Field and Kinetic Energies of a Pair of Permanent Magnetic Dipoles

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (May 21, 2017; updated May 23, 2017)

1 Problem

Show that the gain in kinetic energy is equal and opposite to the change in the magnetic (interaction) field energy for a pair of magnetic dipoles with moment m = m ẑ that lie along the z-axis, and hence the magnetic force does work in this example.

Note that the story is the same if “magnetic” is changed to “electric” everywhere in this example.

2 Solution

Since the magnetic field of a (point) magnetic dipole m has the form (in Gaussian units), B = 3(m · r̂) r̂ − m r^3

, (1)

at distance r from the dipole, the torque τ = m^′ × B on a second magnetic dipole m^′ is zero when the two dipoles are (anti)parallel. The (interaction) magnetic field energy of the two permanent magnetic dipoles is,

U_B = −m^′ · B = −

3(m · r̂)(m^′ · r̂) − m · m^′ r^3

, (2)

and the force on the second dipole is,

F^′ = −∇U_B = ∇(m^′ · B). (3)

In the present example, where the first dipole is at the origin, the torque on the dipoles is zero, and the (attractive) force on the second dipole (at (0, 0, z)) is along the z-axis,

F = − dU_B dz . (4)

As the second dipole moves towards the first (which latter is taken to be at rest), its kinetic energy increases according to, dKE dt = F · v = − dU_B dz dz dt = − dU_B dt . (5)

That is, the increase in kinetic energy of the second magnetic dipole is equal and opposite to the decrease in the magnetic (interaction) field energy. And, the work

∫_f i F · dr = U_{Bi} − U_{Bf} done on that dipole by the magnetic force is nonzero.

This note does not consider magnetic dipoles that are resistive current loops maintained by batteries. While the forces between such dipoles are the same as for permanent magnetic dipoles (of the same strengths), energy consideration must take into account the (chemical) energy stored in the batteries, as well as the Joule heating of the resistive conductors. The effect is to change the sign of the interaction energy (2), such that eq. (3) becomes F^′ = ∇U_B = ∇(m^′ · B). Hence, the gain in kinetic energy of the second, moving magnetic dipole is equal to the increase in the interaction field energy, and these two energies are compensated by a reduction in the energies of the batteries that maintain the constant currents (which also must supply the energy of the Joule heating of the resistive conductors).

A general discussion of force and energy for systems with constant currents is given, for example, in sec. 10-2 of [1].

3 Comments

The result (4) contradicts a claim on p. 21 of [2]:

Note that the failure of the rest mass m to be constant resolves a paradox concerning what one is taught in elementary physics courses: On one hand, one is (correctly) taught that an external magnetic field can do no work on a body, so a body moving in an external magnetic field cannot gain energy. On the other hand, one is (also correctly) taught that a magnetic dipole released in a nonuniform external magnetic field will gain kinetic energy. Where does this kinetic energy come from? Equation (B6) shows that it comes from the rest mass of the body.^1

It appears that something was not correctly taught in the elementary physics courses taken by the authors of [2]. The culprit appears to be the mantra “magnetic forces do no work”, that appears on p. 215 of [4]. This claim applies to a single electric charge that has no intrinsic magnetic moment, but it does not apply to permanent magnetic moments,^2 and it also does not apply to collections of moving electric charges.^3

A Appendix: Interaction Field Energy

Typically, the field energy (2) of a pair of magnetic dipoles is deduced from the force (3), so the argument of sec. 2 could be regarded as circular.

Here, we compute the interaction field energy of two sources,

U_B = ∫ B · B^′ 4π dVol, (6)

first for a pair of (hypothetical) magnetic charge q and q^′, then for a magnetic charge q and a magnetic dipole m^′, and finally for two magnetic dipoles m and m^′.

The goal is to deduce the interaction energy for a pair of permanent magnetic dipoles, which in Nature are not composed of (Gilbertian) magnetic charges (magnetic monopoles), but are Ampèrian, meaning that the magnetic field at the center of the dipole is in the same

1Dec. 4, 2022. For comments by the author on this purported shift in the rest mass, see [3]. 2For another illustration of this issue, see [5].

3The total magnetic force on a charge-current distribution can do work, although the magnetic force on each of the charges does no work. For an illustration of this conundrum, see [6].

direction as its moment m, as is the case for a current loop, rather than opposite to m as for a pair of equal and opposite magnetic charges. Of course, permanent magnetic dipoles are quantum entities, which are not well described as a classical current loop. However, when considering the interaction energy associated with magnetic dipoles, only the fields “outside” the dipole are relevant, and these are the same for Ampérian and Gilbertian dipoles. Hence, we compute using the latter for which the calculations are simpler.

A.1 Two Magnetic Charges

The magnetic field of a single (hypothetical) magnetic charge q is B = qr/r^2, where r points from the charge to the observer.

We calculate in a spherical coordinate system (r, θ, φ) whose origin is at charge q and whose z-axis points towards charge q^′, at distance d from q, as shown in the figure below.

By the law of cosines we have,

r^′ = ( r^2 + d^2 − 2rd cos θ

)_{1/2} , (7)

and also,

cos α = r^2 + r^{′2} − d^2 2rr^′ = r − d cos θ r^′

. (8)

The interaction energy of the two magnetic charges is,

U_B = ∫ B · B^′ 4π dVol = ∫ qq^′ cos α 4πr^2r^{′2} dVol = qq^′ 2 ∫_∞ 0 dr ∫_1 −1 d cos θ r − d cos θ (r^2 + d^2 − 2rd cos θ)^{3/2} = qq^′ 2 ∫_∞ 0 dr [( 1 |r − d| − 1 r + d ) ( 1 2d − d 2r^2 ) − 1 2r^2d

(|r − d| − r − d) ]

= qq^′ 2 ∫_d 0 dr [( 1 d − r − 1 r + d ) r^2 − d^2 2r^2d + 1 rd ] + qq^′ 2 ∫_∞ d dr [( 1 r − d − 1 r + d ) r^2 − d^2 2r^2d + 1 r^2 ]

= qq^′

∫_∞ d dr r^2 = qq^′ d . (9)

Note how the contribution to the energy U_B at distances r < d vanishes, and the energy is accounted for in Maxwell’s view entirely by the contribution for r > d, i.e., at relatively large distances.

A.2 Magnetic Dipole plus Magnetic Charge

We now consider magnetic charge q at the origin, plus magnetic charge q^′ at r and magnetic charge −q^′ at r^′ = r−m^′/q^′, where m^′ = q^′(r−r^′) is the magnetic dipole moment of magnetic charges ±q^′. We ignore the self energy of the dipole m^′ and compute the interaction field energy of charge q and the magnetic dipole, which follows from eq. (9) as,

U_B = qq^′ r − qq^′ r^′ ≈ qq^′ r ( 1 − 1 1 − m^′ · r̂/q^′r ) = − q m^′ · r̂ r^2

(r from q to m^′). (10)

In this, r points from q to m^′. The usual convention for the interaction potential energy U_B /q of a dipole is that the vector r points from the dipole to the test charge. Therefore, we rewrite (10) as,

U_B = q m^′ · r̂ r^2 = q m^′ · r r^3

(r from m^′ to q). (11)

A.3 Two Magnetic Dipoles

Finally, we consider a magnetic dipole m at the origin, plus magnetic charge q^′ at r and magnetic charge −q^′ at r^′ = r − m^′/q^′, where m^′ is the magnetic dipole moment of magnetic charges ±q^′. We ignore the self energy of the dipoles and compute the interaction field energy of magnetic dipole m plus the two charges ±q^′ that form magnetic dipole m^′. From eq. (10) we have,

U_B = q^′ m · r r^3 − q^′ m · r^′ r^{′3} ≈ q^′ m · r r^3 − q^′ m · r r^3(1 − m^′ · r̂/q^′r)^3 + m · m^′ r^{′3} ≈ − 3(m · r)(m · r̂^′) r^4 + m · m^′ r^3 = − 3(m · r̂)(m · r̂^′) − m · m^′ r^3

. (12)

Hence, the form (2) can be deduced from the interaction field-energy (6), as well as from the force (3).

References

[1] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2^{nd} ed.

(Addison-Wesley, 1962), kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

[2] S.E. Gralla, A.I. Harte, and R.M. Wald, Rigorous derivation of electromagnetic selfforce, Phys. Rev. D 83, 024031 (2009),

http://kirkmcd.princeton.edu/examples/EM/gralla_prd_80_024031_09.pdf

[3] K.T. McDonald, On the Potential Energy −μ · B of a Permanent Magnetic Moment μ in an External, Static Magnetic Field B (Dec. 4, 2022),

http://kirkmcd.princeton.edu/examples/mu.pdf

[4] D.J. Griffiths, Introduction to Electrodynamics, 4^{th} ed. (Pearson, 2004),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[5] K.T. McDonald, A Magnetic Linear Accelerator (Mar. 3, 2003),

http://kirkmcd.princeton.edu/examples/lin_accel.pdf

[6] K.T. McDonald, Magnetic Forces Can Do Work (Apr. 10, 2011),

http://kirkmcd.princeton.edu/examples/disk.pdf