Maxwell’s Objection to Lorenz’ Retarded Potentials

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (October 26, 2009; updated April 9, 2018)

1 Problem

Maxwell seems to have considered the great paper of L. Lorenz on retarded potentials [1] (published simultaneously in 1867 with a paper written in 1858 by B. Riemann on the same theme [2]) as insufficiently supportive of his vision of a dynamical theory of the electromagnetic field [3],^1 whereas the present attitude is that Riemann and Lorenz made important contributions to the Maxwellian view.^2

In 1868, Maxwell made an objection, p. 653 of [6], that if a pair of equal and opposite charges move collinearly, then the retarded potential experienced by the charge in front has smaller magnitude than that experienced by the charge in the rear because the former retarded distance is larger than the latter; hence, there must be a net electrical force on the system, which accelerates it without limit, providing an infinite source of free energy.^{3,4,5} Is Maxwell’s objection valid?^6

2 Solution

Maxwell’s objection was based on a misunderstanding of a (now) famous subtle issue about the use of the retarded potentials for moving charges. This issue is avoided by use of the

1In eq. (68) of [3], Maxwell nearly discovered the Lorenz gauge, which reads kJ + 4πμ dΨ/dt = 0 in the notation there. Instead, he argued after eq. (79) that J (= ∇ · A) is either zero or constant for wave propagation. He was not bothered by the implication of eq. (79) that in this case the scalar potential φ “propagates” instantaneously, perhaps because of the great success that his assumptions about the potentials lead to propagation of the electric and magnetic fields at lightspeed √ k/4πμ.

As recounted in [4], Maxwell briefly thought in 1864 that transverse electromagnetic waves required J = ∇ · A = 0, but he quickly realized that this condition is merely a choice.

2As will be reviewed in the Appendix, Lorenz identified light with oscillating currents, rather than with oscillating electric and magnetic fields. This identification was inspired by Lorenz’ earlier work [5] on scalar sound waves in elastic solids, where he had used retarded “potentials” (i.e., scalar fields). Hence, Lorenz’ view of light was as a mechanical phenomenon, and not a dynamical aspect of the electromagnetic field as was Maxwell’s vision. Lorenz must have been aware that his equations for (transversely) oscillating currents, whose wave velocity equals the speed of light, implied that the electromagnetic fields also undergo transverse oscillations that propagate at the speed of light, but he did not mention this.

3Maxwell’s comment is reminiscent of a famous thought experiment of Galileo on why the acceleration of gravity must be independent of mass [7].

4Maxwell did not actually argue that the concept of retarded potentials was wrong, but he seems to have distrusted it, as he appears never to have referred to it again. Maxwell mentions Lorenz’ paper [1] in sec. 805 of [8], but does not mention Lorenz’ potentials there. The potentials used by Maxwell were, I believe, always in the Coulomb gauge, as in sec. 617 of [8]. Maxwell appears not to have commented/objected that Lorenz’ potentials were different from the Coulomb-gauge potentials.

5This topic is discussed briefly on p. 671 of [9].

6Maxwell’s views were likely reinforced by comments of Clausius [10] that Riemann’s main application of his concept of a retarded scalar potential to electromagnetism was ill considered. See Appendix B.

relativistic transformation of the electromagnetic potentials, (see, for example, [11]), which is implicit in Maxwell’s electrodynamics, but was not recognized as such until the efforts of Lorentz [12] and Einstein [13] in 1904-5. The electric field of a point charge along the direction of its velocity is the same in the rest frame of the charge and in a frame where the charge has velocity v, contrary to Maxwell’s overly hasty conclusion. That is, the total electrical force is zero on a pair of opposite charges that move with the same, constant velocity (no matter what the angle between the velocity vector and the line of centers of the charges).^7

Returning to use of the retarded potentials, consider a localized charge density ρ that is in motion with velocity v where v is less than the speed of light c in the surrounding medium. Then the associated current density can be written as J = ρv, and the retarded potentials are (in Gaussian units),

V (r, t) = ∫ ρ(r^′, t^′ = t − R/c) R dVol^′, A(r, t) = ∫ J(r^′, t^′ = t − R/c) cR dVol^′ = V v c , (1)

where R is the magnitude of the vector R = r − r^′. It is tempting to suppose that this can be simplified to read,

V (r, t)^?= 1 [R] ∫ ρ(r^′) dVol^′ = q [R] , A(r, t) = V v c = V β, (2)

where q = ∫ ρ dVol is the total charge of the small object, and the retarded distance vector [R] is related to the present distance R as in the figure below,

[R] = R + [R]β, (3)

where β = v/c = v x̂/c.

Thus, [R]^2 = R^2 + [R]^2β^2 + 2R[R]β cos θ, (4)

and so the retarded distance [R] is related to the present distance R by,

[R] = γ^2R ( β cos θ + √ 1 − β^2 sin^2 θ ) , (5)

7Maxwell avoided discussion of two charges with noncollinear velocities, perhaps because of the ambiguity (first noted by Ampère in the 1820’s) in extrapolating from the force law for pairs of current loops to that for pairs of moving charges. Extrapolation from the Biot-Savart force law leads to what is now called the Lorentz force law, which has the consequence that the total force is nonzero on a pair of charges which move with noncollinear velocities. Maxwell had only a partial understanding that this behavior is compatible with his theory in that the electromagnetic fields of carry momentum P_{EM} such that F_{total} = dP_{mechanical}/dt = −dP_{EM}/dt, and the total momentum of the system is constant. See, for example, [14, 15].

where θ is the angle between vectors v and R, and γ = 1/ √ 1 − β^2.

If eq. (2) were valid, then the electric field,

E = −∇V − 1 c ∂A ∂t , (6)

of the moving charge would indeed be fore/aft asymmetric as implied by Maxwell.

However, because the charge is moving the retarded integrals of eq. (1) actually imply that, V (r, t) = q [R] − [R · β]

, A(r, t) = V [v] c = V [β], (7)

where [v] is the velocity at the retarded time, as first deduced by Liénard [16] (1898) and Wiechert [17] (1900). Their argument is subtle (see, for example, sec. 10.3 of [18]; the first English exposition of this may have been on pp. 254-255 of [19]).

When the velocity v is constant in time, we have (referring to the figure above),

[R] − [R · β] = R cos α = R √ 1 − β^2 sin^2 θ, (8)

noting that, sin α [R]β = sin(π − θ) [R] . (9)

Thus,

V (r, t) = q R √ 1 − β^2 sin^2 θ = q √ x^2 + (1 − β^2)y^2

, A(r, t) = V β = V β x̂, (10)

at the moment when the moving charge is at the origin with velocity v = v x̂, and the observer is at (x, y, 0). Since the charge rather than the observer is moving, dx/dt = −v, and the components of the electric field are,

E_x = − ∂V ∂x − 1 c ∂A_x ∂t = − ∂V ∂x − 1 c ∂A_x ∂x dx dt = −(1 − β^2) ∂V ∂x = qx γ^2R^3(1 − β^2 sin^2 θ)^{3/2} , E_y = qy γ^2R^3(1 − β^2 sin^2 θ)^{3/2}

, (11)

E_z = 0,

so that the electric field is along the present vector R and is fore/aft symmetric, E = qR γ^2R^3(1 − β^2 sin^2 θ)^{3/2}

. (12)

The magnetic field at the observer has only a z-component,

B_z = −

∂A_x ∂y = −β ∂V ∂y = −βE_y = − |β × E| , and so B = β × E. (13)

The results (12)-(13) were first derived for v ≪ c by J.J. Thomson [20, 21] (1881), two years after Maxwell’s death, and by Heaviside [22] (1889) for any v < c, which showed that the electric field at a given distance from the charge is fore/aft symmetric, although not isotropic.^8 Neither of them used the retarded potentials in their calculations.

An early application of the retarded potentials in electrodynamics was made in 1883 by FitzGerald [25, 26], who apparently reinvented them in a derivation of the radiation from an oscillating current loop (magnetic dipole).

A Appendix: Lorenz’ Paper of 1867

This Appendix comments on Lorenz’ paper [1], transcribing key results into Gaussian units.^9 Lorenz used the symbol a to represent the speed of light in “air” (i.e., vacuum), and also used the symbol c for √ 2a following Weber [30, 31, 32]. Here, we define c to be the speed of light in vacuum, and C to be Weber’s velocity, such that in our notation C = √ 2c. Lorenz built on (and used the same notation as) two important papers of Kirchhoff (1857) [33, 34] that associated electrical effects in wires with the speed of light.^{10,11} Lorenz did not pursue his theory of light after 1867, as recounted in [29].

A.1 Notation

As the first step in transcribing Lorenz’ notation, we consider his eq. (2) which expresses charge conservation (“equation of continuity”). From this we infer that,

ϵ → ρ, (14) 2(u, v, w) → J, (15)

where ρ and J are the densities of electric charge and current.^{12} Then, Lorenz’ eq. (2) becomes, ∂u ∂x + ∂v ∂y + ∂e ∂z = − 1 2 ∂ϵ ∂t → ∇ · J = − ∂ρ ∂t . (16)

Lorenz’ eq. (1) reproduces Kirchhoff’s eqs. (1)-(3) of [34], which expresses Ohm’s law in the form,

(u, v, w) = −2k ( ∂Ω ∂(x, y, z) + 4 C^2

∂(U, V, W ) ∂t ) → J = σE = −σ ( ∇V + 1 c ∂A ∂t ) , (17)

8Only if the speed of the charge exceeds that of light in the surrounding medium is the field pattern asymmetric, as first deduced by Heaviside [23], but now more familiar as the Čerenkov effect [24]. If two charges moved with parallel velocities, both greater than the speed of light in a dielectric medium, and the trailing particle was on the Čerenkov cone of the leader, then the trailing particle would be accelerated by the field of the leader. To avoid Maxwell’s paradox in this case, we note that the effect of the acceleration is to move the trailing particle off the Čerenkov cone of the leader, which changes the cross term in the electromagnetic energy of the two particles such that total energy is conserved.

9A popular article [27] by Lorenz on his theory of light is now available in translation [28]. 10Faraday (1845) [36] had provided the first experimental evidence for a relation between electromagnetism and light.

11The theories of Weber and Kirchhoff were based on action at a distance, to which Maxwell was not sympathetic.

12The factor of 2 in eq. (15) arose from the view of the Neumann, Weber and others that electric current consists of two counterpropagating flows.

with the identifications,^{13}

4k → σ, (18) Ω → V, (19) C √ 2 (= a) → c, (20) 2 √ 2(α, β, γ) C ( = 2(α, β, γ) a ) → A, (21)

for the electrical conductivity σ, the scalar potential V , the speed of light c and the vector potential A.

Kirchhoff’s eqs. (1)-(3) of [34], and their precursor on p. 199 of [33] may be the first appearance in the literature of the relation between the electric field E and both potentials V and A,

E = −∇V − 1 c ∂A ∂t . (22)

Kirchhoff attributes this insight to Weber, who discussed the force on an “element of a conductor at rest” (i.e., an electric charge) due to a circuit with a time-dependent current in sec. 30 of [30] (p. 133 of the English translation). We recognize Weber as deducing that this force is proportional to the time derivative of the vector potential of the circuit, such that the force per unit charge (i.e., the electric field) is given by the second term of eq. (22).

Also noteworthy in Kirchhoff’s paper [33] is the appearance just before eq. (2), p. 533, of the relation, ∂U ∂x + ∂V ∂y + ∂W ∂z = 1 2 ∂Ω ∂t → ∇ · A = 1 c ∂V ∂t (Kirchhoff). (23)

This seems to be the first statement of what is now called a gauge-condition [9] (defining the little-used Kirchhoff gauge, that differs from the Lorenz-gauge condition by a sign change).^{14}

A.2 Wave Equations and Their Solutions

We turn now to the physics argument of Lorenz’ paper.

Kirchhoff [33] found a second-order differential equation for the behavior of electricity in wires (but gave only two first-order differential equations in [34]). He showed that these were consistent with damped waves whose speed of propagation was C/ √ 2 = c.^{15} Lorentz had success in 1861 [5] in applying the method of retarded potentials to solving the second-order differential wave equation for an elastic solid, so he sought to modify Kirchhoff’s equations (1)-(3), our eq. (17), into a wave equation for the current density J,

13In the early part of his paper, Lorenz used Kirchhoff’s notation U, V, W for components of the vector potential, and then switched to α, β, γ in his eq. (A).

14See, for example, sec. 2.3.5 of [35].

15Kirchhoff’s analysis was not in the context of a field theory, so for him the waves existed only inside the wires. Kirchhoff made no connection between his waves and light.

such that retarded quantities would be the solution. He summarized the method of retarded “potentials” in eq. (5) of [1], that for a scalar field ψ (the “potential”) with source function ϕ, which obeys the wave equation,

∇^2ψ − 1 c^2

∂^2ψ ∂t^2

= −4πϕ, (24)

a solution is,

ψ(r, t) = ∫ ϕ(r^′, t^′ = t − R/c) R dVol^′, (25)

where R = |r − r^′|. By assuming that the vector potential obeyed wave equations of the form (24), with source function J/c, Lorenz found that Ohm’s law (17) was indeed compatible with a second-order wave equation for the current density J, provided that scalar and vector potentials were related by (shortly before eq. (8) of [1]), ∂Ω ∂t = −2 ( ∂α ∂x + ∂β ∂y + ∂γ ∂z ) → 1 c ∂V ∂t = −∇ · A (Lorenz). (26)

This is now called the Lorenz-gauge condition, and was a key to his success, where Kirchhoff’s gauge condition (23) was less felicitous.^{16}

Lorenz then had two vector wave equations (given on pp. 293-294 of the English version of [1]),

∇^2A − 1 c^2

∂^2A ∂t^2 = − 4π c J, ∇^2J − 1 c^2

∂^2J ∂t^2

= 4πσ ( ∇ρ + 1 c ∂J ∂t ) . (27)

Lorenz did not then recall Ohm’s law, J = σE, to write a third wave equation for the electric field E (which also follows from Maxwell’s equations),^{17}

∇^2E − 1 c^2

∂^2E ∂t^2

= 4π ( ∇ρ + 1 c ∂J ∂t ) . (28)

Had he done so, and identified light with the (transverse) vibrations of E rather than of J (which vibrations have the same character in view of Ohm’s law), Lorenz’ argument might have been better received by Maxwell and his contemporaries in England.^{18} Instead, Lorenz interpreted his results “mechanically”, that all space was electrically conductive and that light was oscillations of electric charge in this medium, which, however, was not necessarily the elastic-solid æther often considered by others at the time. This model was sketched in the penultimate paragraph of [1], and bears some resemblance to a plasma below the plasma frequency. Lorenz ended his paper with the remarks:

16Lorenz’ view was that the condition (26) follows from the assumption that the vector potential can be found via the method of retarded potentials. A Maxwellian view is that the wave equations for the potentials that follow from Maxwell’s equations take the form that Lorenz supposed if the Lorenz-gauge condition is first assumed.

17Equation (28) does not follow from eq. (27) if the conductivity varies, which may have been the cause of Lorenz’ hesitation. A Maxwellian view is that eq. (28) is the more fundamental, and that the wave equation (27) for J holds only if σ is constant.

18Lorenz did not explicitly display the retarded solution to the wave equation for J (or E). Had he done so, he would have obtained what are often called Jefimenko’s equations. See the Appendix to [37].

This hypothesis as to the nature of light and of electrical currents will probably, as science progresses, either assume a new form, or be totally rejected. But the result of the present investigation, that vibrations of light are electrical currents, has been obtained without the assumption of a physical hypothesis, and will therefore be independent of one.

However, most people today are unaware that Lorenz advocated that the “vacuum” is electrically conductive and that light is the vibration of electrical charges therein; rather, he is remembered more for the first application of the method of retarded potentials to electrodynamics, and for the corresponding Lorenz-gauge condition.^{19}

B Appendix: Riemann and Clausius

In Art. 862 of his Treatise [8], Maxwell mentioned the paper of Riemann [2], but not that of Lorenz [1],^{20} and cited a paper [10] of Clausius, who argued that Riemann’s retarded scalar potential does not lead...to the known laws of electrodynamics (Maxwell’s words).

While Riemann introduced the concept of retarded time and distance in [2], he did not use different symbols for the present and retarded distance, which confusion was noted by Clausius in [10].

The second to last equation on p. 370 of the English version of [2], gives an expression for electric scalar potential in the Lorenz gauge due to charge ϵ at the location of charge ϵ^′, multiplied by ϵ^′ to become a (potential) energy. This expression is valid from a contemporary perspective.

However, Riemann wanted to justify that the velocity α of propagation of the retarded potential equaled that of light. For this, the rest of his paper considered a peculiar quantity, the time integral of his “potential”, and at the end of the paper he declared that his analysis agreed with some unspecified experiment if indeed α was the speed of light.

Clausius objected to this argument as containing mathematical errors, while we might object to it as not physically meaningful.

It remains unfortunate that the earliest discussion of retarded potentials (by Riemann) included unsound arguments, which no doubt slowed the acceptance of this concept.^{21}

C Appendix: Helmholtz

In 1870, Helmholtz published a paper [42] that discussed the electromagnetic potentials in a manner (not easy to follow) that is largely equivalent to what is now called the velocity gauge (see, for example, sec. VII of [43] and sec. 2.3.1 of [35], wherein the scalar potential

19As H.A. Lorentz was one of the “popularizers” of the method of retarded potentials [19, 38], the Lorenz condition is often called the Lorentz condition.

20Lorenz’ paper was mentioned in an addendum to Art. 805 of Maxwell’s Treatise, without reference to the retarded potentials.

21As Clausius noted in [10], Riemann withdrew his paper from publication in 1857, perhaps recognizing that it contained some doubtful analysis.

Clausius claimed that Riemann was inspired by comments of Gauss to Weber in 1845, and noted that these comments also led to papers by Neumann [39] and by Betti [40].

For additional commentary on these early considerations of the speed of propagation of electromagnetic effects, see secs.8.1-2 of the English version of [41].

propagates with an arbitrary velocity v, while the vector potential has terms that propagate at both v and c.^{22} Maxwell cited this paper in Art. 854 of [8], without mention of the potentials.

References

[1] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[2] B. Riemann, Ein Beitrag zur Elektrodynamik, Ann. d. Phys. 207, 237 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_ap_207_237_67.pdf

A Contribution to Electrodynamics, Phil. Mag. 34, 368 (1867),

http://kirkmcd.princeton.edu/examples/EM/riemann_pm_34_368_67.pdf

[3] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[4] P.F. Cranefield, Clerk Maxwell’s Corrections to the Page Proofs of “A Dynamical Theory of the Electromagnetic Field”, Ann. Sci. 10, 359 (1954),

http://kirkmcd.princeton.edu/examples/EM/cranefield_as_10_359_54.pdf

[5] L. Lorenz, Mémoire sur la théorie de l’élasticité des corps homogènes à élasticité constante, J. reine angew. Math. 58, 329 (1861),

http://kirkmcd.princeton.edu/examples/mechanics/lorenz_jram_58_329_61.pdf

[6] J.C. Maxwell, On a Method of making a Direct Comparison of Electrostatic with Electromagnetic Force; with a Note on the Electromagnetic Theory of Light, Phil. Trans. Roy. Soc. London 158, 643 (1868),

http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_158_643_68.pdf

[7] G. Galilei, Discorsi e Dimonstazioni Matematiche intorno a due nuove scienze attenenti alla mecanica & i movimenti locali (1638),

http://kirkmcd.princeton.edu/examples/mechanics/galileo_discorsi_38.pdf

Dialogues concerning Two New Sciences (Macmillan, 1914),

http://kirkmcd.princeton.edu/examples/mechanics/galileo_two_new_sciences.pdf

[8] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873, 1892), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[9] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001), http://kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

22For discussion in English of Helmholtz’ consideration of potentials, see Chap. V of [44].

[10] R. Clausius, Ueber die von Gau ∫ s angeregte neue Auffassung der elektrodynamischen Erscheinungen, Ann. d. Phys. 135, 606 (1868),

http://kirkmcd.princeton.edu/examples/EM/clausius_ap_135_606_68.pdf

Upon the new Conception of Eleclrodynamic Phenomena suggested by Gauss, Phil. Mag. 37, 445 (1969), http://kirkmcd.princeton.edu/examples/EM/clausius_pm_37_445_69.pdf

[11] K.T. McDonald, Princeton Ph206/501 Lecture 18,

http://kirkmcd.princeton.edu/examples/ph501/ph501lecture18.pdf

[12] H.A. Lorentz, Electromagnetic phenomena in a system moving with any velocity smaller than that of light, Proc. Roy. Acad. Amsterdam 6, 809 (1904),

http://kirkmcd.princeton.edu/examples/EM/lorentz_pknaw_6_809_04.pdf

[13] A. Einstein, Zur Elektrodynamik bewegten Körper, Ann. d. Phys. 17, 891 (1905),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05_english.pdf

[14] L. Page and N.I. Adams, Jr, Action and Reaction Between Moving Charges, Am. J.

Phys. 13, 141 (1945), http://kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf

[15] K.T. McDonald, Onoochin’s Paradox (Jan. 1, 2006),

http://kirkmcd.princeton.edu/examples/onoochin.pdf

[16] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[17] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann. d.

Phys. 73, 667 (1901), http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_73_667_01.pdf

[18] D.J. Griffiths, Introduction to Electrodynamics, 3^{rd} ed. (Prentice Hall, 1999),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[19] H.A. Lorentz, Theory of Electrons (Teubner, Leipzig, 1909),

http://kirkmcd.princeton.edu/examples/EM/lorentz_theory_of_electrons_09.pdf

[20] J.J. Thomson, On the Electric and Magnetic Effects produced by the Motion of Electrified Bodies, Phil. Mag. 11, 229 (1881),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_11_229_81.pdf

[21] K.T. McDonald, Displacement Current of a Uniformly Moving Charge (June 15, 2010),

http://kirkmcd.princeton.edu/examples/dedt.pdf

[22] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889),

http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[23] O. Heaviside, Electrical Papers, vol. 2 (Macmillan, 1894), pp. 492-499

http://kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_2.pdf

[24] P.A. Čerenkov, Visible Radiation Produced by Electrons Moving in a Medium with Velocities Exceeding That of Light, Phys. Rev. 52, 378 (1937),

http://kirkmcd.princeton.edu/examples/EM/cerenkov_pr_52_378_37.pdf

[25] G.F. FitzGerald, On the Quantity of Energy Transferred to the Ether by a Variable Current, Trans. Roy. Dublin Soc. 3 (1883),

http://kirkmcd.princeton.edu/examples/EM/fitzgerald_trds_83.pdf

On the Energy Lost by Radiation from Alternating Electric Currents, Brit. Assoc. Rep. 175, 343 (1883), http://kirkmcd.princeton.edu/examples/EM/fitzgerald_bar_83.pdf

[26] K.T. McDonald, FitzGerald’s Calculation of the Radiation of an Oscillating Magnetic Dipole (June 20, 2010), http://kirkmcd.princeton.edu/examples/fitzgerald.pdf

[27] L. Lorenz, Om Lyset, Tids. Phys. Chemi 6, 1 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_tpc_6_1_67.pdf

[28] H. Kragh, Ludvig Lorenz (1867) on Light and Electricity (Mar. 16, 2018),

https://arxiv.org/ftp/arxiv/papers/1803/1803.06371.pdf

[29] H. Kragh, Ludvig Lorenz and nineteenth century optical theory: The work of a great Danish scientist, Appl. Opt. 30, 4688 (1991),

http://kirkmcd.princeton.edu/examples/EM/kragh_ao_30_4688_91.pdf

[30] W. Weber Elektrodynamische Maassbestimmungen, Abh. König. Sächs. Gesell. Wiss.

209 (1846), http://kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

http://kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46_english.pdf

[31] R. Kohlsrausch and W. Weber Elektrodynamische Maassbestimmungen inbesondere Zurückführung der Stromintensitäts-Messungen auf Mechansishes Maass, Abh. König. Sächs. Gesell. Wiss. 219 (1856), http://kirkmcd.princeton.edu/examples/EM/weber_aksgw_219_56.pdf

[32] W. Weber and R. Kohlsrausch, Ueber die Elektricitätsmenge, welche bei galvanischen Strömen durch den Querschnitt der Kette fliesst, Ann. d. Phys. 99, 10 (1856),

http://kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56.pdf
http://kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56_english.pdf

[33] G. Kirchhoff, Ueber die Bewegung der Elektricität in Drähten, Ann. d. Phys. 100, 193 (1857), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_100_193_57.pdf On the Motion of Electrioity in Wires, Phil. Mag. 13, 393 (1857),

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_pm_13_393_57.pdf

[34] G. Kirchhoff, Ueber die Bewegung der Elektricität in Leitern, Ann. d. Phys. 102, 529 (1857), http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_102_529_57.pdf

http://kirkmcd.princeton.edu/examples/EM/kirchhoff_apc_102_529_57_english.pdf

[35] K.-H. Yang and K.T. McDonald, Formal Expressions for the Electromagnetic Potentials in Any Gauge (Feb. 25, 2015), http://kirkmcd.princeton.edu/examples/gauge.pdf

[36] M. Faraday, Experimental Researches in Electricity.—Nineteenth Series, Phil. Trans.

Roy. Soc. London 136, 1 (1846),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_136_1_46.pdf

[37] K.T. McDonald, The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips (Dec. 5, 1996),

http://kirkmcd.princeton.edu/examples/jefimenko.pdf

[38] H.A. Lorentz, La Théorie electromagnétique de Maxwell et son application aux corps mouvants, Arch. Néer. Sci. Exactes Natur. 25, 363 (1892),

http://kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[39] C. Neumann, Die Principien der Elektrodynamik (Bonn, 1868), condensed version:

Math. Ann. 17, 400 (1880), http://kirkmcd.princeton.edu/examples/EM/neumann_ma_17_400_80.pdf

[40] E. Betti, Sopra la Elettrodinamica, Nuovo Cim. 27, 402 (1867),

http://kirkmcd.princeton.edu/examples/EM/betti_nc_27_402_67.pdf

[41] P.M.M. Duhem, Les théories électriques de J. Clerk Maxwell: étude historique et critique (Hermann, Paris, 1902), http://kirkmcd.princeton.edu/examples/EM/duhem_maxwell_02.pdf The Electric Theories of J. Clerk Maxwell: A Historical and Critical Study, trans. by A. Aversa (Springer, 2015), http://kirkmcd.princeton.edu/examples/EM/duhem_maxwell_02_english.pdf

[42] H, Helmholtz, Ueger die Bewenungsgleichungen der Elektricität für ruhende leitende Körper, J. Reine Angew. Math. 72, 57 (1870),

http://kirkmcd.princeton.edu/examples/EM/helmholtz_jram_72_57_70.pdf

[43] J.D. Jackson, From Lorenz to Coulomb and other explicit gauge transformations, Am.

J. Phys. 70, 917 (2002), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_70_917_02.pdf

[44] A. O’Rahilly, Electromagnetic Theory (Longmans Green, 1938),

http://kirkmcd.princeton.edu/examples/EM/orahilly_EM.pdf