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1 Problem

In 1937, Majorana [1] remarked that a possible variant Dirac 4-spinor states [2] of elec-
trically neutral, spin-1/2 particles is that they are their own antiparticles, and suggested
that neutrinos may be a realization of this in Nature. Discuss how light neutrinos in the
Glashow-Weinberg-Salam Standard Model of the electroweak interaction [3, 4, 5] are ex-
cluded by existing data from being Majorana states.

2 Solution

A key to the solution is the distinction between Majorana neutrino states (which are their own
antiparticles), and Majorana-mass terms (which can apply even to “Dirac” neutrino states).!
We argue that Majorana states are excluded by present experimental data, but it remains
that the (Dirac) neutrino states could be associated with Majorana-mass terms, which permit
nonzero rates of neutrinoless double-beta decay, and also the “see-saw” mechanism that could
explain the low masses of observed neutrinos in a grand-unified context.

2.1 Majorana States of the Form (v + 7;)/v2 Are Excluded by
Data

To show specific disagreements between the concept of Majorana states of the known, light
neutrinos and experimental data, interpreted in the Glashow-Weinberg-Salam model, we
need to recall some details about spin-1/2 particle/antiparticle states.?

2.1.1 Dirac Spinors
Dirac 4-spinors ¢ for a spin-1/2 particle (or antiparticle) of mass m obey Dirac’s equation,

" Outp = ma, (1)

(in units with ¢ = 1 = h) where the 4 x4 matrices 7", p = 0, 1,2, 3 have the anticommutation
relations,

VA A =2 [ () =L, (V) =-L], (2)

!This distinction is often ignored, but is emphasized, for example, in sec. 5 of [6].
2A more extensive set of notes on this topic by one of the authors is at [7].




the diagonal matrix n** has diagonal elements 1, —1, —1, —1, and I, is the unit 4 x 4 matrix.?
Plane-wave-spinor states with energy £ > 0, 3-momentum p, 4-momentum p = p, = (E, p)
are considered to be particles if their spacetime dependence is e~#* = ¢~Put" = iEt=px)
and are called antiparticles if their spacetime dependence is e®. The antiparticle states
are the “negative-energy” particle states interpreted by Dirac as “holes”, i.e., the absence
of a particle [9, 10],* and later interpreted by Stueckelberg [11, 12] and Feynman [13, 14]
as positive-energy particle moving backwards in time. Particle spinors will sometimes be
symbolized by u, and antiparticle spinors by v.

2.1.2 Electric-Charge Conjugation

Pauli introduced the concept of electric-charge conjugation of Dirac spinors in 1936 [15, 16,
17],5 such that, in the Dirac representation,

P = iy (4)

is the charge-conjugate state to spinor ¢, with the same energy, momentum and spin com-
ponents as 10, but if 1) is a particle plane-wave state with spacetime wavefunction e=%, then
zp(C) is an antiparticle state with spacetime wavefunction e”*, and vice versa. If state ¢ has
electric charge ¢, then zp(C) has electric charge —q.

2.1.3 Majorana States

Pauli noted in eqgs. (99)-(100) of [16] that any Dirac 4-spinor ¢ can be expressed as the
sum of two Majorana states, ¥, and v,, which are composed of ¢ and its charge-conjugate
(antiparticle) state ') [15, 17],

1y + i)y
(0 5 (5)
() _ . ,(O)
Qpl = % ) % = % ) (6)
¢(C) = i72¢*> 56;) = ¢1,2- (7)

For the Majorana theory to be more than the identity (5), in view of relations (6)-(7), it must
be that the Dirac state v is replaced by either Majorana state 1, or 1,. Here, we suppose

3 A particular representation of the y-matrices was given by Dirac [2], vY = ay = p3 of pp. 614-615 of [2],
while v/ = o = p, 03,

IQ 0 i 0 ag; 0 IQ . . g1 0
7= , 7= , = . A =i , (3)
0 —I —o; 0 Ir 0 0 o

where I is the 2 x 2 unit matrix, and o;, i = 1, 2, 3 are the Pauli spin matrices [8]. Some other representations
of the v are summarized in Appendix A of [7].

4Dirac interpreted electron “hole” states as protons in [9], and as what are now called positrons in [10].
The later paper also introduced the Dirac magnetic monopole.

°In gauge theories with other kinds of charge than electric charge, following the spirit of Yang and Mills
[18] we should consider other charge-conjugation operators within the Glashow-Weinberg-Salam model, as
in sec. 2.2 below.



that, in the Majorana theory, a neutrino (or antineutrino) state v in the Dirac theory is
instead the Majorana state ¢, = (¢ 4 1) /v/2.

2.1.4 V—-A Theory and Majorana Chirality States

The Glashow-Weinberg-Salam model builds on the V—A theory [19, 20],5 that only lefthanded-
chirality states participate in the weak interaction.”

Already in 1929, Weyl [26] had commented that the right- and lefthanded chirality states
tp, of Dirac 4-spinors ¢ might play an important role in physics.® But, because these
states are not invariant under space inversion (parity), they were initially not considered to
be physically relevant.® These states are the eigenstates of the chirality projection operator,

I, ++° I, £+°
PR7L: 4 5 ¢R,L: 42

v, (8)

where 75 = i7%y1y2~3, which anticommutes with the v#: v°y# = —y#~5 for = 0,1, 2, 3.1

The convention is that (neutrino) particle chirality states vp are eigenstates of the
chirality projection operator Pg 1, but (neutrino) antiparticle chirality states v 1, are eigen-
states of Pp g,

I, ++° I >
VR — 1 v v, VR = 1¥7 V. (10)
’ 2 ’ 2
In this convention, vy, r is the antiparticle of v, g,
I, ++° I > I >

(vr,r)'@ = Vg =Y ! 5 SRy z 1 it == 27 V="VRL, (11)

noting that in the Dirac representation,'! 4% = ~°.

Then, the simplest Majorana chirality states ¢, of eq. (6) have the forms,
©) = ©) =
vy +v vy +vg vVpt+v VR + VR

¢L = L= ) ¢R = B — (13)

V2 V2 V2 V2

®For comments on the historical development of the V—A theory, see [21]-[24].

"Righthanded-chirality neutrinos have no interactions in the Standard Model (although they interact
gravitationally), and can be called sterile neutrinos [25].

8The term chirality as applied to spinors first appeared in [27].

9See, for example, p. 226 of [28].

0Tn any representation, (y°)? = I,. In the Dirac representation, ( 0 L )

9)

HBecause 4° anticommutes with the v, the chirality states (8) do not obey the Dirac equation (1), but
rather the coupled Dirac-like equations, iv*9,1 g ;, = M1, g, noting that,

I F+°
2

o e I £ LTy,
’Lry/ 8#¢R,L = ’L’yl 8ﬂ 5 wR,L — Zryl 8/L¢R,L =

m¢L,R = m¢L,R- (12)



A more general form of a Majorana state is,

avy + avy + bvg + bog

\/5 )

where the real numbers a and b obey |a|® + [b]* = 1.

Y =ay +0Pgp =

2.1.5 W= and Z° Decay Rates

A key feature is the 1/4/2 in the Majorana states (13), which factor seems to have been
neglected in works like [29] that are often cited as showing how processes which could occur
with Dirac neutrinos cannot distinguish these from Majorana neutrinos. Instead, if the weak
coupling strength is the same in a theory with Dirac neutrinos and in one with Majorana
neutrinos, than the amplitude for a reaction with a single neutrino would be 1/ V2 smaller
in the Majorana theory.

If the electroweak coupling constants g (associated with the W= bosons) and ¢’ (associ-
ated with the Z° boson) of the Weinberg-Salam theory [4, 5] were the same for Majorana
neutrinos as for Dirac neutrinos, then the rates for various single-neutrino reactions for
Majorana neutrinos would be 1/2 that for Dirac neutrinos. This is excluded by many exper-
iments. For example, in the theory with Dirac neutrinos, the decay width of the W gauge
bosons is roughly 1/3 due to decays to leptons plus neutrinos, and 2/3 due to nonleptonic
decays, which prediction agrees with experiment to 2% accuracy (see sec. 10.4.4 of [30]). For
Majorana neutrinos the leptonic width would be only 1/2 those for Dirac neutrinos, and
the W decay width would be reduced by 16%, which is excluded by 8 standard deviations.
Similarly, for Dirac neutrinos the width of the Z° gauge boson is predicted to be 1/5 due
to vv decays and 4/5 due to other decays, which prediction agrees with data to 0.1%. For
Majorana neutrinos, the rate Z° — v would be 1/4 that for Dirac neutrinos, and the width
of the Z would be reduced by 15%, which is excluded by 150 standard deviations.

However, it could be that the electroweak coupling constants ¢ and ¢’ are different in a
theory with Majorana neutrinos than one with Dirac neutrinos. This possibility is compatible
with Fermi’s theory of the weak interaction [63, 64|, as was the best view at the time of
Majorana, but is inconsistent with experimental data interpreted in the Glashow-Weinberg-
Salam model of the electroweak interaction [3, 4, 5]. For example, if g were increased by
V2 to keep the leptonic decays rates of the W= the same for Majorana neutrinos as for
Dirac neutrinos, then the nonleptonic rates would be doubled, in conflict with experiment.
Further, the ratio of the electroweak coupling constants is constrained by observation of the
masses of the weak vector bosons,

mw q 1
—— =cosby =

mz VP92 1t (g/9?

where Oy is the Weinberg angle [4]. Hence, if g is altered in a theory with Majorana neutrinos
compared to that with Dirac neutrinos, ¢’ must be altered by the same factor. However,
then the rates for the decay of Z° to states other than v would be the changed by the
square of that factor, in severe disagreement with experiment.

(15)



In sum, the factor of 1/ v/2 in a Majorana neutrino state of neutrino and antineutrino
implies incompatibilities with experimental data, whether the electroweak coupling constants
are the same or different in a theory with Majorana, rather than Dirac neutrinos. Past
experiments exclude that the observed light neutrinos are Majorana states of the form (13).

This argument also applies to the general form (14), since such a state always has 50%
probability of containing the noninteracting (sterile) neutrinos v and 7.

2.2 Majorana States of the Form (v} + 7p)/v/2 Are Excluded by
Data

There is an ambiguity as to what is meant by a Majorana neutrino state in a V—A theory
of the weak interaction [19, 20], where the lefthanded coupling is only to the lefthanded
neutrino v, = (1 —+°)r/2 and the righthanded antineutrino vz = (1 —+*)v/2. It could be
that we should consider a lefthanded Majorana state to be the combination,!?

v

:1—751/—1—?:1/,;4—1737 (16)
2 V2 V2

rather than eq. (13) as in sec. 2.1.4. Then, there would be no coupling to the other Majorana

neutrino state, 1 = (Vg + 1) /V2.

Indeed, in the Glashow-Weinberg-Salam model, the vy is the antiparticle of the v, (and
the vy, is the antiparticle of the vg). That is, if we introduce the charge-conjugation operator
Cw = ~+°C (in the Dirac representation) of the Standard model, then vg ;, = Cwrvyp g,

However, many experiments rule out the possibility that a Majorana state (16) occurs in
Nature.

2.2.1 Charged-Pion Decay

In all neutrino experiments to date, except the PTOLEMY search for cosmic microwave back-
ground neutrinos [32], the neutrinos are ultrarelativistic (£, > m, ) such that their chirality
states are essentially helicity states as well, v, ~ v_ and Vg & V. In the V — A theory with
Dirac neutrinos, the vy, is paired with a righthanded-chirality charge anti lepton [}, while the
Vg is paired with [}, in a production reactions such as 7+ — ZI“;I/L and 7~ — [fUx. In the
decay of a spinless charged pion, the lepton and neutrino must have the same helicity. For
(relativistic) neutrinos, this restricts the possibilities to 7+ — Z};_I/L_ and 7 — leLDR,Jr,
where Z};_ is a righthanded-chirality, negative-helicity antilepton, etc. If the (anti)leptons
were relativistic, as for electrons/positrons in pion decay, their right(left)handed-chirality
states would be essentially positive(negative) helicity, such that charged-pion decay elec-
trons/positrons is suppressed. In contrast, muons from charged-pion decay have only 4-MeV
kinetic energy in the frame of the pion, such that a muon chirality state is roughly an equal
mixture of positive and negative helicity states, which permits decay to the “wrong helicity”
muons with high probability.

For Majorana neutrinos, charged-pion decay could also proceed via 7t — Z};DR ~
l~};7+1?37+ and 7T — lzyL =~ l;_VL_, which violate lepton number conservation. Charge-
pion decay to electrons/positrons would not be suppressed in these “right helicity” decays,

12The form (16) was considered in [31], shortly before the V—A theory was devised.



and the decay rates to electrons and muons would be roughly equal, rather than in the
observed ratio of (m./m*)? [21].

For Majorana neutrinos, the charge-pion decay m — pr would have roughly equal num-
bers of muons with positive and negative helicity, and hence would exhibit little parity
violation, in contrast to experiments [33, 34| that observe “maximal” parity violation.

2.2.2 Interactions of Neutrinos from Charged-Pion Decay

In case of Dirac neutrinos, 77 (7~ )-decay leads primarily to v,(7,), whereas for Majorana
neutrinos roughly equal numbers of v,, 7, and 7. (7,, v, and v.) would be produced.
The Majorana-neutrino hypothesis conflicts with evidence from “neutrinoless” double-beta-
decay experiments with neutrino beams from charged-pion decay (the first beta decay),
where in particular charged-current (anti)neutrino-nucleon scattering reactions (the second,
inverse beta decay) would have equal cross sections for nominal v, N and 7, N initial states
if the neutrinos were Majorana rather than Dirac. Rather, data from a large number of
experiments, reviewed in Fig. 49.1 of [35], show that the observed ratio of these cross sections
is 2:1, in agreement with models based on Dirac neutrinos.
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2.2.3 Leptonic Beta Decay

Leptonic beta-decay, such as u~ — e vv, can be well-calculated in the Standard V — A
theory, where the reaction reads = — e Verv,r, with results that agree with experiment
to within a few percent (as noted already in [19]). If the neutrinos were Majorana states
(16), one might infer that the muon lifetime would be 4 times longer than if they are Dirac
states, noting that the electron is relativistic in muon decay, such that only one of v or
v couples at each vertex in the decay diagram, leading to a factor of 1/2 in the decay
amplitude compared to that for Dirac neutrinos. However, as pointed out in the last line
of [36], in case of Majorana neutrinos there exists a second, crossed diagram, in which the
“second” neutrino comes from the muon vertex rather then the electron vertex, while the
“first” neutrino comes from the electron vertex. These two diagrams have equal amplitudes,
each 1/2 that of the single diagram in case of Dirac neutrinos, and hence the lifetime of the
muon (and Fermi’s coupling constant () is the same for either Dirac or Majorana neutrinos.
For additional discussion of this issue, including possible distinguishing effects in the decay
angular distribution, see [37, 38].



2.2.4 Helicity of the Neutrino

The neutrino was determined to have negative helicity in an extrémement ingénieuse experi-
ment [39] on the electron-capture process g3Eu'® +e~ — ,Sm!'%? + v, in which the neutrino
energy is 840 keV and the captured electron was bound by about 100 keV. The lefthanded
chirality electron had nearly equal probability to have either positive or negative helicity,
such that Majorana neutrinos and antineutrinos would have roughly equal probability of
being produced, and the net helicity of the final state neutrino would be near zero. The
latter was excluded by about four standard deviations in the experiment, which translates
into a similar exclusion of Majorana neutrinos.

2.2.5 Neutrino Experiments at Nuclear Reactors

Turning to nuclear-reactor experiments, in the Standard Model of beta-decay (with Dirac
neutrinos) only antineutrinos are produced in reactions of the form n — pe~ 7. (while
only neutrinos are produced in solar fusion reactions). Hence, most reactor-based neutrino
experiments are designed to observed the inverse beta-decay reaction 7, p — e*n [42], where
the neutron can be detected as a delayed coincidence after thermalization by capture on
nucleus, as first proposed by Cowan and Reines [43, 44]. However, the earliest proposal to
detect neutrinos produced in nuclear reactors was due to Pontecorvo [45], who supposed
that neutrinos and antineutrinos were not distinct (i.e., were Majorana states), such that
reactor neutrinos could lead to reactions such as CI37(v, e™)A37, which require a neutrino
rather than an antineutrino.
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Davis’ Reactor-Neutrino Experiment

Pontecorvo’s suggestion was implemented by Davis [46, 47] in a 4-m? detector close to
the Brookhaven Lab nuclear reactor, but only 6 m underground, with a result consistent
with the rate of interactions expected from cosmic-ray electron neutrinos. Nonetheless, this
result has been considered as evidence against Majorana neutrinos [48]. Davis’ reactor-
experiment search for Majorana neutrinos has never been repeated, although he went on to
make important measurements of solar neutrinos (not antineutrinos) via the chlorine reaction
in a 400-m?® detector deep underground [49].

Solar-Neutrino Experiments

Solar-neutrino experiments other than Davis’ have searched for a inverse beta-decay
events, 7. p — e'n, producing limits [50, 51, 52] that the solar-antineutrino flux is small
compared to that of solar neutrinos, which appears to exclude that solar neutrinos are
Majorana states, although a quantitative assessment of the exclusion remains to be made.
Note that solar neutrino experiments are “neutrinoless” double-beta-decay processes in which
the “virtual” neutrino lives for about 8 minutes.
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Recent Reactor-Neutrino Experiments

Following the success of Cowan and Reines’ reactor-antineutrino experiment [53, 54]
(which also is a type of “neutrinoless” double-beta-decay process with a “virtual” neutrino in
the intermediate state but no neutrino in the final state), and the experimental evidence that
the electron and muon are associated with different neutrinos [55], Pontecorvo suggested [25]
the possibility of oscillations between the two (or more) neutrino types. Initial experiments
used a single detector at a single distance from a nuclear reactor, and compared the rate
of detected antineutrino interactions (inverse beta-decay) with expectations based on the
neutrino flux as inferred from the reactor power. The first experiment of this type to obtain
a reasonably significant result was [56] which reported (1981) a ratio 0.955 4+ 0.035 (stat.)
+0.110 (syst.) of the observed to expected rates of inverse beta-decay reactions. It is now
known that for a detector at the optimal distance from the reactor the observed rate would
be 0.91 of that expected in the Standard Model assuming no oscillations [57]. A recent result
[58], taking into account the existence of neutrino oscillations, found a ratio 0.946 4+ 0.022 of
the observed rate of inverse beta-decay reactions compared to that of a particular model of
the beta-decays in the nuclear reactor complex.

If the neutrinos produced by the nuclear reactor were lefthanded Majorana states (16),
for a given flux of such neutrinos the rate of inverse beta-decay vg p — e*n would be only 1/2
that from Dirac neutrinos, as lefthanded Majorana neutrinos have only a 50% probability of
being a righthanded antineutrino. Hence, reactor experiments that study inverse beta-decay
have excluded that the (low-mass) neutrinos produced in nuclear beta decays are Majorana
states, by 5 standard deviations in 1981 [56] and more recently by 20 standard deviations
[58].

2.3 Comments

Despite lack of experimental evidence for a Majorana character to neutrinos, enthusiasm for
this remains high in view of the “see-saw” mechanism [59, 60, 61, 62| that provides a possible
explanation for low-mass neutrinos together with partners of mass at the grand-unification
scale.

However, the Majorana character required for the see-saw mechanism is not that neu-
trinos be Majorana states (which are their own antiparticles), but that they are associated
with “Majorana-mass” terms, which can exist even for “Dirac” neutrinos. That is, a nonzero
rate for neutrinoless-double-beta decay does not require Majorana neutrino states, but could



occur if “Dirac” neutrinos have Majorana-mass terms.3 1412

Quasiparticles labeled “Majorana fermions” have been reported in condensed-matter ex-
periments [72, 73]. These nonpropagating “Majorana zero modes” have only one spin state,
with a participating electron that is shared between two surfaces of the sample. Such states
have been described [74] as “spin-zero half-fermions,” that have only electromagnetic in-
teractions, and are rather different entities than the weakly interacting Majorana-neutrino
chirality states considered here.

The authors thank Frank Calaprice, Duncan Haldane and Robert Shrock for discussions
of this topic.

13In Majorana’s time the theory of the weak interaction was that due to Fermi [63, 64]. An early
application of Majorana’s vision to Fermi’s theory was by Furry [65], who pointed out that Majorana
neutrinos permit the phenomenon of “neutrinoless* double-beta decay, A(Z) — A'(Z +2)e”e™, of a nucleus
A(Z), in addition to the 2-neutrino double-beta decay A(Z) — A’(Z+2)e~ e~ v studied by Goeppert-Mayer
[66]. In the Fermi theory, one expects the matrix elements for the two forms of double-beta decay to be
similar, but the 5-body final state of 2-neutrino double-beta decay has much smaller phase volume than does
the 3-body final state of neutrinoless double-beta decay, so Furry predicted that the latter has much higher
rate (shorter lifetime). Present experimental limits [67, 68] on the lifetime for neutrinoless double-beta decay
are several orders of magnitude longer than that of observed 2-neutrino double-beta decays.

A diagram for “neutrinoless” double-beta decay appears below, where the X on the virtual-neutrino line
indicates that transition from an antineutrino to neutrino.
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While this could be due to the antineutrino being part of a Majorana state, it is also accommodated by
the existence of a Majorana-mass term. See, for example, [69, 70].

14Tn a model of neutrinoless double-beta decay via the exchange of a virtual, lefthanded Majorana neu-
trino, the spin-1/2 propagator is combined with two factors of 1 — 4%, leading to a factor in the matrix
element of (1 —~5)(¢ —m,)(1 —~°) = —2m, (1 —+°). Hence, the rate includes a factor of (m, /E,)?, where
m, = >, U%m; in a 3-neutrino scenario with neutrino mass states m; and MNS mixing matrix Uy;, and
FE, is a characteristic energy of the virtual neutrino. This factor is small, which would heavily suppress the
rate of neutrinoless double-beta decay compared to the early estimate of Furry [65] if Majorana neutrinos
existed.

151t could also be that there exist X* bosons and Y° Majorana fermions that obey a non-gauge theory,
in which neutrinoless double-beta decay is possible.
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It could be that the Y° fermions have low mass as per a see-saw mechanism. But, the X bosons would
have to be heavy, as decays like n — pX~ — ne~ Y seem not to be observed. Decays like 7% — X+ — p*y?
would be forbidden due to violation of conservation of angular momentum, unless the X* bosons had spin
0. In this case, the rate for the neutrinoless double-beta decay would be heavily suppressed.

The Higgs mechanism is such that the S, = 0 component of the nominally spin-1 gauge bosons W= are in
effect spin-0 particles, so that the decay ©+ — ,uiy,t is possible via an intermediate W=, while conserving
total angular momentum [71].

Similarly, if the X* bosons were relatively light while the Y fermions were heavy, the decay rate would
also be heavily suppressed. If so, neutrinoless double-beta decay is unlikely to be observed soon.
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