefficients, and write eq. (10) as,

dV^2 dh = V^2

1 − r hr − 2g r , (11)

with r = a^2/A^2. The solution is,

V^2 = e^F ( C − 2g r ∫ e^{−F} dh ) , (12)

where C is a constant and, F = ∫ 1 − r hr dh =

1 − r r ln h, e^F = h^{1r −1}, ∫ e^{−F} dh = ∫ h^{1− 1r} dh = r 2r − 1 h^{2− 1r} . (13)

Hence, V^2 = h^{1r −1} ( C + 2g 1 − 2r h^{2− 1r} ) = ( Ch^{1r −1} + 2gh 1 − 2r ) = ( Ch h^{1r −2} + 2gh 1 − 2r ) . (14)

Since V^2 = 0 when h = h_0, C = −2gh^{2− 1r}_0 /(1 − 2r), and finally,

V^2 = 2gh 1 − 2r ( 1 − (h/h_0)^{1−2rr} ) . (15)

4For r = 0 exactly there is no hole in the tank and V = 0.

figure on the left of the previous page (note that time increases from right to left in the figure).^5

In all cases, the efflux velocity V is equal to zero initially (i.e., when h = h_0), and then rises rapidly as the fluid, both inside the tank and in the efflux, accelerates. However, as the depth h of fluid in the tank decreases, the efflux velocity V passes through a maximum and decreases thereafter. Eventually, as the fluid depth h approaches zero, the efflux velocity V , of course, also drops to zero. In the case of a/A = 1, the maximum velocity is attained just as the tank reaches empty.^6

1.1 Draining a Tank through a Small Hole

For a small hole, a ≪ A, the acceleration ḧ can be neglected in eq. (8), which can then be written as, ḣ √ h = − √ 2g A^2/a^2 − 1 , √ h = √ h_0 − √ g 2(A^2/a^2 − 1) t, (20)

5The figure on the right is from [2], with horizontal axis V^2 and vertical axis h_0 − h. Curve 1 is for a small hole, and curve 4 is for a large one.

6It may also be of interest to consider the exit velocity normalized to the instantaneous depth h(t) of fluid in the tank, rather than to the depth h_0 at time zero.

According to the results in the figure, for (small) values of the area ratio a/A less than 0.5, the dimensionless efflux velocity V/ √ 2gh levels off to a constant value as the depth h of fluid in the tank decreases. The smaller the value of a/A, the more rapidly the dimensionless velocity levels off. From our analytic solution, eq. (16), the value to which V/ √ 2gh levels off is given by,

V (h → 0) √ 2gh = √ 1 1 − 2(a/A)^2

. (18)

For the case of a/A = 0.2, for example, we see from the figure above that, once the depth h has decreased to about 80% of the initial depth h_0, the velocity has already leveled off.

For small values of a/A, eq. (18) can be expressed, to order r = (a/A)^2 by,

V (h → 0; r ≪ 1) √ 2gh ≈ 1 + a^2 A^2

. (19)

noting that ḣ is negative. The time t_d for the tank to drain (to h = 0) is,

t_d = √ 2h_0 g √ A^2 a^2

− 1 ≈ √ 2h_0 g A a . (21)

Many quantitative experimental studies of the draining of a tank exist, including [4]- [23]. Only two experiments [14, 15] report good agreement with eq. (21),^7 while it is more typically found that the tank drains roughly 1.4 times more slowly. This is partly attributable to energy dissipation by viscous effects [6], which we ignore in this note. Also, the tank never actually drains completely but ends with a water level Δh above the outlet, as surface tension exerts a small force to keep water in the tank [18, 23]; this effect can be accommodated by replacing h_0 with h_0 − Δh in eq. (21).

Even for liquid with very low viscosity and low surface tension, the empirical evidence [11, 12, 16, 20] is that drainage time is better represented as,

t_d ≈ √ 2h_0 g A C_d a

, (22)

where the so-called coefficient of discharge C_d is roughly 1/2.

This is related to a comment by Borda (1766) [24] that if one supposes the water at the small hole to be at atmospheric pressure, there is a conflict between the energy analysis of Bernoulli and a momentum analysis, in which the velocity V should be smaller by a factor of √ 2 than that found in the energy analysis.^8 Borda argued that this difficulty is resolved by the vena contracta, the reduction in the area of the water jet to a^′ ≈ 0.64 a (apparently first observed by Torricelli), with the implication that the velocity (and momentum) of the water at the hole is roughly 1/ √ 2 that a short distance away from the hole.

Stated another way, the velocity V = √ 2gh found by the energy analysis for a small hole applies not at the hole itself, but at a distance roughly one diameter √ a/π away from the hole,^9 and is valid for predicting the trajectory of the efflux when the hole is in the vertical wall of the tank. However, if one wishes to emphasize the flow rate, then the energy argument must be corrected for the vena contracta, while a momentum analysis can be used without mention of it (although the momentum argument must be corrected for the vena contracta to describe the trajectory of an efflux whose initial velocity is horizontal).

1.2 Force on the Water in the Tank (Sept. 12, 2024)

A question of possible interest is what are the forces on the water inside the tank.

This force F includes the force of gravity on the water inside the tank, ρA gh, the upward normal force N of the tank on the water, and possible other forces, F_{other}, including the

7In [14], the tank was a right circular cylinder and the drain was a tube of length larger than its diameter. In [15], the tank was an inverted 2-liter soda bottle (whose shape tapers towards the cap) with a 7.2-mmdiameter hole in its cap. It seems that these variants on the nominal case of a right-circular-cylinder tank with a sharp-edged hole happened to compensate for the “corrections” that apply to the nominal case.

8For a review of this argument, see [25].

9This result was stated by Newton on p. 333 of [26], following an argument in which part of the water in the tank could be ice.

(downward) tensile force of the water just below the aperture on the water just above.^{10} The “other” force, F_{other}, does not include an upward “rocket/recoil” force as these would be located at the upper (free) surface of the water in the tank, which cannot sustain such an upward force [28].^{11,12} We ignore the tiny forces due to atmospheric pressure on the top of, and on the hole in the bottom of, the water in the tank, as well as effects of friction/viscosity and surface tension, and write

F = ρA gh + N + F_{other} = dp dt , (23)

where p is the momentum of the water in the tank.

We evaluate the total force F = dp/dt in the approximation that all the water in the tank has the same (downward) velocity v given by eq. (2), and that force, momentum and velocity are positive when downward. Then, the vector equation (23) can be written as the scalar equation,

F = ρAgh − N + F_{other} = dp dt , (24)

where the minus signs indicate that we take the normal force N to be positive when directed upwards.

When there is no hole in the bottom of the tank, F_{other} = 0 and the normal force is simply N = ρAgh. For a small hole, the water pressure at the bottom of the tank is approximately uniform, with value ρgh. Then, for a first approximation, the upward normal force is N ≈ ρgh(A − a). However, the pressure near the edge of the hole will be less than ρgh, which indicates that the next approximation is

N ≈ ρgh(A − a) − O(ρgha). (25)

In the first approximation, the momentum p of the water in the tank is vertical, with

p = mv = ρAhv = ρahV, (26)

recalling eq. (1). The rate of change of the momentum p of water inside the tank is the sum of ∂p/∂t and the rate dp_{leaving}/dt of momentum of water leaving the tank,^{13} dp dt = ∂p ∂t + dp_{leaving} dt . (27)

For the latter, we note that the mass of the water leaving the tank (with velocity V through the hole of area a) during time dt is dm = ρ aV dt, and the momentum that leaves the tank during time dt is,

dp_{leaving} = dm V = ρ aV^2 dt, dp_{leaving} dt = ρ aV^2. (28)

10This tensile force is important in a siphon [27].

11The downward force −N of the water pressure on the tank could be called a “recoil” force as it is due to bouncing of water molecules off the wall of the tank [28]. We avoid this usage here.

12In the case of a fire hose, there is no “reaction/recoil” force at the nozzle, but there is on the wall of the hose at a bend some distance back from the nozzle [29].

13The quantity dp_{leaving}/dt is called a “thrust” in Sec. 3.1 of [30], and implied to be a “rocket force”. Discussion of such awkward usage is given in [28].

From eq. (26), ∂p ∂t = ρaḣV + ρah dV dt = − ρa^2V^2 A + ρah dV dt , (29)

recalling eq. (2). From eq. (10) or (11) and (27),

dV^2 dh = 2V dV dh = 2V dt dh dV dt = 2V ḣ dV dt = − 2A a dV dt = V^2

1 − r hr − 2g r , (30) dV dt = − a 2A dV^2 dh = − aV^2 2A 1 − r hr + ag Ar , (31) ∂p ∂t = − ρa^2V^2 A − ρa^2V^2(1 − r) 2Ar + ρa^2gh Ar = − ρa^2V^2 A − ρAV^2(1 − r) 2 + ρAgh, (32)

with r = a^2/A^2. Then, from eqs. (27)-(28) and (32), dp dt = − ρa^2V^2 A − ρAV^2(1 − r) 2 + ρAgh + ρaV^2. (33)

In the limiting case of a small hole, r = 0^+, for which V = √ 2gh,^{14} dp_{r=0}+ dt = 2ρagh, (34)

keeping only the term of order a. In the other limiting case that a = A, r = 1, and the water simply falls out of the tank, dp_{r=1} dt = ρAgh. (35)

For the general case, we can use V from eq. (16) in eq. (33).

The force F of eq. (24) can be measured by weighing the leaky tank, say, by suspending the tank from a spring scale as reported in [31]. The height h of the water in the tank can also be measured as the tank is being weighed, such that the weight ρAgh of the water is the tank is also known. It was found in Fig. 4 of [31] that F = ρAgh − N + F_{other} ≈ 2ρagh (downward) for a small hole. If, for example, the normal force according to eq. (25) were N = ρgh(A − 2a), then the data would indicate that F_{other} = 0. It remains that F_{other} can be of order ρgha, which is a plausible value for the tensile force on the surface of the hole due to the falling water below.^{15}

A Appendix: Use of the Extended Bernoulli Equation

The nominal form of Bernoulli’s equation is for steady, incompressible, inviscid fluid flow in an inertial frame of reference, relating the fluid pressure P and velocity u at two points

14We can confirm eq. (34) by noting that for a small hole eq. (26) tells us that p ≈ ρAhv = ρahV ≈ ρah √ 2gh = ρa √ ghh^{3/2}, so ∂p/∂t = (3/2)ρa √ 2gh ḣ = −(3/2)ρa^2 √ 2gh V/A, which is neglible. Then, dp/dt ≈ dp_{leaving}/dt = ρaV^2 ≈ 2ρagh.

15As discussed in sec. 2.1 of [27], the tensile force in the falling fluid below the outlet of a siphon falls to zero over a vertical distance of order √ a.

along a streamline via conservation of energy,

P_1 + ρu^2_1 2 + ρgh_1 = P_2 + ρu^2 2 + ρgh_2 (steady Bernoulli), (36)

where h is the height of a point in a gravitational field with acceleration g. Bernoulli’s equation can be extended to the case of nonsteady, compressible, rotational, elasto-viscoplastic flow in a noninertial reference frame by the addition of a “correction” term obtained by an appropriate integration along the streamline,

P_1 + ρu^2_1 2 + ρgh_1 = P_2 + ρu^2 2 + ρgh_2 +

∫_2 1 “correction”, (extended Bernoulli), (37)

where the (complicated) “correction” term is displayed in eq. (12) of [32].

In the present example of unsteady, but incompressible flow, in an inertial frame where rotation of the fluid is neglected, only a single “correction” applies,^{16}

P_1 + ρu^2_1 2 + ρgh_1 = P_2 + ρu^2 2 + ρgh_2 +

∫_2 1 ρ ∂u ∂t · dl, (38)

where we make the approximation that u(r, t) = ḣ ẑ, with the z-axis vertical and upwards, is the unsteady velocity of the fluid in the system (which ignores the small horizontal velocity of the water inside the tank). Taking point 1 at the center of the upper surface of the water in the tank (z = h), and point 2 at the center of the hole at the bottom of the tank (z = 0), we ignore the tiny difference in atmospheric pressure between these points, and note that u_1 = ḣ = −aV/A, u_2 = −V , and, ∫_2 1 ρ ∂u ∂t · dl = ρ

∫_0 h d^2h dt^2 dz = −ρh d^2h dt^2 = ρ a A h dV dt . (39)

Then, eq. (38) becomes, after dividing by ρ,

gh = ( 1 − a^2 A^2 ) V^2 2 + a A h dV dt . (40)

as previously found in eq. (8). As remarked after eq. (10) above, the “correction” term in the extended Bernoulli equation is the last term of eq. (40), which is negligible for a small hole in the tank is small, a/A ≪ 1, in which case V^2 ≈ 2gh, as first found by Torricelli [1], and argued in most textbooks on the basis of the (steady) Bernoulli equation (36).

A.1 Another Example (Jan. 8, 2022)

We review the example in [33], which discussion contains some typos.^{17}

A tank of area A_1 perpendicular to the vertical contains (incompressible) water of density ρ. An aperture of area A_2 ≪ A_1 at depth h below the initial water level in the tank is

16This relatively simple form of the extended/unsteady Bernoulli equation is deduced from Euler’s equation in [33].

17Thanks to Vedat Batu for pointing this out.

connected to a horizontal pipe of length L (and area A_2) whose far end is open to the air. The aperture A_2 is initially closed, but is opened at time t = 0.

The unsteady Bernoulli equation (38) relating points 1 (at h_1 = h and u_1 ≈ 0) and 3 (at h_3 = 0, u_3 = V and P_3 ≈ P_1) is,

P_1 + ρu^2_1 2 + ρgh_1 = P_3 + ρu^2_3 2 + ρgh_3 +

∫_2 1 ρ ∂u ∂t · dl +

∫_3 2 ρ ∂u ∂t · dl. (41)

For A_2 ≪ A_1 the velocity of the water in the tank along path 1-2 is small compared to the (mean) velocity V of the water in the horizontal exit pipe, which velocity is constant along that pipe (in the approximation of incompressible water). Hence, eq. (41) simplifies to,

gh ≈

V^2 2 + L dV dt , dV 2gh − V^2 ≈ dt 2L , 1 √ 2gh tanh^{−1} V √ 2gh ≈ t 2L , (42)

using Dwight 140.02 [34], noting that V starts from zero at time t = 0 and increases to the steady-state value √ 2gh. Finally, V √ 2gh ≈ tanh t τ , where τ = 2L √ 2gh . (43)

The exit velocity V takes on the steady-state value √ 2gh very quickly for a short pipe.

B Appendix: A Lagrangian Approach

A Lagrangian approach to variable-mass problems has been given in [35, 36].

For the present example, it seems appropriate to consider the system to be only the water still in the tank, which can be characterized by a single coordinate q = h. The velocity V of the efflux of water from the tank is related by the continuity equation for incompressible fluids, as in eq. (1) above, V = av A = − aḣ A . (44)

The kinetic energy of the system is, T = ρAhḣ^2 2 . (45)

While one can give an expression for the gravitational potential energy of this system, the force on the system is not simply related to this potential energy, so the latter is not used in the method of [35]. Rather, one uses a generalized force, Q_h as was introduced by Lagrange.

We recall that for a system with a set of coordinates q_k (which could be functions of time t) and kinetic energy T (q_k, q̇_k, t), Lagrange’s equations can be written as,^{18} d dt ∂T ∂q̇_k − ∂T ∂q_k

= Q_k = ∑ i F^{ext}_i ·

∂r_i ∂q_k = ∑ i F^{ext}_i ·

∂ṙ_i ∂q̇_k

(46)

where r_i is the (x, y, z) coordinate of the i^{th} particle in the system, and F^{ext}_i is the external force on particle i.^{19} The forms for the generalized force given in eq. (46) follow from arguments by d’Alembert [38]. If the external forces are deducible from potentials, F_i = −∂V_i/∂r_i, then the first form of eq. (37) simplifies to,

Q_k = − ∂V ∂q_k

, (47)

where V = ∑ i V_i.

In a variable-mass problem such as the present example, the flow of water out of the hole in tank is associated with a reaction force on the water still in the tank. In the Newtonian approach, this reaction force must be included in the equation(s) of motion, but in Lagrangian approach the reaction force is not considered to be an external force, and so is not to be included in the generalized forces.

In the present example, a water molecule i has position (x_i, y_i, z_i) that does not depend directly on h, so the generalized force would be Q_h = 0 according to the first form of eq. (46). The velocity of a water molecule is, to a good approximation (0, 0, ḣ), and the external force on this molecule is F^{ext} = −m_{mol} g ẑ, so the generalized force Q_h according to the second form of eq. (46) is given by,

Q_h = − ∑ i m_{mol,i} g ẑ ·

∂ṙ_i ∂ḣ = − ∑ i m_{mol,i} g ẑ · ẑ = −mg = −ρAgh. (48)

18See, for example, p. 41 of [37]. The fact that ∂r_i/∂q_k = ∂ṙ_i = ∂q̇_k is deduced on p. 40 of [37]. 19We recall that Lagrange’s method distinguishes between external and constraint forces. In the present example, the upward normal force on the bottom of the tank, which holds it at rest, is a constraint force, and so is not included in the computation of the generalized force.

The potential energy of the water in the tank is V = ρAh^2g/2 with respect to the bottom of the tank, so according to eq. (47), the generalized force is Q_h = −ρAhg = −mg as in eq(48). Since taking Q_h = 0 would lead to no dependence of the motion on g, we accept that the generalized force is given by eq. (48).^{20}

In the method of [35, 36], the left side of eq. (46) is modified for a variable-mass system, whose (control) volume has velocity w, according to eq. (5.6) of [35] and eq. (1) of [36],^{21} d dt ∂T_w ∂q̇_k − ∂T_w ∂q_k + ∫ ∂T̃ ∂q̇_k

(v − w) · dArea − ∫ T̃ ∂(v − w)

∂q̇_k

· dArea = Q_k, (49)

where T_w is the kinetic energy within the control volume, T̃ is the kinetic energy per unit volume, and v is the velocity of the material at a point in the system.

In the present example, the control volume is the bucket and water therein, w = 0, v = ḣ ẑ and T̃ = ρḣ^2/2 in the interior of the system, but on its surface v and T̃ are zero except at the hole, where v = −V ẑ = Aḣ ẑ/a and T̃ = ρV^2/2 = ρḣ^2A^2/2a^2. Then, from eq. (45), d dt ∂T_w ∂ḣ = ρAhḧ + ρAḣ^2,

∂T_w ∂h = ρAḣ^2 2 , (50)

and at the hole, where the area vector is direction outwards with dArea = −a ẑ,

T̃ = ρḣ^2 A^2

2a^2 , ∂T̃ ∂ḣ = ρḣ

A^2 a^2

, v = A a ḣ ẑ, ∂v ∂ḣ = A a ẑ, w = 0 = ∂w ∂ḣ . (51)

Hence, the equation of motion (49) for the coordinate h is,

ρAhḧ + ρAḣ^2 − ρAḣ^2 2 − ρ A^3 a^2 ḣ^2 + ρA^3 ḣ2 2a^2

= −ρAgh, (52)

hḧ − ( A^2 a^2 − 1 )˙ h^2 2 = −gh, (53)

as previously found in eq. (8). If we make the substitutions ḣ = −(a/A)V and ḧ = −(a/A)dV/dt, we arrive at, a A h dV dt + ( 1 − a^2 A^2 ) V^2 2 = gh, (54)

as previously found in eqs. (8) and (40).

While the approach of [35, 36] leads to a reasonable analysis of the present problem, it seems that there is no single Lagrangian approach that applies to all variable-mass problems.^{22} However, other “Lagrangian” approaches have been discussed.

20It appears that when eq. (47) it applicable, it should be used. For an example where use of either form of eq. (46) leads to zero generalized force, in contrast to use of eq. (47), see sec. 2.4 of [40].

21An earlier discussion of Lagrange’s equations for systems of variable mass was given in [39] (1947), where the context was rocket motion. It was noted that although the system of rocket plus fuel has variable mass, the center of mass of this system remains constant to a reasonable approximation, relative to the system, which permits a simpler form of the equations of motion than eq. (49).

22An example where the method of [35, 36] fails has been pointed out by the author of [41]. A snowball

B.1 Another Variant of the Lagrangian Approach

A recent paper [41] presents a Lagrangian approach close to the above, but with a slightly different notation, and traces this approach to an early paper on variable-mass systems by Cayley [42] (1857).

The equations of motion are written in [41] in the form, d dt ˙∂S ˙∂q̇_k − ˙∂S ˙∂q_k + ˙∂σ ˙∂q̇_k = Q^k, (56)

where S is the same as the kinetic energy of the system called T previously, σ = ṁ_eV^2/2 describes the rate of kinetic energy ejected from the system (at velocity V ), the partial derivative operations ˙∂/ ˙∂q_k and ˙∂/ ˙∂q̇_k on f(m, q_k, q̇_k, t) act only on the dependence of f on q_k and q̇_k (and not on the dependence on mass m), and Q_k is the generalized (external) force associated with coordinate k.

For the present example of the leaky tank, with only a single coordinate h, S = mḣ^2 2 = ρAhḣ^2 2 = T, m = ρAh, σ = ṁ_eV^2 2 = ṁ_eḣ^2A^2 2a^2

, ṁ_e = ρaV = −ρAḣ, (57)

with the convention that ṁ_e > 0 when mass is ejected from the system. As before, the generalized force is,

Q_h = −mg = −ρAgh. (58)

The equation of motion according to eq. (56) is then, d dt mḣ − 0 + ṁ_eḣ

A^2 a^2

= ρAhḧ + ρAḣ^2 − ρAḣ^2

A^2 a^2

= −ρAgh, (59)

hḧ + ḣ^2 ( 1 − A^2 a^2 ) = −gh, (60) a A h dV dt + ( 1 − a^2 A^2 ) V^2 = gh, (61)

The second terms in eqs. (60)-(61) are a factor of 2 larger than that found in eqs. (8), (40) and (53), and implies that V^2 = gh rather than 2gh as in the energy analysis. That is, application of eq. (56) to the present example seems to lead to the result of an momentum

slides on snow-covered ice, subject to no external force,and accumulates mass at rate ṁ = kv, i.e., m(t) = m_0 + kx. Conservation of horizontal momentum implies that m(t)v(t) = m(t + dt)v(t + dt) = (m + kv dt)(v + v̇ dt) ≈ m(t)v(t) + (mv̇ + kv^2) dt, such that the equation of motion is mv̇ = −kv^2.

Taking the control volume to be the moving mass, with coordinate q = x and q̇ = v, the velocity of the control volumes is w = v, the generalized force Q is zero, and the kinetic energy of the control volume is T_w = m(t)v^2/2. Then, the equation of motion according to eq. (49) would be just d dt ∂T_w ∂v̇ = mv̇ + kv^2 =

∂T_w ∂x = kv^2 2 , mv̇ = − kv^2 2 , (55)

in disagreement with the momentum analysis.

analysis, rather than an energy analysis. If one then considers the vena contracta at the outlet, which increase the velocity of the efflux by ≈ √ 2 over a short distance, agreement with the energy analysis is obtained.

The limitations of the method of [41] are illustrated, for example, by the uncoiling of a tape [40], including the variant in sec. V.D of [41] which we consider to be misanalyzed there.

B.2 Yet Another Variant of a Lagrangian Approach

Yet another Lagrangian approach is given in [43] for systems in which the variable mass depends on position, as is the case of the present example if we take the system to be the mass m = ρAh of water in the leaky bucket.

According to eq. (19) of [43] the equation(s) of motion of the system can be written as, d dt ∂T ∂q̇_k − ∂T ∂q_k

= Q̂_k = ∑ i { (f_i + ṁ_iw_i) ·

∂r_i ∂q_k + 1 2 d dt ( ∂m_i ∂q̇_k v^2_i ) − 1 2 ∂m_i ∂q_k v^2_i } , (62)

where T is the kinetic energy of the system, whose particles at positions r_i have masses m_i(q_k, q̇_k, t), velocities v_i, f_i is the “active” force on particle i, and ṁ_iw_i is a “nonconservative force, proportional to the rate of variation of mass with respect to time and to the velocity of the expelled (or gained) mass”.^{23}

In the present example with a single coordinate h, T = ρAhḣ^2/2 as before, the first term of Q̂_h is the generalized force Q_h = −ρAgh, the velocity of all particles in the system is v_i = ḣ ẑ, and ∑ i m_i = ρAh. Possibly, ∑ i ṁ_iw_i ·

∂r_i ∂h = ρAḣ(−V ẑ) · ẑ = −ρAḣV = − ρA^2ḣ^2 a . (63)

If so, the equation of motion according to eq. (62) would be,

ρAhḧ + ρAḣ^2 − ρAḣ^2 2 = −ρAgh − ρA^2ḣ^2 a + 0 − ρAḣ^2 2 (64)

hḧ + ḣ^2 ( 1 + A a ) = −gh. (65)

Or, if we ignore the term in ṁ_iw_i, the equation of motion would be,

hḧ + ḣ^2 = −gh. (66)

??? However, neither eq. (65) nor (66) agree with the equation of motion found previously in eqs. (8) and (53)??

23The meaning of this phrase is unclear to the authors.

C Appendix: The Leaky Tank is Also Being Filled

(Mar. 30, 2022)

Suppose the leaky tank is also being filled at a constant rate, such that in the absence of a leak the height/depth h of the water in the tank rose at rate ḣ = u.

We ignore the effects of the pressure generated by the water falling onto the upper surface of the water tank, and of the increase in the temperature of the water in the tank due to the energy of the falling water that is dissipated in the tank. Then, eq. (1) still holds, with v = aV/A as the vertical velocity of the water in the tank, where again V is the velocity of the water at the exit hole of area a and A is the horizontal area of the tank. However, eq. (2) is now,

ḣ = u − v = u − aV A , V = A a (u − ḣ), V̇ = − Aḧ a . (67)

As before, the rate dW/dt of gravitational work on the water in the tank at time t is the product of the rate ρgv of gravitational work per unit volume, and the volume Ah of the water in the tank, dW dt = ρgvAh = ρgV ah, (68)

where ρ is the mass density of the water.

The total kinetic energy of the water in the tank is the product of the kinetic energy per unit volume ρv^2/2 and by the volume of the water in the tank,

KE_{tank} = ρv^2 2 Ah = ρV^2 2 a^2 A h, (69) d KE_{tank} dt = ρV^2 2 a^2 A dh dt + ρV dV dt a^2 A h = ρV^2a^2u 2A − ρV^3 2 a^3 A^2

+ ρV dV dt a^2 A h, (70)

using eq. (67) to obtain the last form of eq. (70).

The rate at which kinetic energy exits the tank, with velocity V , is given by,

d KE_{exit} dt = dm_{exit} dt V^2 2 = ρV a

V^2 2 . (71)

Conservation of energy now implies that, dW dt = ρgV ah = d KE_{tank} dt + d KE_{exit} dt = ρV^2a^2u 2A − ρV^3 2 a^3 A^2

+ ρV dV dt a^2 A h + ρV a

V^2 2 . (72)

If we divide eq. (72) by ρV a, we obtain, recalling eq. (67),

gh =

V au 2A + ( 1 − a^2 A^2 ) V^2 2 + a A h dV dt = u(u − ḣ) 2 + (u − ḣ)^2 2 ( A^2 a^2 − 1 ) − hḧ. (73)

Time t can be replaced as the independent variable in this equation by the depth h, by combining the first form of eq. (73) with eq. (67) to yield, dV dt = dV dh dh dt = ( u − a A V ) dV dh = u dV dh − 1 2 a A dV^2 dh , (74)

2gh =

V au A + ( 1 − a^2 A^2 ) V^2 + 2hu dV dh − a^2 A^2 h dV^2 dh . (75)

It seems difficult to integrate either eq. (73) or (75) analytically. Of course, there is the special case that u = v = aV/A such that ḣ = 0 and V^2 = 2gh is constant in time (even for a = A). And, for very small holes we have V^2 ≈ 2gh ≈ 2g(h_0 + u t).

Sept. 27, 2024. This issue is also discussed in [44].

References

[1] E. Torricelli, Opera Geometrica (Florence, 1644),

http://kirkmcd.princeton.edu/examples/mechanics/torricelli_opera_44.pdf
http://kirkmcd.princeton.edu/examples/mechanics/torricelli_opera_p191.pdf

[2] D. Bernoulli, Hydrodynamica (Strassburg, Austria, 1738),

http://kirkmcd.princeton.edu/examples/fluids/bernoulli_hydrodynamica_38.pdf

Hydrodynamics by Daniel Bernoulli and Hydraulics by Johann Bernoulli, trans. by T. Carmody and H. Kobus (Dover, 1968),

http://kirkmcd.princeton.edu/examples/fluids/bernoulli_ch3_13.pdf

[3] A. Malcherek, History of the Torricelli Principle and a New Outflow Theory, J. Hydraul.

Eng. 142, 02516004 (2016),

http://kirkmcd.princeton.edu/examples/fluids/malcherek_jhe_142_02516004_16.pdf

[4] J. Boussinesq, Essai sur la théorie de l’écoulement dun liquide par un orifice en mince paroi, Compt. Rend. Acad. Sci. 70, 33, 177, 1279 (1870),

http://kirkmcd.princeton.edu/examples/fluids/boussinesq_cras_70_33_70.pdf

[5] H. Judd and R.S. King, Some Experiments on the Frictionless Orifice, Eng. News. 56, 326 (1906), http://kirkmcd.princeton.edu/examples/fluids/judd_en_56_326_06.pdf

[6] G.F. Davidson, Experiments on the Flow of Viscous Fluids through Orifices, Proc. Roy.

Soc. London A 89, 91 (1913),

http://kirkmcd.princeton.edu/examples/fluids/davidson_prsla_89_91_13.pdf

[7] H. Bouasse, Jets, Tubes et Canaux (Librairie Delagrave, Paris, 1923),

http://kirkmcd.princeton.edu/examples/fluids/bouasse_jets_23.pdf

[8] G.L. Tuve and R.E. Sprenkle, Orifice Discharge Coefficients for Viscous Liquids, Instruments 6, 201 (1933), http://kirkmcd.princeton.edu/examples/fluids/tuve_instr_6_201_33.pdf

[9] F.W. Medaugh and G.D. Johnson, Investigation of the Discharge and Coefficients of Small Circular Orifices, Civil Eng. 10, 422 (1940),

http://kirkmcd.princeton.edu/examples/fluids/medaugh_ce_10_422_30.pdf

[10] J.H. Lienhard (V) and J.H. Lienhard (IV), Velocity Coefficients for Free Jets from Sharp-Edged Orifices, J. Fluids Eng. 106, 13 (1984),

http://kirkmcd.princeton.edu/examples/fluids/lienhard_jfe_01_13_84.pdf

[11] C. Clanet, Clepsydrae, from Galilei to Torricelli, Phys. Fluids 12, 2743 (2000),

http://kirkmcd.princeton.edu/examples/fluids/clanet_pf_12_2743_00.pdf

[12] P.M.C. de Oliveira et al., Pin-hole water flow from cylindrical bottles, Phys. Ed. 38, 110 (2000), http://kirkmcd.princeton.edu/examples/fluids/oliveira_pe_38_110_00.pdf

[13] H. Chanson, S.-I. Aoki and M. Maruyama, Unsteady two-dimensional orifice flow: a large-size experimental investigation, J. Hydr. Res. 40, 63 (2002),

http://kirkmcd.princeton.edu/examples/fluids/mihar_jhr_40_63_02.pdf

[14] J.N. Libii, Mechanics of the slow draining of a large tank under gravity, Am. J. Phys.

71, 1204 (2003), http://kirkmcd.princeton.edu/examples/fluids/libii_ajp_71_1204_03.pdf

[15] D. Guerra, A. Plaisted and M. Smith, A Bernoulli’s Law Lab in a Bottle, Phys. Teach.

43, 456 (2005), http://kirkmcd.princeton.edu/examples/fluids/guerra_pt_43_456_05.pdf

[16] M.E. Saleta, D. Tobia and S. Gil, Experimental study of Bernoulli’s equation with losses, Am. J. Phys. 73, 598 (2005),

http://kirkmcd.princeton.edu/examples/fluids/saleta_ajp_73_598_05.pdf

[17] T.S. Liu et al., Drainage and filling in cylindrical and rectangular containers, Proc. Inst.

Mech. Eng. D 222, 565 (2008),

http://kirkmcd.princeton.edu/examples/fluids/liu_pimed_222_565_08.pdf

[18] P.L.L. Escamilla, Surface tension influence in vessel discharge, Am. J. Phys. 77, 477 (2009), http://kirkmcd.princeton.edu/examples/fluids/escamilla_ajp_77_477_09.pdf

[19] D. Guerra et al., An Introduction to Dimensionless Parameters in the Study of Viscous Fluid Flows, Phys. Teach. 49, 175 (2011),

http://kirkmcd.princeton.edu/examples/fluids/guerra_pt_49_175_11.pdf

[20] M. Franchini and L. Lanza, Use of Torricelli’s Equation for Describing Leakages in Pipes of Different Elastic Materials, Diameters and Orifice Shape and Dimensions, Proc. Eng. 89, 290 (2014), http://kirkmcd.princeton.edu/examples/fluids/franchini_pe_89_290_14.pdf

[21] A. Hicks and W. Slaton, Determining the Coefficient of Discharge for a Draining Container, Phys. Teach. 52, 43 (2014),

http://kirkmcd.princeton.edu/examples/fluids/hicks_pt_52_43_14.pdf

[22] M. Blasone et al., Discharge time of a cylindrical leaking bucket, Eur. J. Phys. 36, 035017 (2015), http://kirkmcd.princeton.edu/examples/fluids/blasone_ejp_36_035017_15.pdf

[23] J. Ferrand et al., Wetting Effect on Torricelli’s Law, Phys. Rev. Lett. 117, 248002 (2016), http://kirkmcd.princeton.edu/examples/fluids/ferrand_prl_117_248002_16.pdf

[24] J.-C. de Borda, Sur l’Écoulement des Fluides par les Ouvertures des Vases, Mém. Acad.

Roy. Sci. p. 579 (1766), http://kirkmcd.princeton.edu/examples/fluids/borda_mars_579_66.pdf

[25] K.T. McDonald, Vena Contracta (Feb. 16, 2005),

http://kirkmcd.princeton.edu/examples/vena_contracta.pdf

[26] I. Newton, Philosophiæ Naturalis Principia Mathematica (1686),

http://kirkmcd.princeton.edu/examples/mechanics/newton_principia.pdf

[27] K.T. McDonald, Forces on a Siphon (Oct. 21, 2024).

http://kirkmcd.princeton.edu/examples/siphon.pdf

[28] K.T. McDonald, What is a “Rocket” Force (Sept. 26, 2024).

http://kirkmcd.princeton.edu/examples/dpdt.pdf

[29] F. Vera and C. Núñez, Backward Reaction Force in a Firehose, Fire Tech. 54, 811-818 (2018). https://doi.org/10.1007/s10694-018-0719-x

http://kirkmcd.princeton.edu/examples/fluids/vera_ft_54_811_18.pdf

[30] J. Otto and C.E. Mungan, Flow of water out of a funnel, Eur. J. Phys. 45, 055007 (2024), http://kirkmcd.princeton.edu/examples/fluids/otto_ejp_45_055007_24.pdf

[31] A. Marchewka and Y. Navot, The Paradox of the Recoil Force Acting on a Leaking Water Tank (June 24, 2024), https://arxiv.org/abs/2406.13330

http://kirkmcd.princeton.edu/examples/fluids/marchewka_2406.13330.pdf

[32] S.B. Segletes and W.P. Walters, A note on the application of the extended Bernoulli equation, Int. J. Imp. Eng. 27, 561 (2002),

http://kirkmcd.princeton.edu/examples/fluids/segletes_ARL-TR-1895_99.pdf

[33] B.H. and G.H.N., Unsteady Bernoulli Equation (MIT, Fall 2013),

https://ocw.mit.edu/courses/mechanical-engineering/2-25-advanced-fluid-mechanics-fall-2013/inviscid-flow-and-bernoulli/MIT2_25F13_Unstea_Bernou.pdf
http://kirkmcd.princeton.edu/examples/fluids/mit_2.25_13_unsteady_bernoulli.pdf

[34] H.B. Dwight, Tables of Integrals and Other Mathematical Data, 4^{th} ed. (Macmillan, 1961), http://kirkmcd.princeton.edu/examples/EM/dwight_57.pdf

[35] H. Irschik and H.J. Holl, The equations of Lagrange written for a non-material volume, Acta Mech. 153, 231 (2002),

http://kirkmcd.princeton.edu/examples/mechanics/irschik_am_153_231_02.pdf

[36] H. Irschik and H.J. Holl, Lagrange’s equations for open systems, derived via the method of fictitious particles, and written in the Lagrange description of continuum mechanics, Acta Mech. 226, 63 (2015),

http://kirkmcd.princeton.edu/examples/mechanics/irschik_am_226_63_15.pdf

[37] K.T. McDonald, Development of a General Method, Princeton Physics 205, Lecture 3 (1980), http://kirkmcd.princeton.edu/examples/Ph205/ph205l3.pdf

[38] J.-B. d’Alembert, Trait de Dynamique (David, Paris, 1743),

http://kirkmcd.princeton.edu/examples/mechanics/dalembert_dynamique.pdf

[39] D.F. Lawden, Lagrange’s Equations for a System of Variable Mass, J. Brit. Interplanetary Soc. 8, 174 (1947), http://kirkmcd.princeton.edu/examples/mechanics/lawden_jbis_8_174_47.pdf

[40] K.T. McDonald, Uncoiling on a Horizontal Surface (June 2, 2018),

http://kirkmcd.princeton.edu/examples/uncoil.pdf

[41] J.E. Hurtado, Analytical Dynamics of Variable-Mass Systems, J. Guid. Control Dyn.

41, 701 (2018), http://kirkmcd.princeton.edu/examples/mechanics/hurtado_jgcd_41_701_18.pdf

[42] A. Cayley, On a Class of Dynamical Problems, Proc. Roy. Soc. London 8, 506 (1857),

http://kirkmcd.princeton.edu/examples/mechanics/cayley_prsl_8_506_57.pdf

[43] C.P. Pesce and L. Casetta, Systems with mass explicitly dependent on position, in Dynamics of Mechanical Systems with Variable Mass, H. Irschik and A.K. Belyaev, eds. (Springer, 2014), http://kirkmcd.princeton.edu/examples/mechanics/pesce_dynamics_14_ch2.pdf

[44] J. Otto and C.E. Mungan, Filling and emptying a tank of liquid, Eur. J. Phys. 43, 055003 (2022), http://kirkmcd.princeton.edu/examples/fluids/otto_ejp_43_055003_22.pdf