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1 Problem

Consider an oscillatory current I(t) in a solenoid coil that contains a permanent magnet
which can rotate about an axis perpendicular to its symmetry axis as well as to the axis of
the solenoid, as shown in the figure below. Show that the EMF across the coil, due to the
permanent magnet, has the character of a capacitance rather than an inductance.

The magnetic field due to the solenoid can be approximated at uniform over the (rotating)
permanent magnet.1

2 Solution

If the magnetic field BI ≈ μ0NI ẑ/l due to the current I in the solenoid is uniform over
the permanent magnet of volume VM and magnetic moment m = MVM where VM , then the
force F +−∇(m ·BI) is zero. However, if the magnetic moment mVM is not parallel to the
magnetic field BI of the coil, the permanent magnet experiences a torque,

τ = m × BI = MVM ×BI , (1)

and will rotate as a consequence if the motion of the magnet is unconstrained.
Let θ be the variable angle between M and BI and Imech be the moment of inertia of the

magnet about the its (fixed) axis of rotation.2

1The permanent magnetism can be thought of as due to permanent “supercurrents” that do not change
(in the frame of the permanent magnet) as the current I in the rest of the circuit varies.

2Angle θ = 90◦ in the figure above.
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The rotational equation of motion of the magnet is,

Imech
d2θ

dt2
= τ = −μ0MNVM I(t)

l
sin θ. (2)

If the initial angle is θ0 and we write θ = θ0 + ϑ, then the equation of motion (2) can be
written as,

Imech
d2ϑ

dt2
= −μ0MNVM I(t)

l
(sin θ0 cos ϑ + cos θ0 sinϑ). (3)

In an AC circuit where the coil is in series with a resistor R and the current is I(t) = I0 cos ωt,
the equation of motion of the permanent magnet becomes,

d2ϑ

dt2
= −μ0MNVMI0

lImech
cos ωt(sin θ0 cosϑ + cos θ0 sinϑ). (4)

This has the oscillatory solution,

cos θ0 = 0, sin θ0 = ±1, ϑ = ϑ0 cosωt, ϑ0 = sin θ0
μ0MNVMI0

ω2lImech
, (5)

for small ϑ0. The voltage source V (t) does mechanical work on the rotating magnet at rate,

Pmech =
d

dt
Imechϑ̇

2
= τϑ̇ ≈ −μ0MNVMI0 cosωt

l
sin θ0

(
−ω sin θ0

μ0MNVMI0

ω2lImech
sinωt

)

=
μ2

0M
2N2V 2

M

ωl2Imech
I2
0 cos ωt sinωt, (6)

so the total (instantaneous) power provided by the source is,

P = V I = I2R +
dUmag

dt
+ Pmech ≈ I2R + LIİ +

μ2
0M

2N2V 2
M

ωl2Imech
I2
0 cos ωt sinωt

= I

[
IR +

(
L − μ2

0M
2N2V 2

M

ω2l2Imech

)
İ

]
, (7)

where the magnetic energy Umag is the sum of the magnetic field energy and the interaction
energy between the permanent magnet and the field of the solenoid,

Umag = Ufield + Uint =

∫
(BI + BM)2

2μ0

dVol − m · BI

≈
∫

B2
I

2μ0

dVol + BI · MVM +
μ0M

2VM

2
−m · BI =

LI2

2
+ +

μ0M
2VM

2
, (8)

in the approximation that the permanent magnetic field is BM = μ0M inside the permanent
magnet and zero outside.3 Here, L is the self inductance of the solenoid, such that the
magnetic energy (in the absence of the permanent magnet) is UI = LI2/2.

3Difficulties in evaluating force and energy in systems with permanent magnets are discussed, for example,
in [3, 4, 5].
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If we now switch to complex notation, writing V = V0 eiωt, I = I0 eiωt with I0 a complex
constant, then İ = iωI and the impedance Z of the system is,

Z =
V

I
=

P

I2
= R + iωL +

μ2
0M

2N2V 2
M

iωl2Imech
≡ R + iωL +

1

iωC
. (9)

We can say that the effect of the oscillating permanent magnet on the system is not so much
to change the self inductance L of the coil,4,5 but to give it an effective capacitance,

C =
l2Imech

μ2
0M

2N2V 2
M

. (10)

The system behaves like a series R-L-C circuit, with resonant angular frequency,

ω0 =
1√
LC

, (11)

at which frequency the magnitude of the current is maximal, with I0 = V0/R.
Electromechanical resonances have been observed in the apparatus described in [6] (pri-

vate communication, David J. Jefferies). The capacitance induced by a rotating magnetic
field underlies the sensor described in [7].

The magnet can also make full rotations, driven by the AC power source, in which case
the system is a kind of single-phase motor, as first demonstrated by Bally [8] in 1879.6
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