McKenna’s Paradox:

Charged Particle Exiting the Side of a Solenoid Magnet

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (April 12, 2006)

1 Problem

The “science fact” section of the March 1965 issue of Analog magazine featured an article by Richard P. McKenna that proposed a “motor” which would consist of a solenoid magnet that can rotate about its axis, plus a radioactive source mounted on that axis [1]. When a charged particle is emitted by a radioactive decay it traverses the solenoid field, which bends the particle’s trajectory, giving it some angular momentum. By Newton’s 3^{rd} law (argues McKenna), the reaction force on the magnet creates a torque that will cause the solenoid to spin in the opposite sense to that of the particle’s trajectory.

McKenna seemed to be aware that this proposal could not actually work, but he lacked a consistent physical explanation as to why this would be so. Provide the missing explanation.

A side issue concerns the nature of the radioactive source, which must be charged before and/or after the emission of the moving charge. Here it suffices to consider the source to consist of a single charged particle that was introduced into the solenoid from infinity along the axis, experiencing no force in this process. The radioactive decays results in a neutral particle that can be ignored, plus the moving charge.

2 Solution

A direct calculation (sec. 2.1) of the torque about the z-axis of the solenoid due to the interaction of magnetic field of the moving charge with the currents in the solenoid shows that this torque vanishes. Hence, there is no tendency for the coil to rotate, and the system cannot be regarded as a motor.

However, this simple result is counterintuitive, because the solenoid coil does exert a torque on the charged particle, which causes its trajectory to be curved. The particle takes on (mechanical) angular momentum as a consequence. We expect that the total angular momentum of the system to be constant, since there are no external torques about the z-axis. Thus, it may seem that conservation of angular momentum is violated here.

But, properly considered, the charged particle has zero angular momentum at all times in this example. Therefore, we need not expect the solenoid to exhibit any “reaction angular momentum”.^1

The needed insight is that the system of a moving charged particle plus magnetic field contains both mechanical (angular) momentum as well as electromagnetic (angular) momentum. Because the system has azimuthal symmetry, the angular momentum of particle + field about the axis of the solenoid is constant in time. Also, as there are no external torques about the solenoid axis, the total angular momentum of the particle + field + solenoid about this axis is constant in time. Since the angular momentum of the particle + field does not change, neither does that of the solenoid.

The solenoid does NOT rotate in reaction to the deflection of the particle. Rather, the reaction appears in the electromagnetic fields of the system, which store a quantity of angular momentum equal and opposite to the mechanical angular momentum of the moving charge.

Section 2.2 considers electromagnetic (angular) momentum as part of the canonical angular) momentum of a charged particle in an external electromagnetic field. Section 2.3 calculates the electromagnetic (angular) momentum from the Poynting vector. A complication is that the approximation of an infinite solenoid is not sufficiently accurate when evaluating the electromagnetic angular momentum via the Poynting vector.^2 The electromagnetic (angular) momentum is affected by possible shielding of the electric and magnetic fields by the materials from which the magnet is constructed. To simplify the discussion we consider two limiting cases:

• The magnet is made of nonconducting material, with relative dielectric constant and magnetic permeability both equal to unity, which permits the electric and magnetic fields to pass through the magnet without change. This could be arranged in principle by constructing the magnet out of two concentric cylindrical shells of opposite surface charge density that rotate in opposite senses, such that the magnet is electrically neutral everywhere.

• The magnetic is encased in a grounded, conducting shield with unit magnetic permeability. Then, charge e induces charges on the shell so as to eliminate the electric field

1The electric current that creates the magnetic field does have nonzero angular momentum. This angular momentum is also unchanged by the motion of the charged particle. The currents do not change, and the magnetic field due to these currents does not change.

2See also [2].

outside the shell when the charge is inside, or to eliminate the electric field inside the shell when the charge is outside. In this case we say that the magnet coil is shielded from effects of the electric field, although the presence of the induced charge on the shield leads to additional interactions with the charge e that must be considered.

This problem was drawn to my attention by Romer [3, 4] who considered McKenna’s paradox only from the point of view of Poynting. Related discussions are given in [2, 5, 6].

2.1 Direct Calculation of the Torque on the Solenoid Coil

The moving charge creates a magnetic field B_e that exerts a force on the currents in the solenoid coil. These currents are purely azimuthal in the approximation of a long solenoid, where the surface current density K in the coil is given by,

K = K_ϕϕ̂ = c 4π B_0ϕ̂. (1)

The magnetic force on a surface element of area r_0 dϕ dz, centered on the point (ρ = r_0, ϕ, z) in a cylindrical coordinate system whose axis coincides with a axis of the solenoid of radius r_0, is (in Gaussian units),

dF = 1 c K × B_e(r_0, ϕ, z) r_0 dϕ dz =

B_0 4π ϕ̂ × (B_{e,ρ}ρ̂ + B_{e,ϕ}ϕ̂ + B_{e,z}ẑ) r_0 dϕ dz = B_0 4π (B_{e,z}ρ̂ − B_{e,ρ}ẑ) r_0 dϕ dz, (2)

which has no azimuthal component. However, there must be an azimuthal force for there to be a torque τ about the z axis,

dτ = r×dF = (ρρ̂+zẑ)×(dF_ρρ̂+dF_ϕϕ̂+dF_zẑ) = −z dF_ϕρ̂+(z dF_ρ −ρ dF_z)ϕ̂+r dF_ϕẑ. (3)

Thus, there is no torque on the coil about the z-axis in McKenna’s example, and the solenoid coil does NOT rotate in reaction to the deflection of the charged particle.

The integral of the force (2) on the coil is nonzero, and if its axis is not restrained the coil will move in reaction to the deflection of the charged particle. See also [6].

2.2 Solution via the Canonical Angular Momentum

An alternative solution is based on the concept of canonical angular momentum.

We recall [7] that the canonical momentum p of a particle of charge e and rest mass m is (in rectangular coordinates and in Gaussian units),

p = P + eA c , (4)

where P = mv/ √ 1 − v^2/c^2 is the mechanical momentum of the particle, v is the particle’s velocity, A is the vector potential of the magnetic field at the position of the particle, and c is the speed of light. Following Faraday^3 and Maxwell [12], we identify,

P_{EMM} = eA c (5) as the electromagnetic momentum associated with the interaction of charge e with the magnetic field whose vector potential is A. The subscript M indicates that this interpretation is due to Maxwell.

We are then led to identify the angular momentum about the origin of the particle + field as, l = r × p, (6)

where r is the position vector of the particle. As shown in Appendix A.1, if the electromagnetic fields and their potentials have azimuthal symmetry, then the axial component of the canonical angular momentum (6) is a conserved quantity.

We adopt a cylindrical coordinate system (ρ, ϕ, z) with the axis of the solenoid along the z-axis. The radius of the solenoid is labeled r_0 and the magnetic field strength is B = B_0ẑ for ρ < r_0 and zero for ρ > r_0 in the approximation of a long solenoid.

The magnetic field is related to the vector potential A according to B = ∇ × A. Stokes’ theorem, along with the symmetry of the solenoid, then tells us that the only nontrivial component of the vector potential is A_ϕ, as given by,

A_ϕ =

ρB_0

2 (ρ < r_0),

r^2_0 B_0

2ρ (ρ > r_0). (7) In particular, the vector potential vanishes on the axis ρ = 0.

The z-component of the canonical angular momentum can be written as,

l_z = ρ ( P_ϕ + e c A_ϕ ) = ρP_ϕ + l_{EMM,z}, (8)

where, l_{EMM,z} = eρA_ϕ c (9) is the electromagnetic part of the canonical angular momentum of charge e.

2.2.1 Nonconducting Solenoid

The charge e is the only nontrivial charge distribution in the case of a nonconducting solenoid.

When the charged particle is emitted from the axis, its initial mechanical momentum P is purely radial. So P_{ϕ,initial} = 0. As seen above, the initial vector potential on the axis is also zero. Hence, the initial canonical angular momentum of the particle + field is also zero.

Since the canonical angular momentum of the particle + field is a conserved quantity in this problem, it remains zero at all times during the particle’s motion. We verify this explicitly in Appendix A.2.

3Electromagnetic momentum can be identified with the electro-tonic state, first discussed by Faraday in Art. 60 of [8]. Other mentions by Faraday of the electrotonic state include Art. 1661 of [9], Arts. 1729 and 1733 of [10], and Art. 3269 of [11].

The z-component of the total angular momentum of the particle + field + solenoid is also constant in time because there are no external torques about the z-axis. Hence, the z-component of the angular momentum of the solenoid is constant, and it experiences no rotation in reaction to the deflection of the particle.

The system does not act as a motor.

2.2.2 Grounded, Shielded Solenoid

If the solenoid coil is encased in a grounded, conducting shield, then charge −e is induced on this shield at all times.

Since the shield is at radius r_0 and has negligible thickness, the electromagnetic angular momentum associated with the induced charge −e is, from eq. (9),

l_{EMM,z}(shield) = − er_0A_ϕ(r_0) c = − eB_0r^2_0 2c , (10)

independent of the position of charge e. This constant angular momentum does not imply any additional torque in the problem, so the magnet again does not rotate.

The total field angular momentum when charge e is at radius ρ is,

l_{EMM,z}(ρ) = e[ρA_ϕ(ρ) − r_0A_ϕ(r_0)] c = eB_0

2c (ρ^2 − r^2_0) (ρ < r_0),

0 (ρ > r_0).

(11)

A particular feature of eq. (11) is that the field angular momentum vanishes when the charge e is outside a shielded solenoid.

The field angular momentum (11) for a grounded, shielded solenoid differs by a constant from eq. (10) as found for a nonconducting solenoid. Conservation of total angular momentum, mechanical plus electromagnetic, is unaffected by the presence of a constant term, so the solenoid does not rotate in reaction to the motion of charge e whether the solenoid is nonconducting or shielded.

We conclude this section with some remarks about electromagnetic momentum. The charge induced on the shield of the solenoid exerts an attractive electric force on charge e, but this force is small compared to the magnetic force for any reasonable values of v and B_0. So, the motion of the charge is essentially the same for a nonconducting magnet or a shielded magnet.

However, the charge induced on the shield makes a significant change to the electromagnetic momentum P_{EMM} , namely,

P_{EMM} (shield) = ∫ σ(ϕ, z)

A_ϕ(r_0) c ϕ̂ dArea = B^0r^0 2c ∫ σ(ϕ, z)(− sin ϕ x̂ + cos ϕ ŷ) dArea = B_0r_0 2c ŷ ∫ σ(ϕ, z) cos ϕ dArea, (12)

taking the charge e to be on the x axis, so that the induced charge distribution σ(ϕ, z) is symmetric in azimuthal angle ϕ.

To complete the calculation we need to know the ϕ dependence (but not the z dependence) of the induced charge distribution. Now, a line of charge parallel to the axis of the magnet leads to the same azimuthal distribution of induced charge as does the point charge e provided the line charge passes through the point charge. We recall that the electric field of a grounded, conducting cylinder of radius r_0 plus a line charge e at radius ρ can be described by an image method with an image line charge −e at radius ρ^′ = r^2_0/ρ [13]. Adding the electric fields from these two line charges at (r_0, ϕ) and dividing by 4π we obtain the azimuthal distribution σ(ϕ) of induced charge. Using this, we define x = ρ/r_0 if ρ < r_0 and x = r_0/ρ if ρ > r_0 to obtain,

P_{EMM} (shield) = − eB_0r_0 4πc ŷ ∫_{2π} 0 cos ϕ dϕ √ 1 − 2x cos ϕ + x^2 cos^2 ϕ + x √ x^2 − 2x cos ϕ + cos^2 ϕ 1 − 2x cos ϕ + x^2

. (13)

I believe that the integral in eq. (13) has the value 2πx, which implies that the total electromagnetic momentum associated with a grounded, shielded solenoid is zero.

2.3 Electromagnetic Momentum via the Poynting Vector

Another well-known representation of electromagnetic momentum is via the Poynting vector [14], cE × B/4π, following the insight of Poincaré [15] that this also corresponds the volume density of electromagnetic momentum when divided by c^2. Hence, the total momentum stored in the electromagnetic field is,

P_{EMP} = ∫ E(r^′) × B(r^′) 4πc dVol^′, (14)

where the subscript P indicates that this interpretation follows Poynting.

The angular momentum stored in the electromagnetic field can then be deduced from the Poynting vector according to,

L_{EMP} = ∫ r^′ × (E(r^′) × B(r^′)) 4πc dVol^′. (15)

In Appendix A.3 we show that for static systems with charges and currents of finite extent the same values of momentum and angular momentum are obtained using either the canonical electromagnetic momentum or the Poynting vector. Here we verify this explicitly for McKenna’s example, which will require care in dealing with a long solenoid.^4 When the charge is still on the axis, and assuming that the solenoid is infinite, the Poynting vector of the system circulates about the z-axis in a negative sense, so that the electromagnetic angular momentum calculated according to eq. (15) has a negative z-component. This is in contrast to the electromagnetic angular momentum of eq. (9), which vanishes when the charge is on the axis. At the end of sec. 2.3.1 we show that no such discrepancy exists for a finite solenoid.

4See also [2].

The need for much more extensive discussion of electromagnetic momentum in static examples via the approach of Poynting compared to that using canonical momentum suggests to me that it is preferable to use the latter in these examples. The strength of Poynting’s approach is realized in dynamical situations in which radiation is present and electromagnetic energy and momentum are not localized to the vicinity of the charges and currents.

2.3.1 Nonconducting Solenoid

In the case of a nonconducting solenoid the only electric field is that associated with the moving charge, E_e. The electric fields due to the two shells of charge that comprise the solenoid cancel one another.

In the low-velocity limit the electric field of the charge e has no dependence on its velocity, so the integrals (14) and (15) depend only on the position of the charge, which we can take to be r = (ρ, 0, 0) without loss of generality. For an observation point r^′ = (ρ^′, ϕ^′, z^′), whose rectangular coordinates are [x^′, y^′, z^′] = [ρ^′ cos ϕ^′, ρ^′ sin ϕ^′, z^′], the vector R from the charge to the observer is, R = r^′ − r = [x^′ − ρ, y^′, z^′] (16)

in rectangular coordinates. Then,

R = |R| = √ (x^′ − ρ)^2 + y^{′2} + z^{′2} = √ ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′ + z^{′2}, (17)

and the electric field at the observer is,

E_e(r^′) = e R R^3

(18)

The total magnetic field is the sum of that due to the moving charge plus that due to the solenoid, B = B_e + B_0ẑ. However, the inclusion of the field B_e of the charge in the integrals (14) and (15) leads to infinite “self-momentum” terms, which we “renormalize” to be part of the finite “mechanical” momentum of the charge. Thus, we use only B(r^′) = B_0ẑ for ρ^′ < r_0 and B = 0 for ρ^′ > r_0 when calculating the (interaction) electromagnetic momenta in this example.

In rectangular coordinates, we have that,

E_e(r^′) × B_0ẑ = eB_0 R^3

[x^′ − ρ, y^′, z^′] × [0, 0, 1] = eB_0 R^3

[y^′, ρ − x^′, 0]. (19)

The x-component of eq. (19) is an odd function of y^′, so the x-component of integral (14) vanishes. All that remains is the y-component of integral (14), which we identify with the ϕ component of the electromagnetic momentum,

P_{EMP,ϕ} = eB_0 4πc ∫ ρ − x^′ R^3 dVol^′. (20)

Now, ρ ∫ dVol^′ R^3 = ρ ∫_{r0} 0 ρ^′ dρ^′

∫_{2π} 0 dϕ^′

∫_∞ −∞ dz^′ (ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′ + z^{′2})^{3/2}

= ρ ∫_r2_0 0 dρ^{′2}

∫_{2π} 0 dϕ^′ ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′

= 2πρ

∫_r2_0 0 dρ^{′2} | |ρ2 − ρ′^2 | | = 2π ρ ln^{ρ2}_{ρ2−r20} (ρ > r_0), ρ ∫_ρ2 0 dρ^{′2} ρ^2−ρ^{′2} + ρ

∫_r2_0

ρ^2 dρ^{′2} ρ^{′2}−ρ^2 (ρ < r0),

(21)

using Dwight 200.03 and 858.525 [16]. Also, using Dwight 858.536 we have, ∫ x^′ dVol^′ R^3 = ∫_{r0} 0 ρ^{′2} dρ^′

∫_{2π} 0 cos ϕ^′ dϕ^′

∫_∞ −∞ dz^′ (ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′ + z^{′2})^{3/2} = ∫_r2_0 0 ρ^′ dρ^{′2}

∫_{2π} 0 cos ϕ^′ dϕ^′ ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′

= 2π 1 rρ ∫_r2_0 0 ρ^{′2} dρ^{′2} ρ^2−ρ^{′2} = ρ ln ρ^2 ρ^2−r^2_0 − r^2_0

ρ (ρ > r_0 > ρ^′), 1 ρ ∫_ρ2 0 ρ^{′2} dρ^{′2} ρ^2−ρ^{′2} + ρ

∫_r2_0

ρ^2 dρ^{′2} ρ^{′2}−ρ^2 (ρ < r0).

(22)

Inserting eqs. (21) and (22) into (20) and recalling eq. (7), we find,

P_{EMP,ϕ} = eB_0 2c r^2_0

ρ (ρ > r_0) ∫_ρ2 0 ρ−ρ^{′2}/ρ ρ^2−ρ^{′2} dρ

′2 = ρ (ρ < r_0) = eA_ϕ(ρ) c . (23)

Thus, the electromagnetic momentum (23) calculated according to Poynting is equal to the canonical electromagnetic momentum (5) for the vector potential (7).

We now evaluate the electromagnetic angular momentum (15) using eq. (19),

L_{EMP} = ∫ r^′ × (E_e × B_0ẑ) 4πc dVol^′ = eB_0 4πc ∫ [x^′, y^′, z^′] × [y^′, ρ − x^′, 0]

R^3 dVol^′ = eB_0 4πc ∫ (x^′ − r)z^′x̂ + y^′z^′ŷ + (x^′ρ − ρ^{′2})ẑ R^3 dVol^′ = eB_0 4πc ẑ ∫ x^′ρ − ρ^{′2} R^3 dVol^′.(24)

We have, ∫ ρ^{′2} dVol^′ R^3 = ∫_{r0} 0 ρ^{′3} dρ^′

∫_{2π} 0 dϕ^′

∫_∞ −∞ dz^′ (ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′ + z^{′2})^{3/2} = ∫_r2_0 0 ρ^{′2} dρ^{′2}

∫_{2π} 0 dϕ^′ ρ^2 + ρ^{′2} − 2ρρ^′ cos ϕ^′

= 2π

∫_r2_0 0 ρ^{′2} dρ^{′2} | |ρ2 − ρ′^2 | | = 2π ρ^2 ln^{ρ2}_{ρ2−r20} − r^2_0 (ρ > r_0), ∫_ρ2 0 ρ^{′2} dρ^{′2} ρ^2−ρ^{′2} +

∫_r2_0

ρ^2 ρ^{′2} dρ^{′2} ρ^{′2}−ρ^2 (ρ < r0).

(25)

Inserting eqs. (22) and (25) into (24) and recalling eq. (7) we find,

L_{EMP} (r) = eB_0 2c ẑ 0 (ρ > r_0) ∫_r2_0

ρ^2 ρ^{′2}−ρ^2 ρ^2−ρ^{′2} dρ

′2 = ρ^2 − r^2_0 (ρ < r_0) = ρ eA_ϕ(ρ) c ẑ + L_{EMP} (0)

= l_{EMM} (r) ẑ + L_{EMP} (0) (infinite solenoid), (26) where,

L_{EMP} (0) = − eB_0r^2_0 2c ẑ (infinite solenoid), (27)

is the electromagnetic angular momentum of an infinite solenoid when charge e is at the origin. When the charge e is outside an infinite solenoid, the electromagnetic momentum density is nonzero only inside the solenoid, where it has roughly the same direction everywhere; there is no moment of electromagnetic momentum (i.e., no electromagnetic angular momentum) about the solenoid axis when ρ > r_0.

The electromagnetic angular momentum (26) in McKenna’s example differs by a constant from the electromagnetic part, (9), of the canonical angular momentum. Both forms imply the same changes in angular momentum as the position of the charge changes, so both forms are adequate to verify conservation of angular momentum during the particle’s motion.

McKenna’s example approximates a real, finite-length solenoid by an infinite solenoid. As was remarked by Romer [4], and more explicitly by Johnson et al. [6], the weak magnetic field outside a long, but finite solenoid contributes in significant measure to the electromagnetic angular momentum, but not to the electromagnetic momentum, when an additional charge is present. We now give a model of the magnetic field outside a long, but finite solenoid which indicates that the electromagnetic angular momentum of a long solenoid plus charge e is the same whether calculated by eq. (9) or by eq. (15).

A useful approximation to the field outside a solenoid of length L ≫ r_0 is to suppose that a pair of magnetic charges of strength ±p, where, p = πr^2_0B_0 4π = B_0r^2_0 4 , (28)

are located on the axis of the solenoid at z = ±L/2. The magnetic flux, 4πp, due to each of the magnetic charges is equal to the flux contained within the solenoid, πr^2_0B_0, which flux then spreads out over all space outside the solenoid. We thereby obtain an estimate for the magnetic field near the plane z = 0 outside the solenoid,

B_z(ρ > r_0, z ≈ 0) ≈ − p L^2(1 + 4ρ^2/L^2)^{3/2} = − r^2_0B_0 4L^2(1 + 4ρ^2/L^2)^{3/2}

. (29)

We can use this approximation to obtain corrections to eqs. (14) and (15) for the electromagnetic momentum and angular momentum. However, it is quicker to use the insight of J.J. Thomson [17, 18, 19], that the electromagnetic momentum vanishes for a pair of electric and magnetic charges, e and p respectively, but their electromagnetic angular momentum according to eq. (15) is, L_{EMP} = ep c r̂_{ep}, (30)

which is directed along the line from the electric charge to the magnetic charge. Then, the electromagnetic angular momentum associated with the exterior magnetic field of the solenoid, as represented by two magnetic charges ±p at z = ±L/2 when charge e is at position (ρ, 0, 0), is,

L_{EMP} = 2 ep c L/2 √ ρ^2 + L^2/4 ẑ ≈ 2 ep c ẑ = eB_0r^2_0 2c ẑ (in exterior field of a long solenoid), (31) where the approximation holds for ρ ≪ L. This result is the negative of eq. (27), so eq. (26) is corrected to become

L_{EMP} (r) = ρ eA_ϕ(ρ) c ẑ = l_{EMM} (r) ẑ (long, but finite solenoid). (32)

2.3.2 Grounded, Shielded Solenoid

If the solenoid coil is encased in a grounded, conducting shield then charge −e is induced on this shield independent of the position of charge e. We suppose that the shield has negligible thickness, so the radial coordinate of the induced charge is r_0. The induced charge has a distribution in coordinates ϕ and z, and the extent of this distribution in z is of order |ρ − r_0| when charge e is at radius ρ.

The calculation of L_{EMP} for charge e did not depend on its position in ϕ or z, so the contribution to the electromagnetic momentum from the charge −e induced at radius ρ = r_0 can be found by appropriate use of the calculations for charge e in sec. 2.3.1.

When charge e is inside a shielded solenoid, an electric field exists only for ρ < r_0, so there is no contribution to the electromagnetic angular momentum from the region outside the magnet. Therefore, the result of eq. (26) for ρ < r_0 correctly describes the electromagnetic angular momentum due to charge e for both an infinite shielded solenoid as well as a long, but finite shielded solenoid. The electromagnetic angular momentum associated with the charge −e that resides on the inner surface of the shield is also described by eq. (26) on setting ρ to r_0 (and changing e to −e), and hence this contribution is zero.

When the charge e is outside the shielded magnet, an electric field exists only for ρ > r_0. In the approximation of an infinite solenoid there is no electromagnetic angular momentum. For a long, but finite solenoid we use eq. (31), but since the total charge is zero, the electromagnetic angular momentum is zero.

In sum, for charge e in the vicinity of a grounded, shielded, finite solenoid the electromagnetic angular momentum is,

L_{EMP,z}(ρ) =

eB_0

2c (ρ^2 − r^2_0) (ρ < r_0),

0 (ρ > r_0). = e[ρA_ϕ(ρ) − r_0A_ϕ(r_0)] c = l_{EMM,z}(ρ), (33)

in agreement with eq. (11) obtained using the canonical electromagnetic momentum.

Turning to the electromagnetic momentum in the case of a shielded solenoid, we immediately see that this is zero when charge e is outside the solenoid. Here, an electric field exists only outside the solenoid, so eq. (23) does not apply when ρ > r_0. Any electromagnetic momentum would be due to the weak magnetic field exterior to the solenoid, but this momentum is zero as argued at the end of sec. 2.3.1 [17, 18].

When charge e is inside a shielded solenoid the electromagnetic momentum is due to the fields of this charge plus those of the charge −e induced on the inner surface of the shield.

The electromagnetic momentum associated with charge e is correctly given by eq. (23) for ρ < r_0, namely P_{EMP,ϕ}(e) = eB_0ρ/2c.

The electromagnetic momentum associated with the induced charge does not depend on the location of this charge in z, so we can evaluate this momentum by supposing that charge e is spread over a line at radius ρ. Then, the electric field due to the induced charge on a shielded solenoid is the same as the field inside a nonconducting solenoid from a line charge −e at radius r^2_0/ρ [13]. We can eq. (23) for ρ^′ = r^2_0/ρ > r_0 and e^′ = −e, since this evaluates the electromagnetic momentum due only to fields inside the solenoid even when the charge is outside. Thus, P_{EMP,ϕ}(induced) = −eB_0r^2_0/2cρ^′ = −eB_0ρ/2c = −P_{EMP,ϕ}(e).

The total electromagnetic momentum is zero for charge e either inside or outside of a grounded, shielded, finite solenoid.

A Appendices

A.1 Azimuthal Symmetry Implies that l_z Is Conserved

One way to deduce the conserved quantities for the particle’s motion is to consider its Lagrangian or Hamiltonian. If an external electromagnetic field is present as well, with electric potential V and vector potential A, the Lagrangian L of the particle can be written as, L = − mc^2 γ + eA · v c − eV, (34)

where v = dr/dt is the particle’s velocity [7]. The canonical momentum associated with a rectangular coordinate x_i is therefore p_i = ∂L/∂ẋ_i, leading to eq. (4). Then, the Hamiltonian H of the system is, H = √ m^2c^4 + ( p − eA c )_2

+ eV. (35)

If the external electromagnetic fields have azimuthal symmetry, then the potentials V and A do also. We consider a cylindrical coordinate system (r, ϕ, z) with the z axis being the axis of symmetry of the fields. Then, both the Lagrangian and the Hamiltonian have no azimuthal dependence, ∂L ∂ϕ = ∂H ∂ϕ = 0, (36)

so the equations of motion (and the identities r = ρρ̂ + zẑ, ṙ = v = ρ̇ρ̂ + ρϕ̇ϕ̂ + żẑ) tell us that the canonical momentum p_ϕ is a constant of the motion (even for time-dependent fields, so long as they are azimuthally symmetric),^5

p_ϕ = ∂L ∂ϕ̇ = ρ ( γmρϕ̇ + eA_ϕ c ) = ρ(p)_ϕ = l_z. (37)

We also see that the canonical momentum p_ϕ can be interpreted as the z component of the canonical angular momentum (6), so l_z is also a constant of the motion.

For completeness, we verify that dl_z/dt = 0 using the Lorentz force law, dP dt = e ( E + v c × B ) = e ( −∇V − 1 c ∂A ∂t + v c × (∇ × A) ) . (38)

5Note that the definition (37) of the canonical momentum p_ϕ leads to the awkwardness that p_ϕ = ρ(p)_ϕ, where (p)_ϕ is the ϕ component of the canonical momentum vector p of eq. (4).

We begin with the ordinary angular momentum L = r × P, and consider the z component of its time derivative, dL_z dt = d(r × P)_z dt = ( r × dP dt ) z = ρ ( dP dt ) ϕ . (39)

From eq. (38) we have, since ∂V/∂ϕ = ∂A_r/∂ϕ = ∂A_z /∂ϕ = 0, ( dP dt ) ϕ = − e c ( ∂A_ϕ ∂t + ρ̇ ρ ∂(ρA_ϕ) ∂ρ + ż ∂A_ϕ ∂z ) = − e cρ ( ∂(ρA_ϕ) ∂t + ρ̇ ∂(ρA_ϕ) ∂ρ + ż ∂(ρA_ϕ) ∂z )

= − e cρ d(ρA_ϕ) dt , (40)

where^d_{dt} when applied to a field such as the vector potential A is the convective derivative associated with the moving particle. Noting that P = γm(ρ̇ρ̂ + ρϕ̇ϕ̂ + żẑ) and ^̇ρ = ϕ̇ϕ̂, we also find, ( dP dt ) ϕ = dP_ϕ dt + ϕ̇P_r = d(γmρϕ̇) dt + γmρ̇ϕ̇ = 1 ρ d(γmρ^2ϕ̇) dt = 1 ρ d(ρP_ϕ) dt . (41)

Combining eqs. (39)-(41), we have, dL_z dt = d(ρP_ϕ) dt = − e c d(ρA_ϕ) dt . (42)

Hence, d dt [ ρ ( P_ϕ + e c A_ϕ )] = dl_z dt = dp_ϕ dt = 0, (43)

as found by the Lagrangian method as well.

A.2 Verification That l_z = 0 Throughout the Particle’s Motion

We look for possible changes in the canonical angular momentum as the particle traverses the magnetic field.

If suffices to consider the case that the trajectory of the particle is in a plane perpendicular to the magnetic axis, and that the velocity of the particle is small compared to the speed of light.^6

Inside the uniform solenoidal magnetic field B = B_0ẑ, the trajectory of the particle is a circle whose radius R can be obtained from the Lorentz force law F = ma = ev/c × B. For motion in a plane perpendicular to the magnetic axis the acceleration is a = v^2/R,

mv^2 R = e v c B_0, (44)

so that the radius of the circular motion is, R = cP eB_0

. (45)

6See [20] for a discussion of the general case of motion of relativistic charged particles in a solenoid field.

When the charge particle has reached point (ρ, ϕ) its trajectory is an arc of angle θ on a circle of radius R, as shown in the figure below. The azimuthal component P_ϕ of the particle’s mechanical momentum is negative in the righthanded coordinate system, and is given by, P_ϕ = −P cos α, (46) where angles α and ϕ are related by, α = π 2 − ϕ 2 . (47)

Thus, P_ϕ = −P cos ( π 2 − θ 2 ) = −P sin θ 2 . (48)

The lengths ρ and R are related by,

ρ = 2R sin θ 2 = 2cP eB_0 sin θ 2 , (49)

using eq. (45) for R. The vector potential is, A_ϕ = ρB_0/2 according to eqs. (7), so,

A_ϕ = ρB_0 2 = cP e sin θ 2 , (50)

Finally, the z-component of the canonical angular momentum (8) of the particle + field is,

l_z = ρ ( P_ϕ + e c A_ϕ ) = ρ ( −P sin θ 2 + e c cP e sin θ 2 ) = 0 (ρ < r_0). (51)

We learn that the electromagnetic part of the particle’s angular momentum exactly cancels its mechanical part, and the total (canonical) angular momentum of the particle in the field is zero at any point inside the magnet.^7

For completeness, we verify that l_z = 0 for the particle’s motion outside the magnet. Referring to the figure below, we again write,

P_ϕ = −P cos α. (52)

We now have, r_0 = 2R sin θ 2 = 2cP eB_0 sin θ 2 . (53)

We relate the distances ρ and r_0 via the law of sines, ρ sin γ = r_0 sin β

, (54)

where, β = π 2 − α, γ = π − θ 2 . (55)

Hence, ρ = r_0 sin^θ_2 cos α

, (56)

7If the particle is created at a point not on the magnetic axis, its initial canonical angular momentum is nonzero. However, this value does not change during the particle’s subsequent motion in the magnetic field, so there is again no transfer of angular momentum between the particle and the solenoid during the particle’s motion. There is, of course, a tiny “kick” given to the solenoid at the moment of the particle’s creation if this occurs away from the magnetic axis. In the case of radioactive decay, the direction of this initial “kick” is random, and the solenoid would not turn preferentially in one direction as is desirable for a motor.

For ρ > r_0, the vector potential is, using eqs. (7), (53) and (56),

A_ϕ = r^2_0B_0 2ρ = r_0B_0 cos α 2 sin^θ_2 = cP e cos α. (57)

Again, we find that the z-component of the canonical angular momentum of the particle + field vanishes,

l_z = ρ ( P_ϕ + e c A_ϕ ) = ρ ( −P cos α + e c cP e cos α ) = 0 (ρ > r_0). (58)

A.3 Equivalence of the Maxwell and Poynting Forms of Electromagnetic (Angular) Momentum for Static Fields

This Appendix is based on an argument by Vladimir Hnizdo. See also [21].

Static electromagnetic fields E and B can be characterized by the time-independent Maxwell equations, ∇ · E = 4πϱ, ∇ × E = 0, (59) where ϱ is the electric charge density, and,

∇ · B = 0, ∇ × B = 4π c J, (60)

which implies that the time-independent current density J satisfies ∇ · J = 0.

For present purposes we can avoid use of the current density J and instead consider the vector potential A, which has zero divergence in the Coulomb gauge (and also in the Lorentz gauge for static problems), B = ∇ × A, ∇ · A = 0. (61) To confirm that the electromagnetic momentum,

P_{EMM} = ∫ ϱA c dVol (62)

is equal to, P_{EMP} = ∫ E × B 4πc dVol, (14)

and that the electromagnetic angular momentum,

L_{EMM} = ∫ r × P_{EMM} dVol = ∫ r × eA c dVol (63)

is equal to, L_{EMP} = ∫ r × (E × B) 4πc dVol, (15)

we show that E × B is equal to ϱA plus the divergence of a vector field, and that r × (E × B) is equal to r × ϱA plus the divergence of another vector field. Then, we transform the volume integrals of the auxiliary vector field into surface integral using Gauss’ law, and if the auxiliary field fall off sufficiently quickly with distance the equivalence of the various forms of electromagnetic momenta is established.

Also, we are cautioned that the equivalence may not hold in idealizations such as an infinite solenoid, in which the field does not fall off rapidly in all directions.

In addition to well-known vector calculus relations, it is useful to define a combined operation,

∇ · ab ≡ (∇ · a)b + (a · ∇)b = (∇ · b_xa) x̂ + (∇ · b_ya) ŷ + (∇ · b_za) ẑ. (64)

Then,

E × B = E × (∇ × A) = ∇(A · E) − (A · ∇)E − (E · ∇)A − A × (∇ × E) = (∇ · E)A + ∇(A · E) − [(∇ · E)A + (A · ∇)E] − [(∇ · A)E + (E · ∇)A] = 4πϱA + ∇(A · E) − ∇ · EA − ∇ · AE, (65)

so that,

P_{EMP} = ∫ E × B 4πc dVol = ∫ ϱA c dVol + ∮ (A · E) dArea − ∮ E(A · dArea) − ∮ A(E · dArea) = ∫ ϱA c dVol = P_{EMM} . (66)

The surface integrals in eq. (66) are negligible when the charges and currents that create the electric field E and the vector potential A lie within a finite volume that is small compared to the volume of integration, and when radiation can be neglected.

We now evaluate eq. (15) by taking the cross product of eq. (65) with r and further transforming the various terms. Thus,

r × ∇(A · E) = −∇ × (A · E) r + ∇(A · E)∇ × r = −∇ × (A · E) r. (67)

Now,

[r × ∇ · EA]_x = y∇ · (A_zE) − z∇ · (A_yE) = ∇ · (yA_zE) − A_zE · ∇y − ∇ · (zA_yE) + A_yE · ∇z = A_yE_z − A_zE_y + ∇ · (yA_zE) − ∇ · (zA_y E) = [A × E]_x + ∇ · ([r × A]_xE), (68) so, [r × ∇ · AE]_x = [E × A]_x + ∇ · ([r × E]_xA), (69) and,

[r × ∇ · EA]_x + [r × ∇ · AE]_x = ∇ · ([r × A]_xE) + ∇ · ([r × E]_xA). (70)

Hence,

L_{EMP} = ∫ r × (E × B) 4πc dVol = ∫ r × ϱA c dVol − ∮ (A · E) dArea × r − ∮ r × E(A · dArea) − ∮ r × A(E · dArea) = ∫ r × ϱA c dVol = L_{EMM} . (71)

The arguments of the surface integrals in eq. (71) vanish less quickly with distance than those in eq. (66), so in some cases (such as McKenna’s example) with sources of infinite extent we may find that P_{EMP} = P_{EMM} but L_{EMP} ≠ L_{EMM} .

The equivalence of P_{EMP} and P_{EMM} extends to nonstatic systems in which the currents do not satisfy ∇ · J = 0, so long as the velocities of all charges are low and radiation can be neglected [22, 23].

References

[1] R.P. McKenna, Case of the Paradoxical Invention, Analog 75, No. 1, 14 (1965),

http://kirkmcd.princeton.edu/examples/EM/mckenna_analog_75_1_14_65.pdf

[2] K.T. McDonald, Electromagnetic Field Angular Momentum of a Charge at Rest in a Uniform Magnetic Field (Dec. 21, 2014),

http://kirkmcd.princeton.edu/examples/lfield.pdf

[3] R.H. Romer, Angular Momentum in Static Electromagnetic Fields, Am. J. Phys. 34, 772 (1966), http://kirkmcd.princeton.edu/examples/EM/romer_ajp_34_772_66.pdf

[4] R.H. Romer, Electromagnetic Angular Momentum, Am. J. Phys. 35, 445 (1967),

http://kirkmcd.princeton.edu/examples/EM/romer_ajp_35_445_67.pdf

[5] W.H. Furry, Examples of Momentum Distributions in the Electromagnetic Field and in Matter, Am. J. Phys. 37, 621 (1969),

http://kirkmcd.princeton.edu/examples/EM/furry_ajp_37_621_69.pdf

[6] F.B. Johnson, B.L. Cragin and R.R. Hodges, Electromagnetic momentum density and the Poynting vector in static fields, Am. J. Phys. 62, 33 (1994),

http://kirkmcd.princeton.edu/examples/EM/johnson_ajp_62_33_94.pdf

[7] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), sec. 16, http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[8] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125 (1832), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[9] M. Faraday, Experimental Researches in Electricity.—Thirteenth Series, Phil. Trans.

Roy. Soc. London 128, 125 (1838),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_125_38.pdf

[10] M. Faraday, Experimental Researches in Electricity.—Fourteenth Series, Phil. Trans.

Roy. Soc. London 128, 265 (1838),

http://kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_265_38.pdf

[11] M. Faraday, On the Physical Character of the Lines of Magnetic Force, Phil. Mag. 3, 401 (1852), kirkmcd.princeton.edu/examples/EM/faraday_pm_3_401_52.pdf

[12] Secs. 22-24 and 57 of J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc. London 155, 459 (1865),

http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[13] See, for example, prob. 11 of K.T. McDonald, Ph501 Problem Set 3,

http://kirkmcd.princeton.edu/examples/ph501set3.pdf

[14] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

http://kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[15] H. Poincaré, La Théorie de Lorentz et la Principe de Réaction, Arch. Neer. 5, 252 (1900), http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00.pdf Translation: The Theory of Lorentz and the Principle of Reaction,

http://kirkmcd.princeton.edu/examples/EM/poincare_an_5_252_00_english.pdf

[16] H.B. Dwight, Tables of Integrals and Other Mathematical Data, 4^{th} ed. (Macmillan, 1961), http://kirkmcd.princeton.edu/examples/EM/dwight_57.pdf

[17] J.J. Thomson, Electricity and Matter (Constable, London, 1907), pp. 29-35,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_matter_07.pdf

Elements of the Mathematical Theory of Electricity and Magnetism, 5^{th} ed. (Cambridge U. Press, 1921), pp. 387-406,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_magnetism_21.pdf

[18] I. Adawi, Thomson’s monopoles, Am. J. Phys. 44, 762 (1976),

http://kirkmcd.princeton.edu/examples/EM/adawi_ajp_44_762_76.pdf

[19] K.R. Brownstein, Angular momentum of a charge-monopole pair, Am. J. Phys. 57, 420 (1989), http://kirkmcd.princeton.edu/examples/EM/brownstein_ajp_57_420_89.pdf

[20] K.T. McDonald, A Neutrino Horn Based on a Solenoid Lens (Dec. 1, 2003),

http://kirkmcd.princeton.edu/examples/solenoid_lens.pdf

[21] K.T. McDonald, Four Expressions for Electromagnetic Field Momentum (Apr. 10, 2006), http://kirkmcd.princeton.edu/examples/pem_forms.pdf

[22] E.J. Konopinski, What the electromagnetic vector potential describes, Am. J. Phys. 46, 499 (1978), http://kirkmcd.princeton.edu/examples/EM/konopinski_ajp_46_499_78.pdf

[23] J.D. Jackson, Relation between Interaction terms in Electromagnetic Momentum ∫ d^3x E × B/4πc and Maxwell’s eA(x, t)/c, and Interaction terms of the Field La-

grangian L_{em} = ∫ d^3x [E^2 −B^2]/8π and the Particle Interaction Lagrangian, L_{int} = eϕ−

ev · A/c (May 8, 2006), http://kirkmcd.princeton.edu/examples/EM/jackson_050806.pdf