The Electric Self Force on a Current Loop

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (January 8, 2019; updated January 13, 2019)

1 Problem

Discuss the electric (and magnetic) self force on a loop of resistive wire that carries a steady electric current, taking into account the retarded electric field of the moving charges.^{1,2}

2 Solution

If the total self force on a current loop were not zero, Newton’s first law would be violated, and a current loop would be a “bootstrap spaceship”.^3 However, the self forces includes the internal “mechanical” forces as well as the (macroscopic) electromagnetic forces, so the former should be considered as well as the latter.^4

In a model of the steady current loop in which the (rigid) conductor contains conduction electrons, (positive) lattice ions, and surface charges of either sign, the lattice ions and surface charges are at rest with respect to the conductor, so the electromagnetic force on each of these is balanced by an equal and opposite “mechanical” force, which is ultimately a quantum electrodynamic effect. The conduction electrons are taken to have constant speed v, so they have no acceleration along the axial direction of the conductor/wire, but each has a transverse acceleration v^2/ρ, where ρ is the local radius of curvature of the wire. The required centripetal force for this acceleration is the sum of the electromagnetic and “mechanical” forces on a conduction electron.

1This problem was suggested by Vladimir Onoochin [1].

2In Maxwell’s electrodynamics [2], this problem is not trivial. In contrast, the force between two moving charges e_1 and e_2 at positions r_1 and r_2 in Weber’s electrodynamics (1846 [3], p. 144 of [4]) obeys Newton’s third law,

F_1 = e_1e_2 r^2 r̂ ( 1 − A^2ṙ^2 + 2A^2r r̈ ) = −F_2, (1)

where r = r_1 − r_2, so the total self force on a current loop is zero. The constant A has dimensions of velocity^{−1}, and was later (1856) written by Weber and Kohlsrausch [5] as 1/C, who noted that their C is the ratio of the magnetic units to electrical units in the description of static phenomenon, which they determined experimentally to have a value close to 4.4 × 10^8 m/s. Apparently, they regarded it as a coincidence that their C was roughly √ 2 times the speed c of light.

Weber was perhaps the last major physicist who did not use electric and magnetic fields to describe electromagnetism, preferring instead an (instantaneous) action-at-a-distance formulation for the forces between charges, eq. (1). This was the first published force law for moving charges (which topic Ampère refused to speculate upon).

For an extensive discussion of Weber’s electrodynamics, see [6]. Maxwell gave a review of the German school of electrodynamics of the mid 19th century in the final chapter 23 of his Treatise [7].

3For additional comments by the author on “bootstrap spaceships”, see Appendix A, and [8, 9]. 4See, for example, [10, 11].

The total force on the system is equal to the sum of the mass times acceleration of the conduction electrons. The total force on the lattice ions and surface charges is zero, so these do not accelerate with respect to the rest frame of the current loop.

The steady current loop is not a “bootstrap spaceship”.

A different accounting emphasizes the total electric force, and the total magnetic force, on the system, as discussed below.

2.1 Magnetic Self Force

Contemporary discussions of magnetic forces tend to assume as valid the Lorentz force law for an electric charge e with velocity v in external electric field E and magnetic field B,

F_e = e ( E + v c × B ) , (2)

in Gaussian units, with c being the speed of light in vacuum.^5 Applying this law to electrical circuits 1 and 2, the force on circuit 1 due to circuit 2 is the so-called Biot-Savart law,^6

F^{(B−S)}_{on 1} = ∮ 1 dF^{(B−S)}_{on 1} = ∮ 1 I_1 dl_1 × B_{2 at 1} c = ∮ 1 ∮ 2 d^2F^{(B−S)}_{on 1} , B_{2 at 1} = ∮ 2 I_2 dl_2 × r̂ cr^2 , d^2F^{(B−S)}_{on 1} = I_1dl_1 ×

I_2dl_2 × r̂ c^2r^2

= I_1I_2

(r̂ · dl_1) dl_2 − (dl_1 · dl_2) r̂ c^2r^2

≠ −d^2F^{(B−S)}_{on 2} (3)

5Maxwell, Arts. 598-599 of [7], considered the “electromotive intensity” to be eq. (2) divided by e. However, he seems not to have made the inference that eq. (2) represents the force on a moving charge, as pointed out by FitzGerald [12].

The force law eq. (2) was more explicitly stated by Heaviside (1889), eq. (10) of [13], although Maxwell wrote it in a somewhat disguised form on p. 342 of [14] (1861), and in Art. 599 of [7] (for additional discussion, see secs. 1-2 of [17]). Like Heaviside, Lorentz (1892) gave the force law in the form e(D + v/c × H), eq. (113) of [15]. The debate as to whether the force depends on B or H was settled experimentally in favor of B only in 1944 [16].

In contemporary usage, as for Maxwell, the velocity v in the Lorentz force law is that of the charge in the (inertial) lab frame where F, E and B are measured. However, in Lorentz’ original view the velocity was to be measured with respect to the supposed rest frame of the ether. See, for example, [18].

6Biot and Savart [19, 20, 21] had no concept of the magnetic field B of an electric current I, and discussed only the force on a magnetic pole p, as p ∮ I dl × r̂/cr^2, although not, of course, in vector form.

The form (3) can be traced to Grassmann (1845) [23], still not in vector form. The vector relation F_{on 1} = ∮ 1 I_1 dl_1 × B_{2 at 1}/c appears without attribution as eq. (11) of Art. 603 of Maxwell’s Treatise [7], while Einstein may have been the first to call this the Biot-Savart law, in sec. 2 of [24].

Heaviside (1886) [25, 26], discussed the form dF = ρE + Γ × H, where ρ is the electric charge density and Γ = ∇×H = J+∂D/∂t, where J is the conduction current density J and ∂D/∂t is the “displacement current” density. However, the present view is that the “displacement current” does not experience a magnetic force.

The earliest description in English of eq. (3) as the Biot-Savart law may be in sec. 7-6 of [28].

where r = r_1 − r_2 is the distance from a current element I_2 dl_2 at r_2 to element I_1 dl_1 at r_1.^7 Ampère held a rather different view [31], that,

F^{(A)}_{on 1} = ∮ 1 ∮ 2 d^2F^{(A)}_{on 1}, d^2F^{(A)}_{on 1} = I_1I_2[3(r̂ · dl_1)(r̂ · dl_2) − 2 dl_1 · dl_2] r̂ c^2r^2

= −d^2F^{(A)}_{on 2}. (4)

Ampère considered that the laws of electrodynamics should respect Newton’s third law, of action and reaction, whereas the Biot-Savart/Lorentz law (3) does not. This “minor” detail is seldom discussed in textbooks,^8 and it held up acceptance of eq. (3) in preference to eq. (4) for about 70 years, 1820-1890.^9

2.1.1 Equivalence of the Ampère and Biot-Savart Force Laws for Closed Circuits

According to the Biot-Savart form (3), the force on circuit element I_1 dl_1 due to current I_2 in circuit 2 is,

dF^{(B−S)}_{on dl1} = I_1 dl_1 × ∮ 2 I_2 dl_2 × r cr^3 = I_1I_2 c^2 ∮ 2 (r · dl_1) dl_2 − (dl_1 · dl_2) r r^3

. (5)

To compare this with Ampère’s form (4), it is useful to note the relations (given by Ampère),

dl_2 = − ∂r ∂l_2 dl_2, r · dl_2 = r · ∂r ∂l_2 dl_2 = −r ∂r ∂l_2 dl_2. (6)

Then,

dF^{(A)}_{on dl1} =

I_1I_2 c^2 ∮ 2 3(r · dl_1)(r · dl_2)r r^5 − 2(dl_1 · dl_2)r r^3 = I_1I_2 c^2 ∮ 2 ( − 3dl_1 r^4 · r ∂r ∂l_2 dl_2 ) r − 2I_1I_2 c^2 ∮ 2 (dl_1 · dl_2) r

r^3

. (7)

7If we follow Ampère in defining a “current element” as being electrically neutral, which is a good (but not exact [29]) approximation for currents in electrical circuits, then an isolated, moving charge is not a “current element” (contrary to remarks such as in [30]). A wire that is used to discharge a capacitor could be considered as an example of an Ampèrian current element when it carries the transient current. The magnetic forces on a pair of such current elements would not obey Newton’s third law, but overall momentum conservation is observed when one takes into account the momentum stored in the electromagnetic fields of the system. This is easier to analyze for a pair of moving charges [33] than for a pair of discharging capacitors.

8One exception is sec. 7-5 of [28].

9Maxwell gave an intricate discussion in Arts. 502-526 of his Treatise [7], in which he pointed out that experiments on the forces between closed circuits cannot fully determine an expression for the magnetostatic forces, and that one arbitrary assumption is required to arrive at a “law”. He considered (Art. 526) four such assumptions, including Ampère’s that the force law obey Newton’s third law, and Grassmann’s that the force is zero between collinear current elements; Maxwell then expressed his preference of Ampère’s form, although in Art. 599 he displayed the Lorentz force law without comment as to its relation to the forms of Ampère and Grassmann.

The ith component of the first integral on the second line of eq. (7) can be written as, − ∮ 2 3dl_{1,j}r_ir_j r^4 ∂r ∂l_2 dl_2 = ∮ 2 dl_{1,j} [ ∂ ∂l_2

(r_ir_j

r^3 ) − r_i r^3

∂r_j ∂l_2 − r_j r^3

∂r_i ∂l_2 ] dl_2 = ∮ 2 (dl_1 · dl_2)r_i r^3 + ∮ 2 (dl_1 · r) dl_{2,i} r^3

. (8)

Using this in eq. (7), we have that,

dF^{(A)}_{on dl1} =

I_1I_2 c^2 ∮ 2 (r · dl_1) dl_2 − (dl_1 · dl_2) r r^3

= dF^{(B−S)}_{on dl1} (9)

Considering circuit element I_1 dl_1 to be part of circuit 1, distinct from circuit 2, we find,

F^{(A)}_{on 1} = ∮ 1 dF^{(A)}_{on dl1} = ∮ 1 dF^{(B−S)}_{on dl1} = F^{(B−S)}_{on 1} (10)

Finally, since Ampère’s force between a pair of circuit elements is along their line of centers,

F^{(A)}_{on 1} = −F^{(A)}_{on 2} = F^{(B−S)}_{on 1} = −F^{(B−S)}_{on 2} . (11)

When either the Biot-Savart form (3) or the Ampère form (4) is applied to a pair of circuits, the total forces on the circuits are the same, and Newton’s third law is satisfied.^{10,11} When considering the force of a single circuit on itself, one can worry that the integrals in eqs. (5) and (7) might diverge, such that the magnetic self force might not be zero. Since Ampère’s force law between pairs of current elements obeys Newton’s third law, one has confidence that this leads to F^{(A)}_{self} = −F^{(A)}_{self} such that the magnetic self force is zero, but the case for the Biot-Savart form cannot be argued so quickly. Stefan [37] considered that physical circuits have wires of finite diameter, for which it is convincing that the equivalence of the Ampère and the Biot-Savart force laws for closed, filamentary circuits implies that the magnetic self force is also zero for the latter form.^{12}

A corollary to the above argument is that the total magnetic force on a current element due to currents in closed circuits is perpendicular to the current element, according to the (static) force laws of both Ampère and Biot-Savart.

An extrapolation of the static force laws of both Ampère and of Biot-Savart-Grassmann is that if a circuit moves in response to the (initially static) magnetic force on it, then that magnetic force does work on the moving circuit.^{13} This extrapolation presumes that the static force laws are still approximately correct for examples where the motions have low velocity.

The bottom line of this section is that the magnetic self force is zero for a steady current loop.

10A derivation something like the above was first given by Neumann in 1845 [34, 35, 36], and in more detail by Stefan in 1869 [37, 38, 39].

11A tacit assumption here is that effects of wave propagation can be ignored. For an example in which a pair of circuits emit radiation, with a resulting propulsive force on the circuits, see [40].

12This was argued (rather briefly) by Maxwell in Art. 687 of [7], and variants have been given in [36]-[63]. 13As mentioned in footnote 2 above, Weber was the first to consider a force law for moving charges, but this involved instantaneous action at a distance. Effects of retardation, due to the finite speed of propagation of electromagnetic waves, on the electric and magnetic fields of a point electric charge were first considered by Liénard [64] and by Wiechert [65]. The computation of the retarded fields for electric charge and current distributions is reviewed in [66].

2.2 Electric Self Force

A naïve view is that a current loop is electrically neutral, such that there are no (macroscopic) electric forces, and the electric self force is trivially zero. However, if (conduction) current density J exists inside a medium with nonzero, but finite, electric conductivity σ, then there must be an electric field, E = J σ , (12)

inside the medium. In case of a steady current (and static magnetic field), this electric field is generated by electric charges on the surface of the medium.^{14}

As remarked earlier, there is also a tiny difference, of order v^2/c^2, between bulk density of positive and negative charges inside a current-carrying medium [29], which we neglect here. In this approximation, the interior of the conductor (wire) of the current loop is electrically neutral, and the electric field (12) exerts no net force on interior of the loop (i.e., on the conduction electrons and the lattice ions). However, the surface charges also experience the axial field (12) as well as an electric field component that is perpendicular to the surface of the conductor. While we can assume that the total surface charge is zero, its distribution around the loop is nonuniform, and it would seem that, in general, the total electric force on the surface charge is nonzero.

These surface charges are kept from leaving the surface (and from moving along the surface once the steady-state surface charge distribution has been established) by (quantum) “mechanical” effects, often summarized by the term “work function.” That is, the total force on each surface charge is zero, and the total (self) force on the current loop is zero (as noted at the beginning of sec. 2 above)

We continue with discussion of a subtle effect.

2.2.1 The Retarded Electric Field of the Electric Current

The electric field of the (slowly) moving conduction electrons includes small terms, of order v^2/c^2 where v is their drift velocity, that are not radial, and leads to nonzero net force between pairs of conduction electrons, and between conduction electrons and static charges.

We recall that the Liénard-Wiechert fields [64, 65] observed at position r_1 at time t due to a charge e_2 at position r_2 with velocity v_2 and acceleration a_2 are,

E_1(r_1, t) = e_2 [ 1 {(1 − (n̂ · v_2)/c)}^3r^2

{(1 − v^2 /c^2)(n̂ − v_2/c) + r/c × (n̂ − v_2/c) × a_2/c)} ]

≈ e_2 [ n̂ r^2 − v^2 c^2r^2 n̂ − 1 r^2

{(1 − 3(n̂ · v_2)/c)} v_2 c + 1 r^2 ( r · a_2 c n̂ − r · n̂ a_2 c )]

= e_2 [ n̂ − v_2/c r^2 + 3(n̂ · v_2)v_2 − v^2 n̂ c^2r^2 − a_2 − (a_2 · n̂) n̂ c^2r ] , (13)

B_1(r_1, t) = [n̂] × E_1, (14)

14See, for example, [67]-[92]. A superconducting current loop will be considered in sec. 4 below.

where r = r_1 − r_2, n̂ = r/r, quantities inside brackets, [...], are evaluated at the retarded time t^′ = t − r/c, and the approximations are to order 1/c^2.

In static examples like the present, where there is no radiation [94], it is preferable to approximate the fields to order 1/c^2 in terms of quantities at the present time, rather than at the retarded time. This was first done by Darwin (1920) [95], as reviewed in sec. 65 of [96] and sec. 12.6 of [97]. He worked in the Coulomb gauge, and kept terms only to order v^2/c^2. Then, the scalar and vector potentials at r_1 due to a charge e_2 at r_2 that has velocity v_2 are,

ϕ_1 = e_2 r , A_1 = e_2 v_2 + (v_2 · n̂)n̂ 2cr , (15)

where n̂ is directed from the charge to the observer, whose (present) distance is r from the observer. The electric and magnetic fields in the Darwin approximation follow from the potentials (15),

E_1 = −∇ϕ_1 −

∂A_1 ∂ct = e_2 n̂ r^2 − e_2 2c^2 ( a_2 + (a_2 · n̂)n̂ r + 3(v_2 · n̂)^2 − v^2 r^2 n̂ ) , (16)

B_1 = ∇ × A_1 = e_2 v_2 × n̂ cr^2

, (17)

where a_2 = dv_2/dt is the (present) acceleration of the charge.^{15,16,17}

Thus, effects of retardation lead to terms of order v^2/c^2 in the electric field due to the conduction electrons. The total electric field inside the conductor of the current loop must still be that of eq. (12), so the surface charge density is slightly different than that which would hold in the absence of the v^2/c^2 effect. Again, the total electric self force on the surface charge is, in general, nonzero, but this is canceled by the total, nonzero (quantum) “mechanical” force that holds the surface charge at rest with respect to the current loop.

That is, the total self force on the current loop (in its rest frame) is zero, even taking into account the effect of retardation.

3 Current Loop plus External Charge

As a variant, we consider the case of an external electric charge, that is held fixed with respect to the current loop (in the latter’s rest frame) by a (quantum) “mechanical” force.

The external charge induces a change in the surface charge density on the current loop, but again the total electric field inside the conductor of the loop is given by eq. (12).

The external charge then exerts a net electric force on the surface charges of the current loop, in addition to that of the v^2/c^2 part of the electric field of the conduction electrons. The electric field of the current loop, due both to the surface charges and to the v^2/c^2 field of the conduction electrons, exerts a net force on the external charge. And, (quantum)

15Sec. 65 of [96] first showed that in the Darwin approximation the Liénard-Wiechert potentials in the Lorenz gauge reduce to ϕ = e/r + (e/2c^2)∂^2r/∂t^2 and A = ev/cr, from which eqs. (16)-(17) also follow.

16See [33, 98, 99] for applications of these relations to considerations of electromagnetic momentum and energy._{17}

Note that the Liénard-Wiechert electric field (13) has a term of order v_2/c while the Darwin electric field (16) does not.

“mechanical” forces act on both the surface charges and the external charge, as the latter is fixed with respect to the current loop. The sum of all these forces is zero, and there is no net self force on the system.^{18}

4 Superconducting Loop

The electric field is zero in the interior of the (super)conductor of a superconducting current loop, so in the absence of the v^2/c^2 electric field due to retardation, so the superconductor could have zero surface charge density. Taking in account, the v^2/c^2 component of the electric field, due to retardation, there will be a nonzero surface charge density such that the total electric field inside the superconduct is zero.

Then, the total electric force on the surface charge density is, in general, nonzero, but this is canceled by the total (quantum) “mechanical” force that holds the surface charge density onto the surface.

If an external charge is added to the superconducting current loop, the surface charge density is changed, but again the total electric force on the system is equal and opposite to the total (quantum) “mechanical” force.

A Appendix: The Center of Energy Theorem

A reason why there are no “bootstrap spaceships” is given by the so-called center-of-energy theorem,^{19} that the total linear momentum of any isolated, stationary system is zero if the velocity of its center of mass/energy is zero.

Consider an isolated, system which is a candidate for a “bootstrap spaceship”, and is initially stationary. According to the center-of-energy theorem it has zero total linear momentum.

At some time, the system could initiate internal activity that generates quasistatic electromagnetic-field momentum which is not radiated away, but which remains in the vicinity of the matter of the system. For the total momentum of the system to remain zero, there must now be some mechanical momentum in the system. Nominally, such mechanical momentum would imply that the center of mass of the matter of the system is in motion, and would be propelled in some direction.

At a later time, suppose the system stops its internal activity, such that the equal-and-opposite electromagnetic-field momentum and mechanical momentum are constant thereafter. The center of mass of the matter of the system then has a constant velocity in some direction.

If we observe the system in the (inertial) frame with that constant velocity, the system is isolated and stationary. So, according to the center-of energy theorem, the total momentum of the system should be zero in this frame. However, while the mechanical momentum of the

18If one neglected the surface charge on the current loop, and the (quantum “mechanical” forces thereon, as in [1], one might suppose that the external charge exerts no force on the current loop, so that nonzero force of the v^2/c^2 part of the electric field of the conduction electrons on the external charge would imply a total, nonzero self force on the current loop.

19See the Appendix of [100], sec. 2 of [101], and sec. I of [102].

system is zero in this frame, its electromagnetic-field momentum is nonzero, and hence the total momentum of the system is nonzero (in this frame). This contradiction implies that the above scenario is impossible.

A.1 Some Details

The mechanical behavior of a macroscopic system can be described with the aid of the (symmetric) stress-energy-momentum tensor T^{μν} of the system. The total energy-momentum 4-vector of the system is given by,

U^μ = (U_{total}, P^i_{total} c) = ∫ T^{0μ} dVol. (18)

As first noted by Abraham [103], at the microscopic level the electromagnetic parts of T^{μν} are,

T^{00}_{EM} =

E^2 + B^2 8π = u_{EM} , (19)

T^{0i}_{EM} =

S^i c = p^i_{EM} c, (20)

T^{ij}_{EM} =

E^iE^j + B^iB^j 4π − δ^{ij}

E^2 + B^2 8π , (21)

in terms of the microscopic fields E and B. In particular, the density of electromagnetic momentum stored in the electromagnetic field is,

p_{EM} = S c^2 = E × B 4πc . (22)

The macroscopic stress tensor T^{μν} also includes the “mechanical” stresses within the system, which are actually electromagnetic at the atomic level. The form (21) still holds in terms of the macroscopic fields E and B in media where ϵ = 1 = μ such that strictive effects can be neglected. The macroscopic stresses T^{ij} are related the volume density f of force on the system according to, f^i =

∂T^{ij} ∂x^j

. (23)

The stress tensor T^{μν} obeys the conservation law,

∂T^{μν} ∂x_μ

= 0, (24)

with x^μ = (ct, x) and x_μ = (ct, −x). Once consequence of this is that the total momentum is constant for an isolated, spatially bounded system, i.e., ∫ ∂T^{μi} ∂x_μ

= 0 = ∂ ∂ct ∫ T^{0i} dVol − ∫ ∂T^{ji} ∂x^j dVol = dP^i_{total} dt − ∫ T^{ji} dArea^j = dP^i_{total} dt . (25)

A related result is that the total (relativistic) momentum P_{total} of an isolated system is proportional to the velocity v_U = dx_U /dt of the center of mass/energy of the system [100, 101, 102], P_{total} =

U_{total} c^2 v_U =

U_{total} c^2 dx_U dt , (26)

where,

U_{total} = ∫ T^{00} dVol, (27)

P^i_{total} = 1 c ∫ T^{0i} dVol, (28)

x_U = 1 U_{total} ∫ T^{00} x dVol. (29)

That is, the total momentum of an isolated system is zero in that (inertial) frame in which the center of mass/energy is at rest.

B Appendix: Comment on the Electric Field in the Darwin Approximation

The part of the electric field of an electric charge e in the Darwin approximation that depends on its acceleration a is, according to eq. (16),

E_{a,Darwin} = −e a + (a · n̂)n̂

2c^2r

. (30)

This is possibly surprising in that Liénard-Wiechert electric field of an accelerating charge, eq. (13), depends (explicitly) on the acceleration as,

E_{a,L−W} = − e c^2 [ a − (a · n̂)n̂ r ] retarded + O ( 1 c^3 ) . (31)

We illustrate the compatibility of the Darwin approximation with the Liénard-Wiechert electric field for the case of a charge e that moves along the x-axis with constant acceleration a, according to x = at^2/2. The observer is at x = d on the x-axis, so that n̂ = x̂. Then,

E_{a,Darwin} = − ea c^2d x̂, and E_{a,L−W} = 0. (32)

However, we should compare the total electric fields before concluding that Darwin does not agree with Liénard and Wiechert. In particular, at time t = 0, the Darwin approximation is that, E_{Darwin} = e d^2 ( 1 − ad c^2 ) x̂, (33)

while the Liénard-Wiechert field is,

E_{L−W} = e [ x̂ − v/c γ^2r^2(1 − v · n̂/c)^3 ] retarded

. (34)

The retarded time is t^′ = t − r/c = −r/c ≈ −d/c. Then, the retarded velocity is [v] = at^′ = −ad/c (in the −x direction), the retarded Lorentz factor is [γ] = 1 + O(1/c^4), the retarded position is [x] = at^{′2}/2 = ad^2/2c^2, and the retarded distance is [r] = d − x = d(1 − ad/2c^2). Using these in eq. (34), we find,

E_{L−W} ≈ e

1 + ad/c^2 d^2(1 − ad/2c^2)^2(1 + ad/c^2)^3 x̂ ≈ e d^2 ( 1 − ad c^2 ) x̂ = E_{Darwin}. (35)

The lesson is that when converting the Liénard-Wiechert fields from retarded time to present time, the present acceleration affects all terms, whether or not they contain explicit dependence on the retarded acceleration.

References

[1] R.E. Bishop and V. Onoochin, Usage of the retardation effect to design the thruster based on another than action-reaction principle (2018),

kirkmcd.princeton.edu/examples/EM/bishop_thruster.pdf

[2] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[3] W. Weber, Elektrodynamische Maassbestimmungen, Abh. König. Sächs. Gesell. Wiss.

209 (1846), kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46_english.pdf

[4] Wilhelm Weber’s Werke, Vol. 3 (Springer, 1893),

kirkmcd.princeton.edu/examples/EM/weber_werke_v3.pdf

[5] W. Weber and R. Kohlsrausch, Ueber die Elektricitätsmenge, welche bei galvanischen Strömen durch den Querschnitt der Kette fliesst, Ann. d. Phys. 99, 10 (1856),

kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56.pdf
kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56_english.pdf

[6] A.K.T. Assis, Weber’s Electrodynamics (Springer, 1994),

kirkmcd.princeton.edu/examples/EM/assis_weber.pdf

[7] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

Vol. 2, 3^{rd} ed. (Clarendon Press, 1892),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[8] K.T. McDonald, No Bootstrap Spaceships via Magnets in Electric Fields (Aug. 16, 2018), kirkmcd.princeton.edu/examples/redfern

[9] K.T. McDonald, No Bootstrap Spaceships (Aug. 9, 2018),

kirkmcd.princeton.edu/examples/bootstrap

[10] W.R. McKinnon, S.P. McAlister and C.M. Hurd, Origin of the force on a currentcarrying wire in a magnetic field, Am. J. Phys. 49, 493 (1981),

http://kirkmcd.princeton.edu/examples/EM/mckinnon_ajp_49_493_81.pdf

[11] R. Karam, F.B. Kneubil and M.R. Robilotta, Forces on a current-carrying wire in a magnetic field: the macro-micro connection, Eur. J. Phys. 38, 055201 (2017),

http://kirkmcd.princeton.edu/examples/EM/karam_ejp_38_055201_17.pdf

[12] G.F. FitzGerald, On Maxwell’s Equations for the Electromagnetic Action of Moving Electricity, Brit. Assoc. Rep. (1883), kirkmcd.princeton.edu/examples/EM/fitzgerald_bar_83.pdf

[13] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889),

kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[14] J.C. Maxwell, On Physical Lines of Force, Phil. Mag. 21, 161, 281, 388 (1861),

kirkmcd.princeton.edu/examples/EM/maxwell_pm_21_161_61.pdf

[15] H.A. Lorentz, La Théorie electromagnétique de Maxwell et son application aux corps mouvants, Arch. Néer. Sci. Exactes Natur. 25, 363 (1892),

kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[16] F. Rasetti, Deflection of mesons in magnetized iron, Phys. Rev. 66, 1 (1944),

kirkmcd.princeton.edu/examples/EM/rasetti_pr_66_1_44.pdf

[17] K.T. McDonald, Maxwell and Special Relativity (May 26, 2014),

kirkmcd.princeton.edu/examples/maxwell_rel

[18] A.K.T. Assis and F.M. Peixoto, On the Velocity in the Lorentz Force Law, Phys. Teach.

30, 480 (1992), kirkmcd.princeton.edu/examples/EM/assis_tpt_30_480_92.pdf

[19] J.-B. Biot and F. Savart, Note sur la Magnétisme de la pile de Volta, Ann. Chem. Phys.

15, 222 (1820), kirkmcd.princeton.edu/examples/EM/biot_acp_15_222_20.pdf English translation on p. 118 of [22].

[20] J.-B. Biot, On the Magnetism impressed on Metals by Electricity in Motion, Q. J. Sci.

Lit. Arts 11, 281 (1821), kirkmcd.princeton.edu/examples/EM/biot_qjsla_11_281_21.pdf

[21] J.-B. Biot, Précis Élėmentaire de Physique Expérimentale, 3^{rd} ed., Vol. 2 (Paris, 1820), pp. 704-774, kirkmcd.princeton.edu/examples/EM/biot_precis_24_v2.pdf English translation on p. 119 of [22].

[22] R.A.R. Tricker, Early Electrodynamics, the First Law of Circulation (Pergamon, 1965),

kirkmcd.princeton.edu/examples/EM/tricker_early_em.pdf

[23] H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, 1 (1845),

kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

[24] A. Einstein and J. Laub, Über die im elektromagnetishen Felde auf ruhende Köper ausgeübten ponderomotorishen Kräfte, Ann. Phys. 26, 541 (1908),

kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf
kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08_english.pdf

[25] O. Heaviside, The Mechanical Action between Regions, Electrician 16, 206 (1886),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_16_206_86.pdf

See also p. 551 of [27].

[26] O. Heaviside, Action between a Magnet and a Magnet, or between a Magnet and a Conductor supporting an Electric Current. The Closure of the Electric Currant. Its Necessity, Electrician 16, 386 (1886),

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrician_16_386_86.pdf

See also p. 559 of [27].

[27] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

[28] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism (Addison- Wesley, 1955; 2^{nd} ed. 1962), kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

[29] K.T. McDonald, Charge Density in a Current-Carrying Wire (Dec. 20 2010),

kirkmcd.princeton.edu/examples/wire.pdf

[30] J.P. Wesley, On Peoglos’ measurement of the force on a portion of a current loop due to the remainder of the loop, J. Phys. D 22, 849 (1989),

kirkmcd.princeton.edu/examples/EM/wesley_jpd_22_849_89.pdf

[31] A.M. Ampère, Théorie mathématique des Phénomènes électro-dynamiques uniquement déduite de l’Expérience, 2nd ed. (Paris, 1883),

kirkmcd.princeton.edu/examples/EM/ampere_theorie_26_83.pdf

English translation in [32].

[32] A.K.T. Assis and J.P.M.C. Chahib, Ampère’s Electrodynamics (Aperion, 2015),

kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf

[33] L. Page and N.I. Adams Jr, Action and Reaction Between Moving Charges, Am. J.

Phys. 13, 141 (1945), kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf

[34] F.E. Neumann, Allgemeine Gesetze der inducirten elektrischen Ströme, Abh. König.

Akad. Wiss. Berlin 1, 45 (1845),

kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_45.pdf

[35] F.E. Neumann, Über ein allgemeines Princip der mathematischen Theorie inducirter elektrischer Ströme, Abh. König. Akad. Wiss. Berlin, 1 (1847),

kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_47.pdf

[36] P. Graneau, The Interaction of Current Elements, Int. J. Elec. 20, 351 (1966),

kirkmcd.princeton.edu/examples/EM/graneau_ije_20_351_66.pdf

[37] J. Stefan, Über die Grundformeln der Elektrodynamik, Sitzber. Kaiser. Akad. Wiss.

Wien 59, II, 693 (1869), kirkmcd.princeton.edu/examples/EM/stefan_skaw_59_2_693_69.pdf

[38] J. Stefan, Über die Abweichungen der Ampère’schen Theorie des Magnetismus von der Theorie der elektromagnetischen Kräfte., Sitzber. Kaiser. Akad. Wissensch. Wien 79, II, 679 (1879), kirkmcd.princeton.edu/examples/EM/stefan_skaw_79_2_679_79.pdf

[39] J. Strnad, Stefan’s equations of electrodynamics, Eur. J. Phys. 10, 276 (1989),

kirkmcd.princeton.edu/examples/EM/strnad_ejp_10_276_89.pdf

[40] K.T. McDonald, Tuval’s Electromagnetic Spaceship (Nov. 30, 2015),

kirkmcd.princeton.edu/examples/tuval.pdf

[41] P.G. Tait, Note on the Various Possible Expressions for the Force Exerted by an Element of one Linear Conductor on an Element of another, Proc. Roy. Soc. Edinburgh 8, 220 (1875), kirkmcd.princeton.edu/examples/EM/tait_prse_8_220_75.pdf

[42] D.J. Korteweg, Ueber das ponderomotische Elementargesetz, J. Reine Angew. Math.

90, 49 (1881), kirkmcd.princeton.edu/examples/EM/korteweg_jram_90_49_81.pdf

[43] E. Whittaker, A History of the Theories of Aether and Electricity (Longmans, Green, 1910), p. 89, kirkmcd.princeton.edu/examples/EM/whittaker_history.pdf

[44] M. Mason and W. Weaver, The Electromagnetic Field (U. Chicago Press, 1929), p. 173,

kirkmcd.princeton.edu/examples/EM/mason_emf_29.pdf

[45] A. O’Rahilly, Electromagnetic Theory (Longmans, Green, 1938),

kirkmcd.princeton.edu/examples/EM/orahilly_EM.pdf

See p. 102 for discussion of the equivalence of the force laws of Ampère and of Neumann.

[46] R.C. Lyness, The Equivalence of Ampère’s Electrodynamic Law and that of Biot and Savart, Contemp. Phys. 4, 453 (1963), kirkmcd.princeton.edu/examples/EM/lyness_cp_4_453_63.pdf

[47] J.G. Ternan, Equivalence of the Lorentz and Ampère force laws in magnetostatics, J.

Appl. Phys. 57, 1743 (1985), kirkmcd.princeton.edu/examples/EM/ternan_jap_57_1743_85.pdf

[48] D.C. Jolly, Identity of the Ampere and Biot-Savart Electromagnetic Force Laws, Phys.

Lett. 107A, 231 (1985), kirkmcd.princeton.edu/examples/EM/jolly_pl_107a_231_85.pdf

[49] C. Christodoulides, Equivalence of the Ampere and Biot-Savart force laws in magnetostatics, J. Phys. A 20, 2037 (1987),

kirkmcd.princeton.edu/examples/EM/christodoulides_jpa_20_2037_87.pdf

[50] C. Christodoulides, Are longitudinal forces predicted in magnetostatics by the Ampère force law in its line-current-element form? Phys. Lett. 120A, 120 (1987),

kirkmcd.princeton.edu/examples/EM/christodoulides_pl_120a_129_87.pdf

[51] C. Christodoulides, Comparison of the Ampère and Biot-Savart magnetostatic force laws in the line-element forms, Am. J. Phys. 56, 537 (1988),

kirkmcd.princeton.edu/examples/EM/christodoulides_ajp_56_357_88.pdf

[52] T.A. Weber and D.J. Macomb, On the equivalence of the laws of Biot-Savart and Ampere, Am. J. Phys. 57, 57 (1989),

kirkmcd.princeton.edu/examples/EM/weber_ajp_57_57_89.pdf

[53] P.G. Moysiddes, Calculation of the Sixfold Integrals of the Biot-Savart-Lorentz Force Law in a Closed Circuit, IEEE Trans. Mag. 25, 4298 (1989),

kirkmcd.princeton.edu/examples/EM/moyssides_ieeetm_25_4298_89.pdf

[54] P.G. Moysiddes, Calculation of the Sixfold Integrals of the Ampere Force Law in a Closed Circuit, IEEE Trans. Mag. 25, 4307 (1989),

kirkmcd.princeton.edu/examples/EM/moyssides_ieeetm_25_4307_89.pdf

[55] J. Strnad, On forms of the force law for current elements, Phys. Lett. 137A, 11 (1989),

kirkmcd.princeton.edu/examples/EM/strnad_pl_137a_11_89.pdf

[56] P. Cornille, On the difference between the Lorentz and Ampère force laws in magnetostatics, J. Phys. A 22, 4075 (1989),

kirkmcd.princeton.edu/examples/EM/cornille_jpa_22_4075_89.pdf

[57] C. Christodoulides, On the Equivalence of the Ampere and Biot-Savart magnetostatic force laws, Am. J. Phys. 57, 680 (1989),

kirkmcd.princeton.edu/examples/EM/christodoulides_ajp_57_680_89.pdf

[58] A.E. Robson and J.D. Sethian, Railgun recoil, ampere tension, and the laws of electrodynamics, Am. J. Phys. 60, 1111 (1992),

kirkmcd.princeton.edu/examples/EM/robson_ajp_60_1111_92.pdf

[59] A.K.T. Assis and M. Bueno, Equivalence Between Ampère and Grassmann’s forces, IEEE Trans. Mag. 32, 431 (1996),

kirkmcd.princeton.edu/examples/EM/assis_ieeetm_32_431_96.pdf

[60] G. Cavallieri, G. Spavieri and G. Spinelli, The Ampère and Biot-Savart force laws, Eur.

J. Phys. 17, 205 (1996), kirkmcd.princeton.edu/examples/EM/cavalleri_ejp_17_205_96.pdf

[61] M. Bueno and A.K.T. Assis, Proof of the identity between Ampère and Grassmann’s forces, Phys. Scr. 56, 554 (1997), kirkmcd.princeton.edu/examples/EM/bueno_ps_56_554_97.pdf

[62] G. Cavallieri et al., Experimental proof of standard electrodynamics by measuring the self-force on a part of a current loop, Phys. Rev. E 58, 2505 (1998),

kirkmcd.princeton.edu/examples/EM/cavallieri_pre_58_2505_98.pdf

[63] T.M. Minteer, Magnetostatic Stress: Insightful Analysis and Manipulation of Maxwell’s Stress Equation for Magnetostatics, IEEE Trans. Mag. 49, 5387 (2013),

kirkmcd.princeton.edu/examples/EM/minteer_ieeetm_49_5387_13.pdf

[64] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[65] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann.

Phys. 309, 667 (1901), kirkmcd.princeton.edu/examples/EM/wiechert_ap_309_667_01.pdf

[66] K.T. McDonald, The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips (Dec. 5, 1996),

kirkmcd.princeton.edu/examples/jefimenko.pdf

[67] A. Sommerfeld, Ueber die Fortpflanzung elektrodynamischer Wellen längs eines Drahtes, Ann. d. Phys. 88, 233 (1899),

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_apc_67_233_99.pdf

[68] G. Mie, Ein Beispiel für Poyntings Theorem, Z. Phys. Chemie 34, 522 (1900),

http://kirkmcd.princeton.edu/examples/EM/mie_zpc_34_522_00.pdf

[69] W.S. Franklin, Poynting’s Theorem and the Distribution of Electric Field inside and outside of a Conductor Carrying Electric Current, Phys. Rev. 13, 165 (1901),

http://kirkmcd.princeton.edu/examples/EM/franklin_pr_13_165_01.pdf

[70] A. Marcus, The Electric Field Associated with a Steady Current in a Long Cylindrical Conductor, Am. J. Phys. 9, 225 (1941),

http://kirkmcd.princeton.edu/examples/EM/marcus_ajp_9_225_41.pdf

[71] A. Sommerfeld, Electrodynamics (Academic Press, New York, 1952), sec. 17,

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_em_52_sec17.pdf

[72] O. Jefimenko, Demonstration of the Electric Fields of Current-Carrying Conductors, Am. J. Phys. 30, 19 (1962), http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_30_19_62.pdf

[73] W.G.V. Rosser, What Makes an Electric Current “Flow”, Am. J. Phys. 31, 884 (1963),

http://kirkmcd.princeton.edu/examples/EM/rosser_ajp_31_884_63.pdf

[74] B.R. Russell, Surface Charges on Conductors Carrying Steady Currents, Am. J. Phys.

36, 527 (1968), http://kirkmcd.princeton.edu/examples/EM/russell_ajp_36_527_68.pdf

[75] M.A. Matzek and B.R. Russell, On the Transverse Electric Field within a Conductor Carrying a Steady Current, Am. J. Phys. 36, 905 (1968),

http://kirkmcd.princeton.edu/examples/EM/matzek_ajp_36_905_68.pdf

[76] T.N. Sarachman, The Electric Field Outside a Long Straight Wire Carrying a Steady Current, Am. J. Phys. 37, 748 (1969),

http://kirkmcd.princeton.edu/examples/EM/sarachman_ajp_37_748_69.pdf

[77] W.G.V. Rosser, Magnitudes of Surface Charge Distributions Associated with Electric Current Flow, Am. J. Phys. 38, 265 (1970),

http://kirkmcd.princeton.edu/examples/EM/rosser_ajp_38_265_70.pdf

[78] S. Parker, Electrostatics and Current Flow, Am. J. Phys. 38, 720 (1970),

http://kirkmcd.princeton.edu/examples/EM/parker_ajp_38_720_70.pdf

[79] M. Heald, Electric fields and charges in elementary circuits, Am. J. Phys. 52, 522 (1984),

http://kirkmcd.princeton.edu/examples/EM/heald_ajp_52_522_84.pdf

[80] C.A. Coombes and H. Laue, Electric fields and charges distributions associated with steady currents, Am. J. Phys. 49, 450 (1981),

http://kirkmcd.princeton.edu/examples/EM/coombes_ajp_49_450_81.pdf

[81] R.N. Varney and L.N. Fisher, Electric fields associated with stationary currents, Am.

J. Phys. 52, 1097 (1984), http://kirkmcd.princeton.edu/examples/EM/varney_ajp_52_1097_84.pdf

[82] W.R. Moreau et al., Charge density in circuits, Am. J. Phys. 53, 552 (1985),

http://kirkmcd.princeton.edu/examples/EM/moreau_ajp_53_552_85.pdf

[83] H.S. Zapolsky, On electric fields produced by steady currents, Am. J. Phys. 56, 1137 (1988), http://kirkmcd.princeton.edu/examples/EM/zapolsky_ajp_56_1137_88.pdf

[84] W.R. Moreau et al., Charge distributions on DC circuits and Kirchhoff’s laws, Eur. J.

Phys. 10, 286 (1989), http://kirkmcd.princeton.edu/examples/EM/moreau_ejp_10_286_89.pdf

[85] J.M. Aguirregabiria et al., An example of surface charge distribution or conductors carrying steady currents, Am. J. Phys. 60, 138 (1992),

http://kirkmcd.princeton.edu/examples/EM/aguirregabiria_ajp_60_138_92.pdf

[86] J.D. Jackson, Surface charges on circuit wires and resistors play three roles, Am. J.

Phys. 64, 855 (1996), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_64_855_96.pdf

[87] J.M. Aguirregabiria et al., Surface charges and energy flow in a ring rotating in a magnetic field, Am. J. Phys. 64, 892 (1996),

http://kirkmcd.princeton.edu/examples/EM/aguirregabiria_ajp_64_892_96.pdf

[88] J.A. Hernandes and A.K.T. Assis, The potential, electric field and surface charges for a resistive long straight strip carrying a steady current, Am. J. Phys. 71, 938 (2003),

http://kirkmcd.princeton.edu/examples/EM/hernandes_ajp_71_938_03.pdf

[89] K.T. McDonald, “Hidden” Momentum in a Coaxial Cable (Mar. 28, 2002),

http://kirkmcd.princeton.edu/examples/hidden.pdf

[90] M.K. Harbola, Energy flow from a battery to other circuit elements: Role of surface charges, Am. J. Phys. 78, 1203 (2010),

http://kirkmcd.princeton.edu/examples/EM/harbola_ajp_78_1203_10.pdf

[91] D.V. Redžić, Charges and fields in a current-carrying wire, Eur. J. Phys. 33, 512 (2012),

http://kirkmcd.princeton.edu/examples/EM/redzic_ejp_33_513_12.pdf

[92] R. Folman, On the possibility of a relativistic correction to the E and B fields around a current-carrying wire, J. Phys. Conf. Ser. 437, 012013 (2013),

http://kirkmcd.princeton.edu/examples/EM/folman_jpcs_437_012013_13.pdf

[93] S. Earnshaw, On the Nature of the Molecular Forces which regulate the Constitution of the Luminiferous Ether, Trans. Camb. Phil. Soc. 7, 97 (1839), particularly secs. 11-15.

http://kirkmcd.princeton.edu/examples/EM/earnshaw_tcps_7_97_39.pdf

[94] K.T. McDonald, Why Doesn’t a Steady Current Loop Radiate? (Dec. 1, 2001),

kirkmcd.princeton.edu/examples/steadycurrent.pdf

[95] C.G. Darwin, The Dynamical Motions of Charged Particles, Phil. Mag. 39, 537 (1920),

http://kirkmcd.princeton.edu/examples/EM/darwin_pm_39_537_20.pdf

[96] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_75.pdf

[97] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[98] K.T. McDonald, Onoochin’s Paradox (Jan. 1, 2006),

kirkmcd.princeton.edu/examples/onoochin.pdf

[99] K.T. McDonald, Darwin Energy Paradoxes (Oct. 29, 2008),

kirkmcd.princeton.edu/examples/darwin.pdf

[100] T.T. Taylor, Electrodynamic Paradox and the Center-of-Mass Principle, Phys. Rev.

137, B467 (1965), kirkmcd.princeton.edu/examples/EM/taylor_pr_137_B467_65.pdf

[101] S. Coleman and J.H. Van Vleck, Origin of “Hidden Momentum” Forces on Magnets, Phys. Rev. 171, 1370 (1968), kirkmcd.princeton.edu/examples/EM/coleman_pr_171_1370_68.pdf

[102] M.G. Calkin, Linear Momentum of the Source of a Static Electromagnetic Field, Am.

J. Phys. 39, 513 (1971), kirkmcd.princeton.edu/examples/EM/calkin_ajp_39_513_71.pdf

[103] M. Abraham, Prinzipien der Dynamik des Elektrons, Ann. Phys. 10, 105 (1903),

physics.princeton.edu/~mcdonald/examples/EM/abraham_ap_10_105_03.pdf