A Simple Experiment That Shows Ampère’s (and Weber’s) Force Law to Be Invalid

Enda McGlynn School of Physical Sciences and National Centre for Plasma Science and Technology, Dublin City University, Glasnevin, Dublin 9, Ireland Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (July 2, 2024; updated August 3, 2024)

Closed loops of steady electric current have a nonzero magnetic dipole moment, and exert equal and opposite forces on one another when at rest,^1 as first demonstrated by Ampère [1]. He argued that the force between two currents elements, I_1 dr_1 and I_2 dr_2, is directed along their line of centers r = r_1 − r_2: d^2F^{(A)}_{12} = −d^2F^{(A)}_{21} ∝ I_1I_2 (r_1 − r_2).^2 This law predicts that two current elements do not exert a total torque on themselves,

d^2τ^{(A)}_{12} + d^2τ^{(A)}_{21} = r_1 × d^2F^{(A)}_{12} + r^{(A)}_2 × d^2F_{21} ∝ r_1 × dI_1 dI_2 (r_1 − r_2) + r_2 × dI_2 dI_1 (r_2 − r_1) = 0. (1)

A simple experiment with two neodymium magnets^3 demonstrates significant rotation when they are dropped from rest, with, say, the North pole of one magnet pointing along their line of centers and the North pole of the other magnet perpendicular that line.^{4,5} In particular, when the two magnets collide and stick together, they continue to rotate as a whole, with nonzero mechanical angular momentum.

This result shows that Ampère’s force law (and any magnetic force law in which the force between two current elements is along their line of centers, such as that of Weber [6]) cannot hold in general, although it does hold for two circuits at rest with steady currents.^6

However, it could be that the total initial torque is zero, in agreement with eq. (1), and only after the two magnets start to move does the total torque on the system become nonzero. The experiment described above does not resolve this issue.

1The case of closed loops, at rest, of electric current can be called magnetostatics. 2In full, Ampère’s force law can be written as d^2F^{(A)}_{12} = (I_1I_2/c^2) [3(r̂ · dr_1)(r̂ · dr_2) − 2 dr_1 · dr_2] r̂/r^2 in Gaussian units, where c is the speed of light, for the force on current element 1 due to element 2.

3Such as at https://www.amazon.com/LOVIMAG-Neodymium-Magnets-Whiteboard-Magnets-24pack/dp/B0C7468DWQ/ 4This experiment is more readily done today than it would have been in 1820, and seems little discussed in the literature of electromagnetism.

5Ampère argued [2] (see also [3]) that all magnetism is due to electric currents, rather than magnetic “poles”. The latter do not exist so far as we know, and permanent magnetism can be ascribed to “molecular currents” in the language of Ampère. The confirmation that permanent magnetism, due to the magnetic moments of electrons, is Ampèrian (rather than Gilbertian = due to pairs of opposite magnetic charges) came only after detailed studies of positronium (e^+e^− “atoms”) in the 1940’s [4, 5].

6If Maxwell had been aware of this experiment, perhaps he would have been less enthusiastic about Ampère’s force law in Art. 527 of his Treatise [7]. In any case, he displayed the Lorentz force law in Art. 598 of his Treatise, albeit not very clearly. Then, in eq. (11) of Art. 603, Maxwell presented the J/c × B law for the force on a current density J in a magnetic field B, which is often called the Biot-Savart force.

Further discussion of these issues is given in Appendices A.24.4.7 and A.24.4.9 of [8].

For further insight, we use the Biot-Savart force law^7 to compute the torque of one circuit on another, supposing both circuits are at rest and carry steady currents,

τ^{(BS)}_{12} = ∮ 1 r_1 × dF^{(BS)}_{12} (r_1) = ∮ 1 r_1 ×

I_1I_2 c^2 ∮ 2 dr_1 × (dr_2 × r) r^3 = I_1I_2 c^2 ∮ 1 ∮ 2 r_1 × [(dr_1 · r) dr_2 − (dr_1 · dr_2) r] r^3 = I_1I_2 c^2 ∮ 2 (∮ 1 (dr_1 · r) r_1

r^3 ) × dr_2 −

I_1I_2 c^2 ∮ 1 ∮ 2 (dr_1 · dr_2) r_1 × r_2 r^3 = I_1I_2 c^2 ∮ 2 ∮ 1 dr_1 × dr_2 r − I_1I_2 c^2 ∮ 1 ∮ 2 (dr_1 · dr_2) r_1 × r_2 r^3

= −τ^{(BS)}_{21} , (2)

with r = r_1 − r_2, and recalling^8 that (dr_1 · r/r^3) = −d(1/r), the integral in parentheses in the third line of eq. (2) can be integrated by parts (with respect to r_1) to yield the form of the first integral in the last line of eq. (2).

Hence, the total torque, τ^{(BS)}_{12} + τ^{(BS)}_{21} , on two circuits (at rest with steady currents) is zero according to the Biot-Savart force law, in agreement with eq. (1) based on Ampère’s force law.^9

We infer that the observed total angular momentum of the system of two small magnets is due to a total nonzero total torque that is generated only after the system is released from rest, which could not happen if either Ampère’s force law or the Biot-Savart force law still held for moving current elements.

However, the force law J/c × B does apply in general, being a version of the Lorentz force law. But, the form (often attributed to Biot and Savart) B = ∫ dVol (J/c × r) /r^3 for the magnetic field due to current density J applies only to magnetostatics. Generalizations of the Biot-Savart magnetostatic field are reviewed, for example, in [11].

The initial angular momentum of the system is zero, so we expect that total, final angular momentum of the system to also be zero. This requires there to be a nonzero electromagneticfield angular momentum equal and opposite to the mechanical angular momentum of the spinning magnets.

7What is called the Biot-Savart force law, d^2F^{(BS)}_{12} = (I_1I_2/c^2) [dr_1) × (dr_2) × r)] /r^3, in, for example, Sec. 5.2 of [9], is actually due to Ampère, p. 29 of [1], p. 366 of the English translation. Biot and Savart only considered the force between a hypothetical magnetic monopole and an electric current loop, as reviewed, for example, in Sec. A.11 of [8]. Ampère’s version of the Biot-Savart force law was almost universally ignored until it was independently (re)discovered by Grassmann in 1845 [10].

8See, for example, sec. 5.2 of [9], or footnote 58, p. 23 of [8].

9Already in 1825, Ampère [1] showed that his force law and that of Biot and Savart imply the same force of one circuit on another (for circuits at rest with steady currents). This is also true for the torque of one circuit on another, as can be seen from eq. (7) of [12], d^2 ( F^{(A)}_{12} − F^{(BS)}_{12} ) = −(I_1I_2/c^2) d[r · dr_1)r/r^3] for the difference between the two force laws on element I_1 dr_1 due to element I_2 dr_2. This difference is a perfect differential, so the difference in the torque on circuit 1 due to circuit 2 according to the two forces laws is zero, τ^{(A)}_{12} − τ^{(BS)}_{12} = ∮ 1 r_1 × ∮ 2 d^2 ( F^{(A)}_{12} − F^{(BS)}_{12} ) = 0, as the integral around closed circuit 2 of a perfect differential is zero.

Note that this result, together with eq. (1) for Ampère’s force law, implies that the sum τ^{(BS)}_{12} + τ^{(BS)}_{21} is zero, as found above by a different argument.

Once the magnets start to move, an electric field E is generated in addition to the initial magnetic field of the system. Then, the field angular momentum L_{EM} can/must be nonzero,

L_{EM} = ∫ r × p_{EM} dVol = ∫ r × ( c 4π E × B ) dVol = −L_{mech}. (3)

Appendix: Total Torque on Two Magnetic Dipoles

It is also instructive to consider two small (“point”) magnetic dipoles initially at rest, μ_1 = μ_1 x̂ initially located at the origin, r_1 = (x_1, y_1, z_1) = (0, 0, 0), and μ_2 = μ_2 ŷ initially at r_2 = (x_2, y_2, z_2) = (r, 0, 0). The analysis below is in the context of Maxwell’s electrodynamics; see, for example, Sec. 5.7 of [9] or Sec. 6.1.2 of [13].

The initial magnetic field at μ_1, due to μ_2, is (in Gaussian units)

B_2(r_1) =

3(μ_2 · r̂) r̂ − μ_2 r^3 = − μ_2 ŷ r^3

. (4)

with r = r_1 − r_2. Similarly, the initial magnetic field at μ_2, due to μ_1, is

B_1(r_2) =

3(μ_1 · r̂) r̂ − μ_1 r^3 = 2μ_1 x̂ r^3

. (5)

The initial force on μ_1 is^{10}

F_1 = ∇(μ_1 · B_2) = μ_1∇_1B_{2,x} = μ_1μ_2∇_1

3(y_1 − y_2)(x_1 − x_2) r^5_{12} = − 3μ_1μ_2

r^4 ŷ, (6)

with r_{12} = √ (x_1 − x_2)^2 + (y_1 − y_2)^2 + (z_1 − z_2)^2, noting that ∂ r_{12}/∂y_1 = ∂ r_{12}/∂z_1 = 0 as the dipoles have y_1 = z_1 = y_2 = z_2 = 0. Similarly the initial force on μ_2 is^{11}

F_2 = ∇(μ_2 · B_1) = μ_2∇_2B_{1,y} = μ_1μ_2∇_2

3(x_1 − x_2)(y_1 − y_2) r^5_{12} = 3μ_1μ_2 r^4 ŷ = −F_1. (10)

10Use of the gradient operator ∇ requires consideration of the magnetic field in the vicinity of the dipoles, and not just at their location. Of course, the result of the gradient operation is evaluated for the actual location of the dipoles, at r_1 = (0, 0, 0) and r_2 = (r, 0, 0).

11The force F on a permanent magnetic-dipole moment μ in an external magnetic field B can be rewritten as F = ∇(μ · B) = μ × (∇ × B) + B × (∇ × μ) + (μ · ∇)B + (B · ∇)μ = (μ · ∇)B, (7)

noting that ∇ × B = 0 in the region of the dipole μ provided the source currents of the external field are elsewhere. For the present example,

F_1(r_1) = (μ_1 · ∇)B_2(r_1) = μ_1 ∂ ∂x_1 ( 3μ_2(y_1 − y_2)r r^5_{12} − μ_2 ŷ r^3_{12} ) = − 3μ_1μ_2 ŷ r^4

, (8)

while

F_2(r_2) = (μ_2 · ∇)B_1(r_2) = μ_2 ∂ ∂y_2 ( 3μ_1(x_1 − x_2)r r^5_{12} − 2 μ_1 x̂ r^3_{12} ) = 3μ_1μ_2 ŷ r^4

= −F_1. (9)

However, once the magnets start rotating, the forces between them become attractive, and they soon stick to one another, while continuing to rotate as a whole. Experiment with two neodymium magnets confirms these results.

The torque about an arbitrary reference point on a magnetic dipole μ at position r_μ is the sum of the torque r_μ × F, due to the magnetic force F = ∇(μ · B) on the dipole, and the torque μ × B about the center of the dipole.

The total initial torque τ (about an arbitrary, fixed reference point) on the system of two magnetic dipoles is

τ = r_1 × F_1 + μ_1 × B_2 + r_2 × F_2 + μ_2 × B_1

= r × F_2 + μ_1 x̂ × − μ_2 ŷ r^3

+ μ_2 ŷ ×

2μ_1 x̂ r^3

= r x̂ ×

3μ_1μ_2 r^4 ŷ − μ_1μ_2 ẑ r^3 − 2μ_1μ_2 ẑ r^3

= 0, (11)

The total initial torque on the system (which is initially at rest) is zero, such that the Maxwellian force and torque laws for “point” magnetic dipoles are in agreement with Ampère’s force law about this.

References

[1] See pp. 21-24 of A.M. Ampère, Théorie mathématique des Phénomènes électrodynamiques uniquement déduite de l’Expérience, 2^{nd} ed. (A. Hermann, Paris, 1883),

https://gallica.bnf.fr/ark:/12148/bpt6k5754723q.texteImage
kirkmcd.princeton.edu/examples/EM/ampere_theorie_26_83.pdf

See also p. 362 of the English translation, A.K.T. Assis and J.P.M.C. Chaib, Ampère’s Electrodynamics (Aperion, Montreal, 2015),

http://www.ifi.unicamp.br/~assis/Amperes-Electrodynamics.pdf
kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf

[2] A.M. Ampère, Notes de M. Ampère sur les lectures qu’il a faites à l’Académie des Sciences, J. Phys. 91, 166-169 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_166_20.pdf

English translation on pp. 47-49 of Hatchett, On the Electro-Magnetic Experiments of MM. ŒRSTED and AMPERE, Phil. Mag. 57, 40-49 (1821),

https://doi.org/10.1080/14786442108652455
http://kirkmcd.princeton.edu/examples/EM/hatchett_pm_57_40_21.pdf

[3] L.P. Williams, What were Ampère’s Earliest Discoveries in Electrodynamics? Isis 74, 492-508 (1983), https://doi.org/10.1086/353358

kirkmcd.princeton.edu/examples/EM/williams_isis_74_492_83.pdf

[4] J.D. Jackson, The Nature of Intrinsic Magnetic Dipole Moments, CERN-77-17 (1977),

https://cds.cern.ch/record/118393?ln=en
kirkmcd.princeton.edu/examples/EM/jackson_CERN-77-17.pdf

[5] K.T. McDonald, Forces on Magnetic Dipoles (Oct. 26, 2014),

kirkmcd.princeton.edu/examples/neutron.pdf

[6] See p. 375 of W. Weber, Elektrodynamische Maassbestimmungen, Abh. König. Sächs.

Gesell. Wiss. 209-378 (1846).

khttps://books.google.com/books/about/Elektrodynamische_Maassbestimmungen.html?hl=de&id=yE1R6pUZjFMC

kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

See also p. 144 of Wilhelm Weber’s Werke, Vol. 3 (Springer, Berlin, 1893),

https://archive.org/details/wilhelmweberswe02fiscgoog/page/144/mode/1up
kirkmcd.princeton.edu/examples/EM/weber_werke_v3.pdf

See also p. 149 of the English translation, A.K.T. Assis, Ed. Wilhelm Weber’s Main Works on Electrodynamics Translated into English. Volume II: Weber’s Fundamental Force and the Unification of the Laws of Coulomb, Ampère and Faraday, (Apeiron, Montreal, 2021). http://www.ifi.unicamp.br/~assis/Weber-in-English-Vol-2.pdf

http://kirkmcd.princeton.edu/examples/EM/assis_weber_v2.pdf

[7] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, Oxford, 1873). https://archive.org/details/electricandmagne02maxwrich

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

[8] K.T. McDonald, Is Faraday’s Disk Dynamo a Flux-Rule Exception? (July 27, 2019),

kirkmcd.princeton.edu/examples/faradaydisk.pdf

[9] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, New York, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[10] H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, -18(1845),

https://doi.org/10.1002/andp.18451400102
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf

English translation in Chap. 5 of R.A.R. Tricker, Early Electrodynamics (Pergamon, Oxford, 1965). kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

[11] K.T. McDonald, The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips (Dec. 5, 1996),

http://kirkmcd.princeton.edu/examples/jefimenko.pdf

[12] C. Christodoulides, Comparison of the Ampère and Biot-Savart magnetostatic force laws in their line-current-element forms, Am. J. Phys. 56, 357-362 (1988),

https://doi.org/10.1119/1.15613
http://kirkmcd.princeton.edu/examples/EM/christodoulides_ajp_56_357_88.pdf

[13] D.J. Griffiths, Introduction to Electrodynamics, 3^{rd} ed. (Prentice Hall, Upper Saddle River, NJ, 1999), http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf