Magnetars

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (November 29, 1998; updated March 16, 2015)

1 Problem

The x-ray pulsar SGR1806-20 has recently been observed to have a period T = 2π/Ω of 7.5 s and a relatively large “spindown” rate | |Ṫ | | = 8 × 10^{−11} [1].

Calculate the maximum magnetic field at the surface of this pulsar, assuming it to be a standard neutron star of mass 1.4M_⊙ = 2.8 × 10^{30} kg and radius 10 km, that the mass density is uniform, that the spindown is due to electromagnetic radiation, and that the angular velocity vector is perpendicular to the magnetic dipole moment of the pulsar.

Compare the surface magnetic field strength to the so-called QED critical field strength m^2_ec^3/eℏ = 4.4×10^{13} gauss, at which electron-positron-pair-creation processes become highly probable.^1

2 Solution

In Gaussian units, the rate of magnetic dipole radiation is, dU dt = 2 3c^3 m̈^2 = 2 3c^3

|Ω × (Ω × m)|^2 =

2m^2Ω^4 sin^4 α

3c^3

, (1)

where Ω = 2π/T is the angular velocity, and α is the angle between the magnetic dipole moment m and the axis of rotation Ω̂, which will be taken at 90^∘ in the rest of this note.

The radiated power (1) is derived from a decrease in the rotational kinetic energy, U = IΩ^2/2, of the pulsar, dU dt = −IΩΩ̇ = 2 5 MR^2Ω | | |Ω̇ | | | , (2)

where the moment of inertia I is taken to be that of a sphere of uniform mass density. Combining eqs. (1) and (2) for α = 90^∘, we have,

m^2 = 3 5 MR^2 | |Ω̇ | | c_3 Ω^3

. (3)

1The critical field strength E_{crit} = m^2c^3/eℏ = (mc^2)/eλ_C (= electric field in which the energy gain of an electron over its (reduced) Compton wavelength λ_C = ℏ/mc equals its rest mass/energy mc^2) was introduced in eq. (43) of [2] (1931), where the symbol v stands for the force eE on an electric charge e in an electric field E. The context was a resolution of Klein’s paradox [3] by noting that an electron in a sufficiently strong field, associated with an abrupt step in the electric potential, leads to the production of electron-positron pairs such that the electron reflection coefficient can exceed unity.

The QED critical field strength was considered to be well known in 1936, when it was mentioned in the abstract of [4].

Substituting Ω = 2π/T , and | | |Ω̇ | | | = 2π | | |Ṫ | | | /T^2, we find,

m^2 = 3 20π^2

MR^2T | | |Ṫ | | | c^3. (4)

The static magnetic field B due to dipole m is, B = 3(m · r̂)r̂ − m r^3

, (5)

so the peak field at radius R is, B = 2m R^3

. (6)

Inserting this in eq. (4), the peak surface magnetic field is related by,

B^2 = 3 5π^2 MT | |Ṫ | | c^3

R^4 = 3 5π^2

(2.8 × 10^{33})(7.5)(8 × 10^{−11})(3 × 10^{10})^3 (10^6)^4

= 2.8 × 10^{30} gauss^2. (7)

Thus, B_{peak} = 1.7 × 10^{15} G = 38B_{crit}, where B_{crit} = 4.4 × 10^{13} G.

When electrons and photons of kinetic energies greater than 1 MeV exist in a magnetic field with B > B_{crit}, they can rapidly lose this energy via electron-positron pair creation.^2 Kouveliotou et al. [1] report that B_{peak} = 8 × 10^{14} G without discussing details of their calculation.

2.1 Force-Free Electrodynamics of the Magnetosphere

The preceding discussion tacitly assumes there to be vacuum outside the surface of the neutron star. This is not a good approximation, and it is better to suppose the neutron star possesses a magnetosphere of relativistic plasma that supports so-called force-free electrodynamics,^3 meaning that the Lorentz force on the charged particles of the plasma is negligible. An interesting prediction of the force-free magnetohydrodynamics is that even if the neutron star were not rotating it would emit radiation of strength approximately that of eq. (2) [11].

The Lorentz 4-force for a particle of electric charge e and 4-momentum p^μ can be written as eF_{μν} p^ν , where F_{μν} is the electromagnetic field 4-tensor. In force-free electrodynamics where the Lorentz force is negligible, the dimensionless parameter,^4 Υ = eℏ m^3c^5 √ (F_{μν} p^ν )^2 = √ (F_{μν} p^ν )^2 mc^2B_{crit}

, (8)

where m is the rest mass of, say an electron or positron and B_{crit} = m^2c^3/eℏ = 4.4 × 10^{13} G, is also negligible. In more ordinary electrodynamics, the parameter Υ would be roughly

2This energy loss may be suppressed in the force-free electrodynamics mentioned in sec. 2.1. 3The force-free electrodynamics of neutron-star magnetospheres was pioneered in [5], and in [6] for black holes. Among the many subsequent discussions, see, for example, [7, 8, 9, 10].

4The parameter Υ was introduced in noninvariant notation in eq. (3.2-1) of [12], and in 4-vector notation as χ in [13]. See [14] for an experiment (by the author) in which Υ ≈ 1.

(U/mc^2)(B/B_{crit}) (where U is the energy of the electron/positron), which is much larger than unity near the surface of a neutron star.

When the parameter Υ >∼ 1, nonlinear, strong-field QED effects such as “spontaneous” electron-positron-pair creation (“sparking the vacuum”) become important. If the forcefree condition F_{μν} p^ν = 0 holds down to the scale of the electron Compton wavelength (≈ 10^{−11} cm) in the magnetosphere of a neutron star, then electron-positron-pair creation will be very weak even though B/B_{crit} ≫ 1 there.

References

[1] C. Kouveliotou et al., An X-ray pulsar with a superstrong magnetic field in the soft γ-ray repeater SGR1806-20, Nature 393, 235 (1998),

http://kirkmcd.princeton.edu/examples/EM/kouveliotou_nature_393_235_98.pdf

[2] F. Sauter, Über das Verhalten eines Elektrons im homogenen elektrischen Feld nach der relativistischen Theorie Diracs, Z. Phys. 69, 742 (1931),

http://kirkmcd.princeton.edu/examples/QED/sauter_zp_69_742_31.pdf

[3] O. Klein, Die Reflexion von Elektronen an einem Potentialsprung nach der relativistischen Dynamik von Dirac, Z. Phys. 53, 157 (1929),

http://kirkmcd.princeton.edu/examples/QED/klein_zp_53_157_29.pdf

[4] W. Heisenberg and H. Euler, Folgerungen aus der Diracschen Theorie des Positrons, Z.

Phys. 98, 714 (1936), http://kirkmcd.princeton.edu/examples/QED/heisenberg_zp_98_714_36.pdf

[5] P. Goldreich and W.H. Julian, Pulsar Electrodynamics, Ap. J. 157, 869 (1969),

http://kirkmcd.princeton.edu/examples/astro/goldreich_apj_157_869_69.pdf

[6] R.D. Blandford and R.L. Znajek, Electromagnetic extraction of energy from Kerr black holes, Mon. Not. Roy. Astr. Soc. 179, 433 (1977),

http://kirkmcd.princeton.edu/examples/astro/blandford_mnras_179_433_77.pdf

[7] T. Uchida, Theory of force-free electromagnetic fields. I. General theory, Phys. Rev. E 56, 2181 (1997), http://kirkmcd.princeton.edu/examples/astro/uchida_pre_56_2181_97.pdf

[8] S.S. Komissarov, Time-dependent, force-free, degenerate electrodynamics, Mon. Not.

Roy. Astr. Soc. 336, 759 (2002),

http://kirkmcd.princeton.edu/examples/astro/komissarov_mnras_336_759_02.pdf

[9] T.D. Brennan and S.E. Gralla, On the magnetosphere of an accelerated pulsar, Phys.

Rev. D 89, 103013 (2014),

http://kirkmcd.princeton.edu/examples/astro/brennan_prd_89_103013_14.pdf

[10] M. Freytsis and S.E. Gralla, QED Plasma and Magnetars (Mar. 12, 2014),

http://arxiv.org/abs/1503.03867

[11] A. Spitkovsky, Time-Dependent Force-Free Pulsar Magnetospheres: Axisymmetric and Oblique Rotators, Ap. J. 648, L51 (2006),

http://kirkmcd.princeton.edu/examples/astro/spitkovsky_apj_648_L51_06.pdf

[12] J.S. Toll, The Dispersion Relation for Light and Its Application to Problems Involving Electron Pairs (Princeton U, 1952),

http://kirkmcd.princeton.edu/examples/QED/toll_thesis_52.pdf

[13] A.I. Nikishov and V.I. Ritus, Quantum Processes in a Plane Electromagnetic Wave and in a Constant Field. I, Sov. Phys. JETP 19, 529 (1964),

http://kirkmcd.princeton.edu/examples/QED/nikishov_spjetp_19_529_64.pdf

[14] C. Bamber et al., Studies of nonlinear QED in collisions of 46.6 GeV electrons with intense laser pulses, Phys. Rev. D 60, 092004 (1999),

http://kirkmcd.princeton.edu/examples/QED/bamber_prd_60_092004_99.pdf