Forces on Magnetic Dipoles

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (October 26, 2014; updated December 24, 2018)

1 Problem

Deduce expressions for the force on a permanent Ampèrian magnetic dipole with moment m_A (due to a loop of electrical current), and for the force on a permanent Gilbertian magnetic dipole m_G (due to a pair of opposite magnetic charges), when the dipoles are (instantaneously at rest in an external electromagnetic field.

Experiments have been performed^1 to determine whether a neutron [6] has an Ampèrian or a Gilbertian magnetic dipole moment, by studying the interaction of neutrons with magnetized foils. The conclusion is that the neutron has an Ampèrian magnetic moment. To accommodate this case, your analysis should consider that the test moment m is inside a magnetic material.

Consider also the case that the external fields include (possibly time-dependent) electric fields, and comment on “hidden momentum” [7] of the system.

2 Solution

2.1 Electrodynamics with Both Electric and Magnetic Charges

This section follows [8].

When Heaviside [9] first presented Maxwell’s equations [10] in vector notation he assumed that in addition to electric charge and current densities, ρ_e and J_e, there existed magnetic charge and current densities, ρ_m and J_m, although there remains no experimental evidence for the latter.^2 Maxwell’s equations for microscopic electrodynamics are then (in SI units),

∇ · ϵ_0E = ρ_e, ∇ · B μ_0

= ρ_m, −c^2∇ × ϵ_0E = ∂ ∂t B μ_0

+ J_m, ∇ × B μ_0 = ∂ϵ_0E ∂t + J_e, (1)

where c = 1/ √ ϵ_0μ_0 is the speed of light in vacuum. In macroscopic electrodynamics we consider media that contain volume densities of electric- and Ampèrian magnetic-dipole moments, P_e and M_e, respectively (often called the densities of polarization and magnetization). Supposing that magnetic charges exist, the media could also contain volume densities of (Gilbertian) electric- and magnetic-dipole moments, P_m and M_m, respectively. These densities can be associated with bound charge and current densities, which together with the “free” charge and current densities ρ̃_e, J̃_e, ρ̃_m and J̃_m comprise the total charge and current densities, and are related by,

ρ_e = ρ̃_e − ∇ · P_e, J_e = J̃_e +

∂P_e ∂t + ∇ × M_e, (2)

1The pioneering experiments are [1]-[4]. For a review that emphasizes the physics principles, see [5]. 2Heaviside seems to have regarded magnetic charges as “fictitious”, as indicated on p. 25 of [11].

ρ_m = ρ̃_m − ∇ · M_m, J_m = J̃_m +

∂M_m ∂t − c^2∇ × P_m. (3)

It is customary in macroscopic electrodynamics to use versions of Maxwell’s equations in which only “free” charge and current densities appear. For this we introduce the fields^3

D_e = ϵ_0E + P_e, H_e = B μ_0

− M_e, D_m = E μ_0

− c^2P_m, H_m = B μ_0

+ M_m, (4)

such that D_e and H_m, and also H_e and D_m, have similar forms, and,

∇ · D_e = ρ̃_e, ∇ · H_m = ρ̃_m, −∇ × D_m =

∂H_m ∂t + J̃_m, ∇ × H_e =

∂D_e ∂t + J̃_e. (5)

where in the absence of magnetic charges D_e and H_e are the familiar fields D and H.^4 In static situations with no “free” currents J̃_e or J̃_m the curls of both D_m and H_e are zero and these fields can be deduced from scalar potentials V_e and V_m,

∇ × D_m = 0 ⇔ D_m = −∇V_e, ∇ × H_e = 0 ⇔ H_e = −∇V_m. (6)

We can associate potential energies,

U_e = μ_0q_eV_e, U_m = μ_0q_mV_m, (7)

with electric and magnetic “test” charges q_e and q_m in scalar potentials due to other charges. If those other charges are held fixed, the forces on the “test” charges can be written as,

F_e = −q_e∇V_e = μ_0q_eD_m, F_m = −q_m∇V_m = μ_0q_mH_e. (8)

The magnetic version of eq. (8) was introduced by Poisson [17], and Maxwell [16] reflected this tradition by calling H_e = H the magnetic force (per unit magnetic charge) and B the magnetic induction. Note that eq. (8) holds in media with nonzero, static densities P_e, P_m, M_e and M_m; the forces on charges inside static electromagnetic media are not q_eE or q_mB/μ_0.^{5,6} This contrasts with force calculations for the effective magnetic-charge density,

3The forms (4) were suggested to the author by David Griffiths in a comment on an early draft of the note [8]. Such “double” D and H fields were anticipated by Heaviside [12], who wrote H for H_e and h_0 for H_m near his eq. (88). Our eq. (4) appears as eq. (5.9) of [13], in Gaussian units, where P → P_e, M → M_e, P^⋆ → P_m, M^⋆ → M_m, D → D_e, H → H_e, E^⋆ → D_m, B^⋆ → H_m. See also in sec. 4 of [14], with the identifications that ē → E, b̄ → B, p → P_e, m → M_e, m^⋆ → P_m, p^⋆ → M_m, D → D_e, H → H_e, E → D_m, B → H_m.

4The relation B = μ_0(H + M) (or B = H + 4πM in Gaussian units) seems to have been first introduced by W. Thomson in 1871, eq. (r), p. 401 of [15], and appears in sec. 399 of Maxwell’s Treatise [16].

5The notion of the force on a static “test” charge inside a macroscopic medium is somewhat contradictory, in that the macroscopic fields are based on averages over volumes larger than atoms/molecules. People often suppose the test charge to be inside a cavity whose volume is at least as large as an atom/molecule, but then the magnitude of the force depends on the shape of the cavity (pp. 290-293 of [17], sec. 517 of [15], Arts. 395-400 of [16]). A more meaningful issue is the force on a “test” charge that moves through the medium, thereby sampling the microscopic fields in a way that can be well approximated in terms of the macroscopic fields. See also sec. 8 of [18].

6In sec. 400 of [16], Maxwell noted that (in Gaussian units) the H field inside a disk-shaped cavity with axis parallel to B and H inside a magnetic medium has H_{cavity} = B_{cavity} = B_{medium} = H_{medium} + 4πM, so that in this case one could say that the force on a magnetic charge q_m in the cavity is F_m = q_mH_{cavity} = q_mB_{medium}. The led Maxwell to the characterization of B as the “actual magnetic force”, which this author finds misleading.

ρ_{m,eff} = −∇ · M_e, which represent effects of Ampèrian currents, as discussed in Appendix A of [8].

As noted in [19] and on p. 429 of [20], if a magnetic charge q_m could be made to move around a loop some or all of which lies inside an Ampèrian magnetic material where B does not equal μ_0H_e (and hence ∇ × B is nonzero around the loop), then energy could be extracted from the system each cycle if the force were q_mB/μ_0, and we would have a perpetual-motion machine. Similarly, if an electric charge q_e could be made to move around a loop some or all of which lies inside a Gilbertian magnetic material where E does not equal D_m/ϵ_0 (and hence ∇ × E is nonzero around the loop), then energy could be extracted from the system each cycle if the force were q_eE, and we would again have a perpetual-motion machine.

The electromagnetic force on a moving electric charge q_e and magnetic charge q_m, each with velocity v, is, in microscopic electrodynamics,^{7,8,9,10}

F_e = q_e(E + v × B) = μ_0q_e (D_m + v × H_m) , (9)

F_m = q_m ( B − v c^2 × E ) = μ_0q_m(H_e − v × D_e). (10)

It has been verified [32] that the deflection of high-energy electrically charged particles as they pass through magnetized iron depends on B and not μ_0H_e (assuming the magnetization of iron is Ampèrian), nor on μ_0H_m (assuming the magnetization of iron is Gilbertian, which confirms eq. (9) and that the magnetization of iron, i.e., of electrons, is not Gilbertian (and hence is Ampèrian). See also [33, 34, 35].

In macroscopic electrodynamics the Lorentz force law for the force density f on “free” charge and current densities takes the forms,^{11,12}

f_e = ρ̃_eE + J̃_e × B, [and not μ_0(ρ̃_eD_m + J̃_e × H_m)], (11)

f_m = μ_0(ρ̃_mH_e − J̃_m × D_e), [and not ρ̃_mB −

J̃_m c^2

× E], (12)

7Lorentz advocated the form F_e = μ_0q_e(D_e + v × H_e) in eq. (V), sec. 12 of [21], although he seems mainly to have considered its use in vacuum. See also eq. (23) of [22]. That is, Lorentz considered D_e and H_e, rather than E and B, to be the microscopic electromagnetic fields.

8Maxwell discussed the “Lorentz” force law in Arts. 599-603 of [16], but made almost no use of it. It is generally considered that Heaviside first gave the Lorentz force law (9) for electric charges in [23], but the key insight is already visible for the electric case in [9] and for the magnetic case in [24]. The form of F_m in terms of B and E is implicit in eq. (7) of [25] and explicit in sec. 28B of [26]. See also [27, 28].

9For the macroscopic equations to appear as in eq. (5), as given, for examples, in sec. 7.3.4 and prob. 7.60 of [29], the Lorentz force law must have the form (10) for magnetic charges. One can also redefine the strength of magnetic charges, ρ_m → ρ_m/μ_0, J_m → J_m/μ_0, which leads to the forms given, for example, in sec. 6.11 of [30]. These alternative definitions echo a debate initiated by Clausius in 1882 [31].

10Consistency of the Lorentz force law with special relativity requires that either E and B or D_e and H_e or D_m and H_m appear in F_e and in F_m (see Appendix B of [8]).

11A subtlety is that the field B in the first form of eq. (11) is not the total field, but rather the field at the location of the free current that would exist in its absence. See, for example, [36], especially sec. 4.

12In 1908-10, Einstein argued that the Lorentz force law should take the form f_e = μ_0(ρ̃_eD_e + J̃_e × H_e) inside materials [37, 38, 39, 40], perhaps based on a misunderstanding discussed in [41], or that discussed in sec. 2.3.1 below. This misunderstanding underlies the recent “paradox” of Mansuripur [42].

based on a consistency argument involving Poynting’s theorem [8] (as also required not to have magnetic perpetual-motion machines).^{13,14,15,16,17}

In a search for an isolated magnetic charge q_m in media that otherwise contain only electric charges and currents, D_e → D, D_m → E/μ_0, H_e → H, H_m → B/μ_0, the Lorentz force law reduces to,

F_e = q_e(E + v_e × B), F_m = μ_0q_m(H − v_m × E). (15)

2.2 Force on an Ampèrian Magnetic Dipole at Rest

We can now evaluate the force on an Ampèrian magnetic dipole at rest, taking this to be a loop of free electrical current density J̃_e that is electrically neutral, perhaps due to a “lattice” of opposite electrical charges at rest. Then, according to eq. (11) the force density on this current is J̃_e × μ_0H_{m,i} dVol, where H_{m,i} is the “initial” field in the medium in the absence of the magnetic dipole [43]. Ignoring variations of the external field over the thickness of

13The form (12) is also affirmed in [14] via considerations of a magnetic current in a “wire” surrounded by a dielectric medium. The issues here are somewhat different from those for the force on individual moving charges, but are similar to those considered in [43] for an electrical current in a wire inside a magnetic medium.

14It is argued in [13] that a slowly moving magnetic charge perturbs electric polarization of a dielectric medium in such a way that the velocity-dependent force is −q_mv × ϵ_0E, where E = D/ϵ is the electric field in the absence of the moving magnetic charge. The argument of [13] seems to this author to be a variant of sec. 400 of [16] in which it is supposed that the charge resides in a “cavity” whose surface details affect the fields experienced by the charge. Such arguments assume that the charge occupies a volume at least equal to one atom/molecule of the medium, which might have seemed reasonable to Maxwell but is not consistent with our present understanding of the size of elementary charges. The results of [32] show that a moving electric charges does not create a “cavity” inside a magnetic medium wherein the average B field differs from the macroscopic average B field in the absence of the charge. See also [33, 34, 35]. We infer that a moving magnetic charge would experience an average D inside a dielectric medium equal to the macroscopic average D field in the absence of the charge.

15The Poynting vector is,

S = μ_0D_m × H_e (all media), (13)

and the density u of stored energy associated with the electromagnetic fields is,

u = μ_0

D_e · D_m + H_e · H_m 2 (linear media). (14)

That Poynting’s theorem retains its usual form when magnetic charges are present is discussed by Heaviside in sec. 19 of [12]. That the form of the Lorentz force law for magnetic charge and current densities is given by eqs. (11)-(12) is consistent with Heaviside’s argument; for example, his eq. (88), but is not explicitly stated. See also sec. 50, p. 49 of [11].

16A peculiar argument that the “ordinary” form of Poynting’s theorem implies the existence of magnetic charges is given in sec. 7.10 of [44]; thus misunderstanding is clarified in [45].

17The extension of Poynting’s theorem to momentum flow, with the implication that μ_0D_e × H_m is the density of stored momentum, as argued by Minkowski [46], remains valid if the Lorentz force law for magnetic charges is given by eqs. (11)-(12), but not for other forms, as discussed in sec. V of [13]. See also Appendix C of [8].

the “wire” of the loop, we write the force density in the Biot-Savart form I dl × μ_0H_{m,i}, and note that the magnetic dipole moment is m_A = IArea. Then, the force on this Ampèrian loop of current is,^{18}

F_A = I ∮ dl × μ_0H_{m,i} = I ∫ (dArea × ∇) × μ_0H_{m,i} = I ∫ ∇(dArea · μ_0H_{m,i}) − I ∫ dArea (∇ · μ_0H_{m,i})

= ∇(m_A · μ_0H_{m,i}) − m_A(∇ · μ_0H_{m,i}) = ∇(m_A · μ_0H_{m,i}) − μ_0m_Aρ̃_{m,i} = (m_A · ∇)μ_0H_{m,i} + m_A × (∇ × μ_0H_{m,i}) − μ_0m_Aρ̃_{m,i} (16)

= (m_A · ∇)μ_0H_{m,i} + m_A × μ_0

∂D_{e,i} ∂t + μ_0m_A × [J̃_{e,i} + ∇ × (M_{m,i} + M_{e,i})] − μ_0m_Aρ̃_{m,i},

via a variant of Stokes’ theorem [48], and eqs. (1)-(5).

If we suppose that the medium surrounding the magnetic dipole m_A has no electric polarization P_e, no free electrical current density J̃_e, and no free magnetic charge density ρ̃_m, then,^{19}

F_A = ∇(m_A · μ_0H_{m,i})

= (m_A · ∇)μ_0H_{m,i} + m_A × 1 c^2

∂E_i ∂t + m_A × μ_0[∇ × (M_{m,i} + M_{e,i})] . (17)

If we also suppose that no magnetic charges/dipoles exist, i.e., that all magnetization is Ampèrian, then (writing M_A for M_e),^{20}

F_A = ∇(m_A · B_i) = (m_A · ∇)B_i + m_A × 1 c^2

∂E_i ∂t + m_A × μ_0(∇ × M_{A,i}) , (18)

We consider the force on a moving Ampèrian magnetic dipole in sec. 2.6.

2.3 Force on a Gilbertian Magnetic Dipole at Rest

We consider a Gilbertian magnetic dipole m_G at position x consisting of free magnetic charges ±q_m at positions x ± s/2 such that m_G = q_m s. The dipole is at rest, but the

18A more general argument would consider the magnetic dipole as due to a current density J̃_e as in sec. 12.4.1 of [47]. Then, the first term in the third line of eq. (16) would become m_{A,k}∇μ_0H_{m,i,k}. For a constant magnetic moment m_A this term readily transforms to ∇(m_A · μ_0H_{m,i}), but for, say, a diamagnetic moment, the alternative form should be used, leading to ∇(m_A · μ_0H_{m,i}/2).

19The form (17) is implicit in the quantum argument of Schwinger [49] (at age 19), but eq. (16) may have first been given in eq. (5) of [45].

20While this note is primarily about permanent magnetic moments, we can also consider moments that are affected by the magnetic field, such as m_A = χB_i, where χ < 0 corresponds to a diamagnetic moment and χ > 0 is a paramagnetic moment. From the use of Stokes’ theorem in eq. (16), we see that the operator ∇ is not meant to act on the dipole m_A in ∇(m_A · B_i) = (m_A · ∇)B_i + m_A × (∇ × B_i). If m_A = χB_i then ∇(m_A · B_i) = χ∇(B^2_i ) = 2χ[(B_i · ∇)B_i + B_i × (∇ × B_i)] = 2[(m_A · ∇)B_i + m_A × (∇ × B_i)] = 2F_A.

If we write F_A = −∇U, then U = −m_A · B_i for fixed |m_A|, but U = −m_A · B_i/2 = −χB^2_i /2 when m_A = χB_i. This last result is deduced by rather different arguments in eq. (32.8) of [50], where B_i is written as H.

separation s could be changing with time (in magnitude and/or direction) such that,

dm_G dt = q_m [ d(x + s/2) dt − d(x − s/2) dt ] = q_m ds dt . (19)

Associated with this time dependence is the free magnetic current density J̃_m = q_m ds/dt = dm_G/dt. The Lorentz force (12) on the Gilbertian dipole is then,

F_G = μ_0q_m[H_{e,i}(x + s/2) − H_{e,i}(x − s/2)] − μ_0 dm_G dt × D_{e,i}

= (m_G · ∇)μ_0H_{e,i} − dm_G dt × E_i c^2 = ∇(m_G · μ_0H_{e,i}) − m_G × (∇ × μ_0H_{e,i}) − dm_G dt × E_i c^2 = ∇(m_G · μ_0H_{e,i}) − μ_0m_G × J̃_{e,i} − m_G × 1 c^2

∂E_i ∂t − dm_G dt × E_i c^2 = ∇(m_G · μ_0H_{e,i}) − d dt m_G × E_i c^2

, (20)

supposing that the medium surrounding the magnetic dipole has no electric polarization P_e and no free electrical current J̃_{e,i}.^{21} If we also suppose that the last term in eq. (20) can be ignored, then^{22}

F_G = ∇(m_G · μ_0H_{e,i}). (21)

If we keep the last term in eq. (20) but suppose that all magnetization is due to Gilbertian dipoles, such that M_e = M_A = 0 and μ_0H_e = B, then,

F_G = (m_G · ∇)B_i − dm_G dt × E_i c^2 = ∇(m_G · B_i) − d dt m_G × E_i c^2

. (22)

2.3.1 The Einstein-Laub Force on Magnetic Dipoles

In 1908 Einstein and Laub gave the force density on magnetization M in a static case as eq. (7) of [38],

f_{E−L} = (M · ∇)μ_0H. (23)

After their eq. (3) Einstein and Laub said: We think of electric and magnetic polarizations, respectively, as consisting of spatial displacement of electric and magnetic mass particles of dipoles that are bound to equilibrium positions. This appears to imply that in 1908 they considered that magnetization is Gilbertian, i.e., associated with pairs of opposite, true magnetic charges, even though they use ∇ · B = 0 with its implication that isolated, true

21The first form of eq. (20) was given as eq. (6) of [45].

22The form (21) is implicit in the papers of Bloch [51, 52] that started the debate as to the relation between character of the magnetic moment of the neutron and forces on it.

magnetic charges do not exist. Their expression (23) assumes the force on a magnetic charge q_m (at rest) is F_m = μ_0q_mH as holds for true (Gilbertian) magnetic charges, rather than F_m = q_{m,eff} B as holds for effective (fictitious) magnetic charges associated with Ampèrian magnetization M_e according to ρ_{m,eff} = −∇ · M_e, as reviewed in the Appendix. However, they seem to have missed the insight of Heaviside [12] that Gilbertian magnetization M_m would be associated with a different field H field, H_m of eq. (4), than the “ordinary” field H_e associated with Ampèrian magnetization M_e.

As such, their force law (23) for magnetization agrees with none of eqs. (17)-(18) or (22) in the static limit. It does agree with the second line of eq. (20) under the physically doubtful hypothesis that the test magnetization is Gilbertian, but the H field is that (H_e) associated with Ampèrian magnetization.^{23}

2.4 Interactions of Neutrons with Magnetized Foils

The experiments on neutron scattering by magnetized foils [1]-[4] were interpreted via quantum scattering computations [49, 51]-[54] in the Born approximation, which are based on interaction potentials rather than forces. If we ignore the possibility of spin-flip interactions, the forces (17) and (21) correspond to interaction potentials,

U_A = −m_A · μ_0H_{m,i}, and U_G = −m_G · μ_0H_{e,i}. (24)

Most discussions of the experiments tacitly assume that the magnetization of the foils is Ampèrian, in which case,

U_A = −m_A · B_i, U_G = −m_G · μ_0H_{e,i} = −m_G · μ_0H_i (Ampèrian magnetization),(25)

and the debate is often characterized as whether the neutron magnetic moment couples to B or to H. However, it could be that the magnetization is Gilbertian, in which case,

U_A = −m_A · μ_0H_{m,i}, U_G = −m_G · B_i (Gilbertian magnetization). (26)

Thus, it is not immediately obvious whether the character of the neutron magnetic moment can be determined by the scattering experiments unless the character of the magnetization known.

2.4.1 The Scattering Experiments

One of the neutron-scattering experiments involved reflection [1, 2], and the other involved transmission [3, 4]. In both experiments the neutrons were randomly polarized, i.e., the direction of the magnetic momentum m varied randomly from event to event. The foils were placed inside a large external magnetic field B_0 = μ_0H_0, parallel to the plane of the foil, such that the magnetization M of the foils was in the plane of the foils. Hence, we expect that B, H_e and H_m inside the foil all lie in its plane. The direction of B_0/H_0, and hence of M, could be varied within the plane of the foils.

23The form (23) would be a useful hypothesis in a search for isolated Gilbertian dipoles inside a magnetic material that consists predominantly of Ampèrian dipoles.

Neutron scattering was observed for various directions of M, and various scattering angles, all of which were small in the reflection experiment [1, 2]. The interpretation of the results in terms of forces, rather than via Born-approximation integrals over the interaction potentials, is more straightforward for the reflection experiment (as noted in [5]).

2.4.2 Ampèrian Magnetization

If the magnetization of the foil is Ampèrian, M_i = M_{e,i}, and ∇ × H_{e,i} = 0 according to eq. (5), so the tangential component of H_{e,i} = H_i is continuous across the surface of the foil. Outside the foil, H_i ≈ H_0, which is tangential, so we infer that H_i ≈ H_0 and B_i = μ_0(H_0 + M_{e,i}) inside the foil. Thus, H_i = H_0 everywhere, while B_i = μ_0H_{m,i} is different inside and outside the foil. According to eq. (17) a neutron with Ampèrian moment m_A would be affected by such magnetization, whereas according to eq. (21) neutrons with Gilbertian moment m_G would show no effect.

A simplified interpretation of the data [1, 2] is that the magnetization of the foil does have an effect on the small-angle reflective scattering, so if the magnetization is Ampèrian, the magnetic moment of the neutron is also Ampèrian.

2.4.3 Gilbertian Magnetization

If the magnetization of the foil is Gilbertian, such that M_{e,i} = 0, then B_i = μ_0H_{e,i}, and ∇ × B_i = ∇ × μ_0H_{e,i} = 0. Hence, the tangential component of B_i is continuous at the foil surface, and since outside the foil B_i = B_0, which is tangential, we infer that B_i = μ_0H_{e,i} = B_0 everywhere. In this case, there would again be no force on a Gilbertian magnetic moment m_G according to eq. (21), but since H_{m,i} = B_0/μ_0 − M_{m,i} is different inside and outside of the foil, there would again be a force on an Ampèrian magnetic moment m_A according to eq. (17).

Since the data show that the neutron was affected by the magnetization of the foil, we again conclude that the magnetic moment of the neutron is Ampèrian, even if the magnetization of the foil is Gilbertian.

Thus, from the reflection experiment alone, we infer that the neutron has an Ampèrian magnetic moment, but we cannot decide whether the magnetization of the foil is Ampèrian or Gilbertian.

2.4.4 Comments

Fermi [55] gave a quantum argument in 1930 that details of the hyperfine interaction imply that the magnetic moment of nuclei (including the proton) is Ampèrian.^{24} This preceded the “discovery” of the neutron [6], and apparently most people did not make the connection that Fermi’s argument implies that the magnetic moment of the neutron is Ampèrian.

24Fermi’s argument is reviewed in secs. 5.6-7 of [30], and in greater detail in [56] (which also reviews neutron scattering assuming the foils have Ampèrian magnetization). Doubt as to the validity of Fermi’s argument is expressed in [57], using a classical model of electrons in atoms as moving in loops, which seems irrelevant to the S-wave hyperfine interaction.

As noted in [56], Fermi’s argument can also be applied to positronium (e^+e^−) and to muonium (e^±μ^∓), in which cases the “nucleus” is an electron or muon, such that the data indicate the magnetic moments of electrons and muons to be Ampèrian.

The experiment of Rasetti [32] (a former student of Fermi) in 1944 indicated that the force on a moving electric charge is qv ×B_i inside magnetized iron, with the implication that magnetization of iron is Ampèrian (as noted on p. 3, after eq. (10)), although this appears to have been little recognized at the time.^{25} See also [33, 34, 35].

2.5 “Hidden” Momentum

It remains to discuss the versions of eqs. (17) and (20) that exhibit effects of time-varying electric fields (which are irrelevant to the experiments with static, magnetized foils). We first consider the medium surrounding the dipole to be vacuum, in which case H_{e,i} = H_{m,i} = B_i, and eqs. (17) and (20) become,

F_A = ∇(m_A · B_i) = (m_A · ∇)B_i + m_A × 1 c^2

∂E_i ∂t , (27)

and,

F_G = ∇(m_G · B_i) − d dt m_G × E_i c^2

= (m_G · ∇)B_i − dm_G dt × E_i c^2

. (28)

According to Newton, force is related to time rate of change of momentum, so we are led to suppose that the difference between eqs. (27) and (28), d/dt)(m × E_i/c^2, is associated with the difference in the electromagnetic momentum of the Ampèrian and the Gilbertian magnetic dipoles in the external fields E_i and B_i, as remarked in [45] (after eq. (6) there).

In 1904, J.J. Thomson [58, 59, 60, 61], deduced via two different methods that the field momentum of an Ampèrian magnetic dipole is,

P_{EM,A} =

E_i × m_G c^2

, (29)

and that the field momentum of a Gilbertian dipole is zero,^{26}

P_{EM,G} = 0. (30)

However, these results were little noticed until 1969 [63], after the notion of “hidden momentum” had been introduced in 1967 by Shockley [7]. That is, an Ampèrian magnetic dipole at rest in a static electric field has nonzero field momentum according to eq. (29), so Shockley inferred that this system must also contain a “hidden” mechanical momentum,

P_{mech,hidden} = m_A × E_i

c^2

, (31)

25An otherwise thoughtful text by Fano, Chu and Adler [44] claimed that no experiment could decide whether permanent magnetism is Ampèrian or Gilbertian, and recommends the student to consider it to be Gilbertian.

26As emphasized in [62], electromagnetic field momentum is nonzero only in examples in which there are moving (electric and/or magnetic) charges. The case of a Gilbertian magnetic dipole at rest in a static electric field has no moving charges, and no field momentum.

such that the total momentum of the system is zero when “at rest”.

In this view, the force on a dipole equals the rate of change if its total mechanical momentum, such that for an Ampèrian magnetic dipole of mass M_G and velocity v_G,

dP_{mech,A} dt = d dt ( M_Av_A + m_A × E_i c^2 ) = F_A = ∇(m_A · B_i) = (m_A · ∇)B_i + m_A × 1 c^2

∂E_i ∂t ,(32)

M_A dv_A dt = ∇(m_A · B_i) − d dt ( m_A × E_i c ) = (m_A · ∇)B_i − dm_A dt × E_i c^2

, (33)

while for a Gilbertian magnetic dipole, dP_{mech,G} dt = M_G dv_G dt = F_G = ∇(m_G · B_i) − d dt m_G × E_i c^2

= (m_G · ∇)B_i − dm_G dt × E_i c^2

. (34)

That is, the “visible” effect, dv/dt, of the forces (27) and (28) on the motion of Ampèrian and Gilbertian magnetic dipoles has the same form, eqs. (33) and (34), and the difference between these forces affects only the “hidden” mechanical momentum of the Ampèrian dipole.^{27,28,29}

2.5.1 Magnetic Media

We now return to the case of a magnetic dipole inside a magnetic medium, as in the classic neutron-scattering experiments [1]-[4].

In view of the preceding discussion about the electromagnetic field momentum (29) of an Ampèrian magnetic dipole m_A at rest in an electric field E_i, we rewrite eq. (17) as,

F_A = (m_A · ∇)μ_0H_{m,i} + d dt m_A × E_i c^2 − dm_A dt × E_i c^2

+ μ_0m_A × [∇ × (M_{m,i} + M_{e,i})] = d dt ( M_Av_A + m_A × E_i c^2 ) , (35)

whence,

M_A dv_A dt = (m_A · ∇)μ_0H_{m,i} − dm_A dt × E_i c^2

+ m_A × μ_0[∇ × (M_{m,i} + M_{e,i})]. (36)

Meanwhile, the corresponding relation for a Gilbertian magnetic dipole reverts to,

M_G dv_G dt = (m_G · ∇)μ_0H_{e,i} − dm_G dt × E_i c^2

. (37)

27The similarity of the forms for Mdv/dt = Ma for Ampèrian and Gilbertian magnetic dipoles was perhaps first noted in [64], where, however, Ma was called the force F. A version of this argument also appears on pp. 49-55 of [65].

28For a broader view of “hidden” momentum, see [66].

29In the Aharonov-Casher experiment [67], a neutron moves past a static electric line charge in zero magnetic field, with quantum interference effects between passage to the “left” and “right” of the line charge. In the frame of the neutron, the electric field is time dependent, so eq. (32) suggests that there is a classical force that would affect the motion Mdv/dt [68, 69], whereas eq. (33) indicates that the classical force does not affect the motion (while it does affect the “hidden” mechanical motion of the system, as noted in [70]).

The form of eq. (36) for an Ampèrian dipole differs from eq. (34) for a Gilbertian dipole by the presence in the former of the term,

m_A × μ_0[∇ × (M_{m,i} + M_{e,i})]. (38)

In, for example, the magnetized foils of the neutron-scattering experiments, the magnetization is uniform inside them, so ∇ × M = 0 there, but the discontinuity of the magnetization at the foil surface leads to the term (38) being nonzero. As noted in eq. (2), the term ∇ × M_e is part of the total Ampèrian current density J_e. However, the term ∇ × M_m does not correspond to a piece of the Gilbertian current density J_m of eq. (3).^{30}

2.6 Force on a Moving Ampèrian Magnetic Dipole

In this section we consider the lab-frame force F on an electrically neutral object that has mass M, Ampèrian magnetic moment m_0 and (Gilbertian) electric dipole moment p_0 (both moments of fixed magnitude)^{31} in its rest frame. We restrict the discussion to the case that the surrounding medium has zero electric and magnetic polarization densities, and that the velocity v of the object in the lab frame has magnitude much less than the speed of light c.

Gaussian units are employed in this section, and rest-frame quantities (other than the dipole moments m_0 and p_0) are denoted with a^′, while lab-frame quantities are unprimed.

2.6.1 F = dP_{mech,total}/dt

The lab-frame force F does not equal mass times acceleration, but rather equals the rate of change of the total mechanical momentum of the object, F = dP_{mech,total} dt = d(Mv) dt + dP_{mech,hidden} dt = Ma + d dt m × E_i c = Ma + ṁ × E_i c + m c × ( ∂E_i ∂t + (v · ∇)E_i ) . (39)

noting that in Gaussian units the “hidden” mechanical momentum (31) has the form,

P_{mech,hidden} = m_0 × E^′_i c ≈ 1 c ( m + v c × p ) × ( E_i + v c × B_i ) ≈ m × E_i c , (40)

which holds for v ≪ c in quasistatic electric field E_i.^{32} The precession ṁ = dm/dt of the magnetic moment (whose magnitude m_0 is constant in the rest frame of the object) is discussed in sec. 2.6.5.

30Comparison of eqs. (36)-(37) does not provide special insight into the issue of Ampèrian vs. Gilbertian moments in magnetic materials, although as noted in sec. 2.4, the difference between these forms has been used to show that the magnetic moment of a neutron is Ampèrian.

31Strictly, the discussion is limited to dipoles whose moment does not depend on the position of their center of mass, such that the gradient operator with respect to this position does not act on the moment. I believe that this means that the moments must have constant magnitude in their rest frame, but they can rotate. In particular, the electric and magnetic polarizabilities are taken to be zero; α = 0 = α_m in the relations p_0 = αE^′_i and m_0 = α_mB^′_i.

32See sec. 4.1.4 of [66].

2.6.2 Force on a Dipole “at Rest”

The force F^′ on a magnetic dipole m_0 in its instantaneous rest frame^{33} follows from eq. (18) as, F^′_m = ∇^′(m_0 · B^′_i), (41)

even if the magnetic moment is changing in magnitude or direction. In this, the operator ∇^′ acts only on the magnetic fields.

The usual argument^{34} for an electric dipole p_0 = qd “at rest” with electric charges ±q at x^′_± = x^′ ± d/2 is that,

F^′_p = qE^′_i(x^′ + d/2) − qE^′_i(x^′ − d/2) = q[(d/2 − (−d/2)) · ∇^′]E^′_i = (p_0 · ∇^′)E^′_i. (42)

This argument is typically made before the magnetic field and the Lorentz force law have been introduced, so no consideration is given to the possibility that the charges ±q are in motion even if the center of mass of the dipole is at rest. But, if “at rest” means only that the center of mass of the dipole is at rest, while the charges ±q can be in motion relative to the center of mass, there also exists the Lorentz force,^{35}

F^{′′}_p = qv^′_+ − qv^′_− c × B^′_i = q c ∂d ∂t^′

× B^′_i =

∂p_0 ∂t^′ × B^′_i c , (43)

such that the total force on an electric dipole “at rest” is actually,^{36}

F^′_p = (p_0 · ∇^′)E^′_i +

∂p_0 ∂t^′ × B^′_i c = ∇^′(p_0 · E^′_i) − p_0 × (∇^′ × E^′_i) +

∂p_0 ∂t^′ × B^′_i c = ∇^′(p_0 · E^′_i) + p_0 × 1 c ∂B^′_i ∂t^′ + ∂p_0 ∂t^′ × B^′_i c = ∇^′(p_0 · E^′_i) + ∂ ∂t^′ p_0 × B^′_i c . (44)

The force on an object “at rest” with both electric and magnetic dipole moments is then,

F^′ = ∇^′(m_0 · B^′_i) + ∇^′(p_0 · E^′_i) + ∂ ∂t^′ p_0 × B^′_i c . (45)

Ma^′ = ∇^′(m_0 · B^′_i) + ∇^′(p_0 · E^′_i) + ∂ ∂t^′ ( p_0 × B^′_i c − m_0 × E^′_i c ) . (46)

33Strictly, by rest frame we mean the inertial frame with velocity v in the lab frame, and axes parallel to those of the lab frame. It is sometimes convenient to consider the comoving rest frame whose z^′ axis is parallel to v, as discussed, for example, in [71, 72], but we do not use this frame here.

34See, for example, sec. 4.1.3 of [29].

35The equivalent of relation (43) for a Gilbertian magnetic dipole was deduced in eq. (6) of [45] (as given in eqs. (19)-(20) of sec. 2.3), but its application to an electric dipole moment was not discussed.

36The assumption that |p_0| is constant implies that the operator ∇^′ does not act on p_0. For example, if p_0 = αE^′_i, where the constant α is the polarizability, then (p_0 · ∇)E^′_i = α(E^′_i · ∇^′)E^′_i = ∇^′(p_0 · E^′_i)/2 + p_0/c × ∂B^′_i/∂t.

2.6.3 Transformation of the Rest-Frame Force to the Lab Frame

In the low-velocity approximation, v ≪ c, the transformations of the various rest-frame quantities in eq. (45) to the lab frame are,

F^′ = F, ∇^′ = ∇, ∂ dt^′ = ∂ ∂t + v · ∇ = d dt , B^′_i = B_i − v c × E_i, E^′_i = E_i + v c × B_i,(47)

and the lab-frame dipole moments m and p are related by^{37}

m_0 = m + v c × p, p_0 = p − v c × m, m = m_0 − v c × p_0, p = p_0 + v c × m_0. (48)

The physical significance of the lab-frame dipole moments m and p of a moving object is not crisp [73], and a good practice is to consider the lab-frame force in terms of the lab-frame fields but the rest-frame moments m_0 and p_0. Nonetheless, we can now rewrite eq. (45) entirely in terms of lab-frame quantities, to order 1/c,^{38} as^{39}

F = ∇(m · B_i) − ∇ ( m · v c × E_i ) + ∇ (v c × p · B_i )

∇(p · E_i) + ∇ ( p · v c × B_i ) − ∇ (v c × m · E_i )

+ d dt p × B_i c = ∇(m · B_i) + ∇(p · E_i) + d dt p × B_i c , (49)

The equation of motion for the center of mass of the object can now be written as

Ma = F − dP_{mech,hidden} dt = ∇(m · B_i) + ∇(p · E_i) − d dt m × E_i c + d dt p × B_i c . (50)

We also note that if either p or B_i vanishes, then the force (49) can be deduced from a potential,^{40}

F = −∇U, U = −m · B_i − p · E_i (p or B_i = 0). (51)

There is an erratic history of derivations of the lab-frame force F on moving dipoles.

37See, for example, eq. (2) of [73].

38Strictly, considering terms only to order 1/c is distinct from the low-velocity approximation that v ≪ c. Further, in our expressions “to order 1/c”, we suppose that magnetic fields and moments are of order c^0. This procedure has been called the “semirelativistic approximation” in [74].

39As remarked on p. 32 of [75], the term (d/dt)(p×B_i/c) in their eq. (4.22), our eq. (49), suggests that p× B_i/c is part of the momentum of the system. Indeed, it is related to the electromagnetic field momentum of the electric dipole plus external magnetic field. However, this term is not a “hidden” mechanical momentum of the dipole, and does not contribute to P_{mech,total} of eq. (39).

40The term −p · E_i in the potential U holds only assuming that the magnitude of p does not depend on E_i. For example, if p = αE_i, where the constant α is the polarizability, then (p · ∇)E_i = α(E_i · ∇)E_i = ∇(p · E_i)/2 + p/c × ∂B_i/∂t, with the implication that the term in the potential is −p · E_i/2.

DeGroot and Suttorp [74] gave a lengthy discussions of forces on moving dipoles, starting from the basic definition of dipoles in their rest frame, and then considering transformations to the lab frame. Their low-velocity result, eq. (A118), p. 233, agrees with our eq. (46) in the rest frame, but differs slightly from our lab-frame expression (50).

Schwinger et al. [75] worked only in the lab frame and considered a collection of electric charges with electric dipole moment p = ∑ q_ir_i and magnetic dipole moment m = ∑ q_i(r_i − r) × (v_i − v), where r and v are the position and velocity of the center of mass of the system. Schwinger’s p and m are not quite the same as transforms (48) of the moments p_0 and m_0 in the rest frame of the system, and he arrives at his eq. (4.22), our eq. (49), only with the neglect of a term B_i/c × (v · ∇)p. A difficulty with the use of Schwinger’s definition of the lab-frame magnetic moment is discussed in sec. 2.1 of [73]. Such difficulties may have first been discussed in [76].

Vekstein [77] worked in the lab frame, and defined the electric and magnetic dipoles as integrals of the lab-frame densities P and M of electric and magnetic polarization (which were considered to be the Lorentz transformations of the rest-frame densities P_0 and M_0), i.e., p = ∫ P dVol and m = ∫ M dVol. Vekstein made the unreasonable assumption (which contradicts the existence of Thomas precession [78, 79]), that the dipole moments cannot change direction (or magnitude) in their rest frame, leading to his eq. (9) instead of our eq. (49),

F_{Vekstein} = ∇(m · B_i) + (p · ∇)E_i + p c × (v · ∇)B_i = ∇(m · B_i) + ∇(p · E_i) + p c × dB_i dt . (52)

Kholmetskii et al. [80] argued that Vekstein’s expression (52) was wrong, and offered their version,

F_{Kholmetskii} = ∇(m · B_i) + ∇(p · E_i) + ∂ ∂t p × B_i c , (53)

which agrees with our eq. (49) if the ∂/∂t is replaced by d/dt, as was done by Kholmetskii et al. in eq. (5) of [81] in response to a criticism by Hnizdo [82].

Hnizdo [82] argued that Kholmetskii et al. were wrong, and offered an expression only in the case of static, lab-frame, external fields,

F_{Hnizdo} = ∇(m · B_i) + ∇(p · E_i) + d dt p_0 × B_i c , (54)

noting that Hnizdo’s eq. (4) is for Ma rather than the lab-frame force F. To order 1/c the rest-frame moment p_0 in eq. (54) can be replaced by the lab-frame moment p, leading to agreement with with our eq. (49). Despite that fact that the stated assumption of Hnizdo’s method (that the lab-frame interaction energy can be written as in eq. (51) is not generally valid, correct equations of motion were deduced, as will be clarified in sec. 2.6.4.

Zangwill [47] gave an expression for the lab-frame force on a medium with polarization densities M and P in sec. 15.9, p. 526, and then considered lab-frame dipole moments m and p as in the manner of chap. 4 of [75], arriving at eq. (15.137), which includes the extra term deftly ignored by Schwinger in his eq. (4.22). As such, Zangwill’s eq. (15.137) differs slightly from our eq. (49).

Zangwill [47] also presented a Lagrangian derivation based on the interaction energy ρ φ_i − J · A_i/c in Ex. 24.2, p. 922, where ρ is the electric charge density, φ_i is the external electric scalar potential and A_i is the external magnetic vector potential. The derivation appears to be performed in the lab frame, and the result agrees with his eq. (15.137) (although this is not stated). Zangwill supposed that the electric dipole moment can have time dependence, but implied that the magnetic moment does not, which is physically implausible. And, while Zangwill noted that a moving (electric) polarization is associated with an apparent magnetization, he omitted that a moving magnetization is associated with an apparent polarization. The author’s version of Zangwill’s derivation will be given in sec. 2.6.4, which will confirm our eq. (49).

2.6.4 Lagrangian Approach

An alternative derivation of the force on a moving dipole, based on a Lagrangian approach in the lab frame can be given following [47].^{41}

The derivation is based on the lab-frame interaction energy,

U_{int} = ∫ ( ρ φ_i − J c · A_i ) dVol. (55)

In the rest frame of the object, taken to be a “point” dipole, its electric charge density is,

ρ_0 = −∇^′ · P_0 = −∇^′ · p_0 δ^3(r^′ − r^′_0) = −p_0 · ∇^′δ^3(r^′ − r^′_0), (56)

and its electric current density is,

J_0 =

∂P_0 ∂t^′

+ c∇^′ × M_0 =

∂p_0 ∂t^′ δ^3(r^′ − r^′_0) + c∇^′ × m_0 δ^3(r^′ − r^′_0) = ∂p_0 ∂t^′ δ^3(r^′ − r^′_0) − c m_0 × ∇^′δ^3(r^′ − r^′_0), (57)

In the low-velocity approximation, the lab-frame charge and current densities are, to order 1/c, and recalling eq. (48),

ρ = ρ_0 + v · J_0 c^2

= −p_0 · ∇δ^3(r − r_0) − v c · m_0 × ∇δ^3(r − r^′_0) = − ( p − v c × m ) · ∇δ^3(r − r_0) − v c · m × ∇δ^3(r − r^′_0) = −p · ∇δ^3(r − r_0), (58)

J = J_0 + ρ_0v =

∂p_0 ∂t δ^3(r − r_0) − cm_0 × ∇δ^3(r − r_0) − (p_0 · ∇δ^3(r − r_0))v (59) = ∂ ∂t ( p − v c × m ) δ^3(r − r_0) − c ( m + v c × p ) × ∇δ^3(r − r_0) − (p · ∇δ^3(r − r_0))v.

Then, the lab-frame interaction energy is, to order 1/c,

U_{int} = ∫ ( ρ φ_i − J c · A_i ) dVol = − ∫ φ_i p · ∇δ^3(r − r_0) dVol − ∫ A_i c · ∂p ∂t δ^3(r − r_0) dVol + ∫ A_i · ( m + v c × p ) × ∇δ^3(r − r_0) dVol + ∫ ( v c · A_i ) (p · ∇δ^3(r − r_0)) dVol

= p · ∇φ_i −

A_i c · ∂p ∂t − ∇ · [ A_i × ( m + v c × p )] − ∇ · [(v c · A_i ) p ]

= p · ∇φ_i −

A_i c · ∂p ∂t − ( m + v c × p ) · B_i − p · ∇ (v c · A_i )

= p · ∇φ_i −

A_i c · ∂p ∂t − ( m + v c × p ) · B_i − p c · [(v · ∇)A_i + v × B_i]

41The approach of Ex. 24.2 of [47] is valid, although the derivation there contained some errors, in this author’s view.

= −m · B_i + p · ∇φ_i −

A_i c · ∂p ∂t + p · 1 c ∂A_i ∂t − p · 1 c ∂A_i ∂t − p · [ (v · ∇)

A_i c ]

= −m · B_i − p · E_i −

A_i c · ∂p ∂t − p · 1 c ∂A_i ∂t − (v · ∇) p · A_i c = −m · B_i − p · E_i − d dt p · A_i c → −m · B_i − p · E_i, (60)

noting that the total (convective) derivative of a function f associated with the moving object is df/dt = ∂f/∂t + (v · ∇)f, that E_i = −∇φ_i − (1/c)∂A_i/∂t and B_i = ∇ × A_i, and that a total derivative term in a Lagrangian does not affect the equations of motion.^{42} The total derivative term in eq. (60) vanishes if either p = 0 or B_i = 0. Hence, as claimed at eq. (51), the interaction energy/potential has the form U = −m · B_i − p · E_i only when these conditions are met.^{43} Hence, even in the general case this potential can be used in a Lagrangian to deduce the equations of motion (as was done by Hnizdo [82] without detailed justification).

Thus, the general Lagrangian is effectively,

L = T − U =

Mv^2 2 + m · B_i + p · E_i = Mv^2 2 + m_0 · B_i − v · p_0 × B_i c + p_0 · E_i + v · m_0 × E_i c , (61)

and the equations of motion are, d dt ∂L ∂v = ∇L = d dt ( Mv − p_0 × B_i c + m_0 × E_i c ) = −∇U = ∇(m · B_i) + ∇(p · E_i), (62)

To order 1/c, we can replace m_0 and p_0 by m and p in eq. (62). Then,

Ma = ∇(m · B_i) + ∇(p · E_i) + 1 c d dt (p × B_i − m × E_i), (63)

Ma + d dt m × E_i c = dP_{mech,total} dt = F = ∇(m · B_i) + ∇(p · E_i) + d dt p × B_i c , (64)

as found previously in eq. (50).

2.6.5 Precession of the Dipole Moments

The torque on a (moving) dipole, relative to a fixed origin in its rest frame, is given by standard arguments as,^{44}

τ^′ = r^′ × F^′ + p_0 × E^′_i + m_0 × B^′_i. (65)

42See, for example, p. 918 of [47].

43To order 1/c, p · A_i/c = p_0 · A_i/c, so it suffices that either p_0 or B_i for eq. (51) to be an effective potential.

44Textbooks typically compute the torque about the center of mass of the dipole. See, for example, secs. 4.1.3 and 6.1.2 of [29].

The effect of this torque is to change the mechanical angular momentum of the dipole,

τ^′ = dL^′_{mech} dt^′

(66)

If the dipole can be described by an inertia tensor I^′ measured with respect to its center of mass (at position r^′), then its angular momentum can be written as,

L^′ = r^′ × P^′_{mech} + I^′ · ω^′ = r^′ × (Mv^′ + P^′_{mech,hidden}) + I^′ · ω^′, (67)

where v^′ = 0 in the rest frame, ω is the angular velocity of the dipole in its rest frame, and P^′_{mech,hidden} = m_0 ×E^′_i/c is the “hidden” mechanical momentum of the dipole. Recalling that F^′ = dP^′_{mech}/dt^′, we combine eqs. (65)-(67) to find the rotational equation of motion in the rest frame of the dipole, d dt^′

I^′ · ω^′ = p_0 × E^′_i + m_0 × B^′_i. (68)

To go further, we must have a model for the inertia tensor I^′. If the dipole is an extended object, and is mass distribution is known, such a model can be given, but in general there will be little relation between the inertia tensor and the dipole moments m_0 and p_0. So, we restrict our attention to “point” dipoles, particularly to electrons, and recall that “point” dipoles do not have intrinsic electric dipole moments, as far as is known.^{45} That is, we only consider the precession of charged particle with an intrinsic magnetic moment in this section.

As first deduced by Larmor [85] in 1897, an Ampèrian magnetic moment m_0 due to a current of electric charges e with rest mass M has (orbital) angular momentum s_0 about the center of mass of the moment in its rest frame related by,

m_0 = ge 2Mc s_0, (69)

where g = 1 in a classical model.^{46}

Apparently, Voigt [87] (1902) was the first to consider that an electron would have a magnetic moment if it is a rotating, charged object. That such an intrinsic magnetic moment would affect atomic spectroscopy was first discussed by Ritz [88] (1907), and pursued more by Weiss [89, 90], who coined the term magneton and noted the emerging awareness that the electron magnetic moment has something to do with ℏ (three

45“Point” electric dipoles do not appear to exist in Nature, while electrons can be considered as examples of “point”, Ampèrian magnetic dipoles. Objects with finite size (water molecules, for example) can have electric dipole moments in their rest frame.

As remarked by Purcell and Ramsey [83], the only vector associated with an elementary particle at rest is its spin s, and the magnetic moment m_0 of the particle is along this direction. If the particle were to have an electric dipole moment this would have to be parallel to the spin, p_0 ∝ s. But then, an interaction energy of the form −p_0 · E ∝ s · E violates the discrete symmetries of time reversal (T) and space inversion (P = parity), whereas the interaction −m_0 · B ∝ s · B is P and T invariant. As such, it is unlikely that elementary particles will have electric dipole moments.

The present limit [84] on the electric dipole moment p_0 = ed of the electron (of charge e) is that d < 10^{−28} cm, some 15 orders of magnitude smaller than the Compton radius of the electron.

46The g-factor was introduced by Landé [86] in 1921, in the context of the Bohr-Sommerfeld quantum theory.

years before Bohr [91] identified this as the quantum of orbital angular momentum). However, in the 1910’s most consideration was given to the magnetic moment associated with orbital motion of an electron, rather than to its possible intrinsic magnetic moment. Compton [92] (1921) revived the notion that an electron might have an intrinsic magnetic moment equal to the (orbital) Bohr magneton g = 1 and s_0 = ℏ. In 1925, Uhlenbeck and Goudsmit [93] proposed that s_0 = ℏ/2 and g = 2 for an electron. A theoretical justification of this was given by Dirac [94] in 1928 via his famous 4-spinor equation for a quantum electron.

The precession of the magnetic moment of an electron in an external electromagnetic field was famously considered by Thomas [78, 79] in 1926. A textbook review of this topic is given in secs. 11.8 and 11.11 of [30]. The subtle result is that the direction of the lab-frame magnetic moment (and spin vector) has an additional precession beyond that due to the torque on the dipole moment. In the low-velocity approximation the rate of change of the spin angular momentum of an electron is, ds dt = m × ( B_i − v c × E_i ) + m 2 × (v c × E_i ) . (70)

The first term on the right side of eq. (70) is the nominal torque on the magnetic dipole, and the second term is the Thomas precession. Finally, dm dt = ge 2Mc ds dt ≈ m × ge 2Mc B_i = ω × m, ω = − ge 2Mc B_i, (71)

where the approximation holds to order 1/c, and ω is the Larmor frequency for an electron.

A Appendix: Effective Magnetic Charge Density ρ_{m,eff} = −∇ · M

So far as is presently known, magnetic charges do not exist, and all magnetic effects can be associated with electrical currents, as first advocated by Ampère [95]. For materials with magnetization density M_e = M the associated (macroscopic) electrical current density is,

J_e = ∇ × M, (72)

and on the surface of such materials there is the surface current density,

K_e = n̂ × M, (73)

where n̂ is the outward unit vector normal to the surface.

Alternatively, we can suppose the magnetization is associated with densities of effective magnetic charges. Some care is required to use this approach, since a true (Gilbertian) magnetic charge density ρ_m would obey ∇·B = μ_0ρ_m as in eq. (1), and the static force density on these charges would be F_m = μ_0ρ_mH_e. However, in Nature ∇ · B = 0 = ∇ · μ_0(H + M), so we can write, ∇ · H = −∇ · M = ρ_{m,eff} , (74) and identify, ρ_{m,eff} = −∇ · M (75) as the volume density of effective (Ampèrian) magnetic charges.

Inside linear magnetic media, where B = μH, the Maxwell equation ∇ · B = 0 then implies that ρ_{m,eff} = 0. However, a surface density σ_{m,eff} of effective magnetic charges can exist on an interface between two media, and we see that Gauss’ law for the field H implies that, σ_{m,eff} = (H_2 − H_1) · n̂, (76)

where unit normal n̂ points across the interface from medium 1 to medium 2. The magnetic surface charge density can also be written in terms of the magnetization M = B/μ_0 − H as,

σ_{m,eff} = (M_1 − M_2) · n̂, (77)

since ∇ · B = 0 insures that the normal component of B is continuous at the interface.

The force on the surface density of effective magnetic charges is,

F = σ_{m,eff} B, (78)

since the effective magnetic charges, which are a representation of effects of electrical currents, couple to the magnetic field B, as in eq. (9).^{47}

The total force on a linear medium is, in this view, the sum of the force on the conduction current plus the force on the effective magnetic surface charges. Care is required to implement such a computation of the force, as discussed in [43], where eq. (78) is affirmed by example.

The key result of this Appendix is that while “true” (Gilbertian, and nonexistent in Nature) magnetic charges p obey the force law F_{m,true} = μ_0pH, the effective (Ampèrian) magnetic charges (which are a representation of effects of electrical currents) obey F_{m,eff} = p_{eff} B.

For “effective” Ampèrian magnetic charges the magnetic fields obey ∇ · B/μ_0 = 0 and ∇ · H_e = ρ_{m,eff} inside magnetic materials, while for “true” Gilbertian magnetic charges the fields obey ∇ · B/μ_0 = ρ_{m,true} and ∇ · H_m = 0 inside magnetic materials where there are no “free”, “true” magnetic charges. Hence, the roles of B/μ_0 and H are reversed in magnetic materials that contain “true” or “effective” magnetic charges. We illustrate this below for the fields of a uniformly magnetized sphere.

A.1 Fields of a Uniformly Magnetized Sphere

In this subappendix we deduce the static magnetic fields associated with uniform spheres of radius a with either uniform Gilbertian magnetization density M_m or uniform Ampèrian (effective) magnetization density M_e.

47Equation (78) is in agreement with prob. 5.20 of [30], recalling the different convention for factors of μ_0 used there. However, the Coulomb Committee in their eq. (1.3-4) [96], and Jefimenko in his eq. (14-9.9a,b) [97], recommends that the field H/μ_0 be used rather than B when using the method of effective magnetic charges, which would imply a force μ_0/μ times that of eq. (78) for linear media.

A.1.1 Uniform Ampèrian Magnetization Density M_e

The total magnetic moment of the sphere is,

m_e =

4πM_ea^3 3 . (79)

We speed up the derivation by noting that the fields inside the sphere are uniform, and the fields outside the sphere are the same at those of a point magnetic dipole of strength m_e,

B(r > a)

μ_0

= H_e(r > a) = H_m(r > a) =

3(m_e · r̂)r̂ − m_e 4πr^3 = M_ea^3(2 cos θ r̂ − sin θ θ̂) 3r^3

, (80)

in a spherical coordinate system with origin at the center of the sphere and z-axis parallel to M_e.

To characterize the fields inside the sphere, we note use the method of effective magnetic charges (Appendix A). Since M_e is constant inside the sphere, there is no net effective magnetic charge density there, ρ_{e,eff} (r < a) = −∇ · M_e(r < a) = 0, while there is a nonzero surface density of effective magnetic charge,

σ_{e,eff} (r = a) = M_e · r̂ = M_e cos θ. (81)

The boundary condition on the magnetic field H_e at the surface of the sphere is that,

H_{e,r}(r = a^+) − H_{e,r}(r = a^−) = σ_{e,eff} (r = a), (82)

and hence,

H_{e,r}(r = a^−) = H_{e,r}(r < a) = H_e(r < a) cos θ = H_{e,r}(r = a^+) − σ_{e,eff} (r = a) = 2M_e cos θ 3 − M_e cos θ = −

M_e cos θ 3 , (83)

H_e(r < a) = −

M_e 3 , H_m(r < a) =

B(r < a) μ_0

= H_e(r < a) + M_e(r < a) =

2M_e 3 . (84)

The result (84) for B/μ_0 implies that the magnetic field for the idealization of a “point”, “effective” (Ampèrian) magnetic dipole m_e would be, B μ_0 = 3(m_e · r̂)r̂ − m_e 4πr^3 + 2m_e 3 δ^3(r). (85)

A.1.2 Uniform Gilbertian Magnetization Density M_m

The total magnetic moment of the sphere for this case is,

m_m =

4πM_ma^3 3 . (86)

As in sec. D.1.1,we speed up the derivation by noting that the fields inside the sphere are uniform, and the fields outside the sphere are the same at those of a point magnetic dipole of strength m_m,

B(r > a)

μ_0

= H_e(r > a) = H_m(r > a) =

3(m_m · r̂)r̂ − m_e 4πr^3 = M_ma^3(2 cos θ r̂ − sin θ θ̂) 3r^3

. (87)

To characterize the fields inside the sphere, we note use the method of effective magnetic charges (Appendix A). Since M_m is constant inside the sphere, there is no net true magnetic charge density there, ρ_m(r < a) = −∇ · M_m(r < a) = 0, while there is a nonzero surface density of true magnetic charge,

σ_m(r = a) = M_m · r̂ = M_m cos θ. (88)

The boundary condition on the magnetic field B at the surface of the sphere is that,

B_r(r = a^+) − B_r(r = a^−) = μ_0σ_m(r = a), (89)

and hence,

B_r(r = a^−) μ_0 = B_r(r < a) μ_0 = B(r < a) cos θ μ_0 = B_r(r = a^+) μ_0

− σ_r(r = a) = 2M_m cos θ 3 − M_m cos θ = −

M_m cos θ 3 , (90)

B(r < a)

μ_0

= H_e(r < a) = −

M_m 3 , H_m(r < a) =

B(r < a) μ_0

+ M_e(r < a) =

2M_e 3 . (91)

Comparing with eqs. (83)-(84) we see that the roles of B and H are reversed in the case of uniform true and effective magnetization. In particular, the sign of B inside the magnetized sphere is opposite for the cases of Ampèrian and Gilbertian magnetization, although B is the same outside the sphere in the two cases.^{48}

The result (91) for B/μ_0 implies that the magnetic field for the idealization of a “point”, “true” (Gilbertian) magnetic dipole m_m would be, B μ_0 = 3(m_m · r̂)r̂ − m_m 4πr^3 − m_m 3 δ^3(r). (92)

B Appendix: Lab-Frame Fields to order 1/c

Gaussian units are used in this Appendix.

We consider an object that has total charge Q, dipole moments m_0 and p_0 in its rest frame, and no other multipole moments. At the time of interest, we take the object to be at r^′_0.^{49}

48For the case of a cylinder with uniform transverse magnetization, see [98], where the interior B field is equal and opposite for Ampèrian and Gilbertian magnetization.

49In this Appendix, quantities other than Q, m_0 and p_0 are indicated with a prime.

The magnetic dipole moment is taken to be Ampèrian [95], while the electric dipole moment is Gilbertian [99],^{50} meaning that for “point” dipoles “at rest” at the origin, their electromagnetic fields can be written as,

B^′(r^′) =

3(m_0 · R̂^′)R̂^′ − m_0 R^{′3} + 8πm_0 3 δ^3(R^′), E^′(r^′) =

3(p_0 · R̂^′)R̂^′ − p_0 R^{′3} − 4πp_0 3 δ^3(R^′),(93)

where R^′ = r − r^′_0 and R̂^′ = |bfR^′/R^′. That is, the electric dipole is equivalent to a pair of electric charges ±q separated by distance d^′ where p_0 = qd^′, while the magnetic dipole is equivalent to a small loop of electrical current I, with area A, such that m_0 = IA/c. The electric field between the charges ±q is opposite to the direction of p_0, while the magnetic field in the interior of the current loop is in the same direction as m_0.

While the center of mass of the object is, by definition, at rest in its rest frame, the center of mass may be acceleration, and the object may be rotating and/or deforming such that the rest-frame dipole moments have nonzero time derivatives.

To display the electromagnetic fields of the object in its rest frame (and in the lab frame) to order 1/c, we first consider the potentials and fields of a single electric charge, Appendix B.1, and then.....

B.1 The Potentials and Fields for a Single Electric Charge

The Liénard-Wiechert potentials [101, 102] in the Lorenz gauge [103] can be written for continuous charge and current densities as, φ = ∫ ρ(r, t − R/c) R dVol, A = ∫ J(r, t − R/c) cR dVol, (94)

where distance R points from the source to the observer. If we are interested in the fields only to order 1/c, the potentials (94) can be approximated as (see, for example, sec. 65 of [104]), φ ≈ ∫ ρ R dVol − 1 c d dt ∫ ρ dVol = ∫ ρ R dVol, A = ∫ J cR dVol, (95)

noting that the total charge, ∫ ρ dVol, is conserved.

Specializing to the case of a single charge e at position r with velocity v = dr/dt, the Lorenz-gauge potentials to order 1/c are, φ = e R , A = ev cR . (96)

The lab-frame electric and magnetic fields to order 1/c follow as,

E = −∇φ − ∂A ∂ct = −∇φ = e R̂ R^2

, B = ∇ × A = ev × R̂ cR^2

, (97)

where unit vector R̂ = R/R is directed from the charge to the observer.

Of course, the results of this section also hold in the rest frame of the charge, where v^′ = 0 so that A^′ and B^′ vanish, while φ^′ = e/R^′ and E^′ = e R̂^′/R^{′2}.

50The notion that a magnet consists of a pair of opposite “poles” (= magnetic charges) was perhaps first expressed by Peregrinus [100] in 1269.

B.2 The Potentials of a Localized Collection of Charges

The fields of a collection of charges e_i with masses M_i at positions r^′_i + r^′_0, where r_0 is the position of the center of mass of the system, with velocities v^′_i in the rest frame of the object are, of course, the superpositions of the fields of the individual charges. The fields can be deduced from the potentials, so we emphasize the latter here.

The distance R^′_i from charge i to the observer at r^′ is related by R^′_i = r^′ −r^′_i −r^′_0 ≡ R^′ −r^′, where R^′ = r^′ − r_0 is the distance from the center of mass of the object to the observer. Then, 1 R^′_i = 1 |R^′ − r^′_i| = 1 (R^{′2} − 2R^′ · r^′_i + r^{′2}_i = 1 R^′(1 − 2R̂^′ · r^′_i/R^′ + r^{′2}_i /R^{′2})^{1/2} ≈ 1 R^′ + R̂′ · r′_i R^{′2} + 3(R̂^′ · r^′_i) R̂^′ − r^′_i

2R^{′3}

+ · · · (98)

The rest-frame scalar potential (in the Lorenz gauge) is just,

φ^′ =

∑ e_i R^′_i ≈ ∑ e_i R^′

+ R̂^′ · ∑ e_ir^′_i R^{′2}

+ · · · = Q R^′ + R̂′ · p_0 R^{′2}

+ · · · , (99)

where Q = ∑ e_i is the total charge, and,

p_0 = ∑ e_ir^′_i (100)

is the electric dipole moment in the rest frame of the object.

Similarly, the rest-frame vector potential (in the Lorenz gauge) is,

A^′ =

∑ e_iv′_i cR^′_i ≈ ∑ e_iv^′_i cR^′ + ∑ e_iv^′_i(R̂^′ · r^′_i) cR^{′2}

+ · · · = ∑ e_iv^′_i cR^′ + 1 cR^{′2}

∑ (e_i 2 [v^′_i(R̂^′ · r^′_i) − r^′_i(R̂^′ · v^′_i)] + e_i 2 [v^′_i(R̂^′ · r^′_i) + r^′_i(R̂^′ · v^′_i)] ) + · · · = 1 cr^′

∂p_0 ∂t^′ + 1 cR^{′2}

∑ (r′_i × e_iv′_i 2 × R̂^′ + e_i 2 [v^′_i(R̂^′ · r^′_i) + r^′_i(R̂^′ · v^′_i)] ) + · · · , (101)

noting that for an object at rest there is no difference between the operations d/dt^′ and ∂/∂t^′.

The second term in the last line of eq. (101) can be rewritten as, 1 cR^{′2}

∑ r′_i × e_iv′_i 2 × R̂^′ =

∑ r′_i × e_iv′_i 2c × R̂′ R^{′2} = m_0 × R̂^′ R^{′2}

, (102)

where we identify the rest-frame magnetic moment as,

m_0 =

∑ r′_i × e_iv′_i 2c . (103)

Thus, the rest-frame vector potential (in the Lorenz gauge) of an object with no multipole moments higher than dipoles is,^{51}

A^′ = 1 cR^′

∂p_0 ∂t^′ + m_0 × R̂^′

R^{′2} + ∑ e_i[v^′_i(R̂^′ · r^′_i) + r^′_i(R̂^′ · v^′_i)] 2cR^{′2} ≡ 1 cR^′

∂p_0 ∂t^′ + m_0 × R̂^′

R^{′2}

+ A_s.(104)

We now consider the electromagnetic fields in the rest frame of the object to order 1/c. Here, we encounter a famous difficulty in classical electrodynamics, that some objects in Nature, such as electrons, have an intrinsic magnetic moment. In particular, a semiclassical model of an electron as a rotating sphere of charge of radius roughly the Compton wavelength λ = ℏ/Mc of the electron requires the equatorial velocity to exceed the speed of light.^{52} Without committing to such a model, we infer that the rest frame magnetic moment m_0 should not be considered as of order 1/c, despite the result (103). Rather, in the following we consider the magnetic moment m_0 to be of order c^0, while the center-of-mass velocities of all charges have v_i ≪ c. This is called the semirelativistic approximation in [74].

The rest-frame electric and magnetic fields to order 1/c (in the semirelativistic approximation), and for observers at distance R^′ large compared to the spatial size of the source object, follow as,

E^′ = −∇^′φ^′ −

∂A^′ ∂ct^′ = e R̂^′ R^{′2} + 3(p_0 · R̂^′)R̂^′ − p_0 R^{′3} + ∂ ∂t^′ m_0 × R̂^′ cR^{′2}

, (105)

B^′ = ∇^′ × A^′ =

∂p_0 ∂t^′ × R̂′ cR^{′2} + 3(m_0 · R̂^′)R̂^′ − m_0 R^{′3}

+ A_s × R̂′ R^′

. (106)

B.3 Transformation of the Rest-Frame Fields to the Lab Frame

In the lab frame the object has center-of-mass velocity v = v_0 = dr_0/dt, where r_0 is the position of its center of mass. To order 1/c, position and time are the same in the lab frame as in the rest frame, r^′ = r and t^′ = t, while the derivative operators are related by ∇^′ = ∇ and ∂/∂t^′ = ∂/∂t + (v · ∇ = d/dt. Then, recalling (the inverse of) eq. (47), the lab-frame fields in terms of the rest-frame dipole moments are,

E = E^′ − v c × B^′ = e R̂ R^2 + 3(p_0 · R̂)R̂ − p_0

R^3 + d dt m_0 × R̂ cR^2 − v c × 3(m_0 · R̂)R̂ − m_0 R^3

,(107)

B = B^′ + v c × E^′ = dp_0 dt × R̂ cR^2 + 3(m_0 · R̂)R̂ − m_0 R^3

+ A_s × R̂ R + v c × ( e R̂ R^2 + 3(p_0 · R̂)R̂ − p_0 R^3 ) , (108)

where R = r − r_0 is the distance from the center of mass of the object to the fixed observer.

We can also express the rest-frame dipole moments in terms of their lab-frame values using the Lorentz transformation (48) in the semirelativistic approximation,

m_0 = m + v c × p, p_0 = p − v c × m, m = m_0 − v c × p_0, p = p_0 + v c × m_0, (48)

51The last term, A_s, in eq. (104) is symmetric. Decomposition of the vector potential into symmetric and antisymmetric pieces is advocated in prob. 6.22 of [30]. See also [73].

52See, for example, prob. 12 of [105].

leading to, E = e R̂ R^2 + 3(p · R̂)R̂ − p

R^3 − 2v c × 3(m · R̂)R̂ − m

R^3 + d dt m × r̂ cr^2

, (109) B = v c × e R̂ R^2 + 3(m · R̂)_0R̂ − m

R^3

+ A_s × R̂ R + 2v c × 3(p · R̂)R̂ − p R^3 + dp dt × r̂ cr^2

. (110)

where to order 1/c,

A_s = ∑ e_i[v^′_i(R̂^′ · r^′_i) + r^′_i(R̂^′ · v^′_i)] 2cR^{′2} = ∑ e_i[v^′_i(R̂ · r^′_i) + r^′_i(R̂ · v^′_i)] 2cR^2

. (111)

Note that the dipole contributions to the lab-frame fields are not simply the forms [3(p · R̂)R̂ − p]/R^3 and [3(m · R̂)R̂ − m]/R^3 as might have been expected naïvely. Nor are they the forms [3(p_0 · R̂)R̂ − p_0]/R^3 and [3(m_0 · R̂)R̂ − m_0]/R^3 as might have been expected in a slightly more sophisticated view.

A general conclusion is that the interpretation of dipole (and higher multipole) moments is only straightforward in the rest frame of a system of charges.

For completeness, we also display the transformation of the Lorenz-gauge potentials into the lab frame, in the semirelativistic approximation:

φ = φ^′ + v c · A^′ = Q R + r̂ · p_0 R^2 + v c · m_0 × R̂ R^2 = Q R + R̂ · p R^2

, (112)

A = A^′ + v c φ^′ = 1 cR dp_0 dt + m_0 × R̂ R^2

+ A_s + Qv cR + (R̂ · p_0)v cR^2 = 1 cR dp dt + m × R̂

R^2 + (v c × p ) × R̂ R^2

+ A_s + Qv cR + (R̂ · p)v cR^2 = Qv cR + 1 cR dp dt + m × r̂ R^2 + (R̂ · v)p cR^2

+ A_s . (113)

While the lab-frame scalar potential (112) has an appealing form, the lab-frame vector potential (113) has three terms in addition to the first two that might have been naïvely expected.

B.4 Lab-Frame Analysis

It is irresistibly tempting to perform an analysis like that of Appendix B.2 in the lab frame rather than in the rest frame.

Taking the center of mass of the object to be at r_0 at the time under consideration, the distance R_i from charge i at r_i = r_0 + Δr_i to the observer at r is related by R_i = r − r_i = r − r_0 − Δr_i = R − r^′_i, where R = r − r_0 is the distance from the center of mass of the object to the observer. To order 1/c, the separation between charge i and the center of mass of the object is the same in the lab frame as in the rest frame of the object; that is, Δr_i = r^′_i. Then, 1 R_i = 1 |R − r^′_i| = 1 (R^2 − 2R · r^′) + r^{′2}_i = 1 R(1 − 2R̂ · r^′_i/R + r^{′2}_i /R^2)^{1/2} ≈ 1 R + R̂ · r′_i R^2 + 3(R̂ · r^′_i) R̂ − r^′_i 2R^3

+ · · · (114)

The lab-frame scalar potential (in the Lorenz gauge, and to order 1/c recalling the argument of Appendix B.1) is just, φ = ∑ e_i

R_i ≈ ∑ e_i R + R̂ · ∑ e_ir^′_i R^2

+ · · · = Q R + R̂ · ∑ e_ir^′_i R^2

+ · · · = Q R + R̂ · p̃ R^2

+ · · · ,(115)

where Q = ∑ e_i is the total charge, and,

p̃ = ∑ e_ir^′_i = ∑ e_iΔr_i (116)

seems to be a “natural” definition of the electric dipole moment in the lab frame. However, since Δr_i = r^′_i, we see that p̃ = p_0, with the implication that the lab-frame electric dipole moment is that same as that in the rest frame. This contradicts the Lorentz transformation (48), so the apparently straightforward analysis of the lab-frame scalar potential is to be regarded with suspicion.

Surprisingly, the lab-frame electric dipole moment is sometimes defined as,

p̆ = ∑ e_ir_i = ∑ e_i(r_0 + r^′_i) = Qr + p̃, (117)

which implies that a single charge Q has an electric dipole moment when not at the origin. See, for example, the bottom right column of p. 1528 of [106], and eq. (15.129) of [47].

Similarly, the lab-frame vector potential (in the Lorenz gauge) is, A = ∑ e_iv_i cR_i ≈ ∑ e_iv_i cR + ∑ e_iv_i(R̂ · r_i) cR^2

+ · · · = 1 cR dp̆ dt + 1 cR^2

∑ (e_i 2 [v_i(R̂ · r_i) − r_i(R̂ · v_i)] + e_i 2 [v_i(R̂ · r_i) + r_i(R̂ · v_i)] ) + · · · = 1 cR dp̆ dt + ∑ r_i × e_iv_i 2c × R̂ R^2 + ∑ e_i[v_i(R̂ · r_i) + r_i(R̂ · v_i)] 2cR^2

. + · · · = 1 cR dp̆ dt + m̆ × R̂ R^2

+ A_s + · · · (118)

where A_s is given in eq. (111), and some people define the lab-frame magnetic dipole moment as^{53,54}

m̆ =

∑ r_i × e_iv_i 2c , (121)

53See, for example, eq. (15.134) of [47]. The definition (121) seems to be implied by eq. (44.2) of [104], but Landau introduces his sec. 44 with the restriction that it applies only to “a system of charges in stationary motion”. The center of mass of a “system in stationary motion” is at rest, so Landau’s eq. (44.2) holds only in the rest frame of the system, and not in the lab frame.

54In sec. III of [106] it is claimed that the magnetic moment of a point electric dipole p_0 (and m_0 = 0)

although this attributes a nonzero magnetic moment to a single electric charge moving along a straight line.

Noting that the velocity v_i of charge i can be written as v_i = v + v^′_i, where v^′_i is the velocity of the charge relative to the center of mass of the object (and, of course, also equal to the velocity of the charge in the rest frame of the object), we can write,

m̆ =

∑ r_i × e_iv_i 2c = ∑ (r_0 + r′_i) × e_i(v + v′_i) 2c = m̃ − v 2c × p̃ + r_0 × Qv 2c + r_0 2c × dp̃ dt , (122)

where,

m̃ =

∑ r′_i × e_iv′_i 2c = m_0 , (123)

is the lab-frame magnetic dipole moment defined in terms of quantities relative to the center of mass of the charge distribution.^{56} Neither m̆ nor m̃ are related to the lab-frame dipole moments according to the Lorentz transformation (48).

Then, recalling eq. (117), the lab-frame vector potential (in the Lorenz gauge and in the semirelativistic approximation) of an object with no multipole moments higher than dipoles is, A = Qv cR + 1 cR dp̃ dt + ( m̃ − v 2c × p̃ + r_0 × Qv 2c + r_0 2c × dp̃ dt ) × R̂ R^2

+ A_s (124) = Qv cR + 1 cR dp̃ dt + m̃ × R̂ R^2 + (R̂ · p̃)v − (R̂ · v)p̃ 2cR^2 + ( r_0 × Qv 2c + r_0 2c × dp̃ dt ) × R̂ R^2

+ A_s.

However, this form does not agree well with eq. (113).

In sum, it is misleading to perform multipole expansions in the lab-frame of a system of charges, rather than in its rest frame, despite the apparent elegance of a lab-frame analysis.

which moves with lab-frame velocity v can be calculated according to,

m̆ = 1 2c ∫ r × J dVol = 1 2c ∫ r × ρ_0v dVol = − v 2c × ∫ ρ_0r dVol = − v 2c × p_0, (119)

which differs from eq. (48) by a factor of 2.

Furthermore, support for this result appears to be given in probs. 6.21, 6.22 and 11.27 of [30]. However, we should recall that the origin of the first equality in (119) is a multipole expansion of the (quasistatic) vector potential of a current distribution. See, for example, sec. 5.6 of [30]. That form depends on the current density J having zero divergence. In general,

∇ · J = − ∂ρ ∂t , (120)

where ρ is the electric charge density.^{55} The charge density of a moving electric dipole is time dependent, such that ∇ · J ≠ 0, and we cannot expect the analysis of eq. (119) to be valid. Thanks to Grigory Vekstein for pointing this out.

See [73] for additional discussion. 56See, for example, eq. (4.19) of [75].

Acknowledgment

Thanks to David Griffiths and Vladimir Hnizdo for e-discussions of this problem.

References

[1] D.J. Hughes and M.T. Burgy, Reflection and Polarization of Neutrons by Magnetized Mirrors, Phys. Rev. 76, 1413 (1949),

http://kirkmcd.princeton.edu/examples/EP/hughes_pr_76_1413_49.pdf

[2] D.J. Hughes and M.T. Burgy, Reflection of Neutrons from Magnetized Mirrors, Phys.

Rev. 81, 498 (1951), http://kirkmcd.princeton.edu/examples/EP/hughes_pr_81_498_51.pdf

[3] C.G. Shull, E.O. Wollan, and W.A. Strauser, Magnetic Structure of Magnetite and Its Use in Studying the Neutron Magnetic Interaction, Phys. Rev. 81, 483 (1951),

http://kirkmcd.princeton.edu/examples/EP/shull_pr_81_483_51.pdf

[4] C.G. Shull, E.O. Wollan, and W.C, Koehler, Neutron Scattering and Polarization by Ferromagnetic Materials, Phys. Rev. 84, 912 (1951),

http://kirkmcd.princeton.edu/examples/EP/shull_pr_84_912_51.pdf

[5] F. Mezei, La Nouvelle Vague in Polarized Neutron Scattering, Physica 137B, 295 (1986),

http://kirkmcd.princeton.edu/examples/EP/mezei_physica_137b_295_86.pdf

[6] J. Chadwick, The Existence of a Neutron, Proc. Roy. Soc. London A 136, 692 (1932),

http://kirkmcd.princeton.edu/examples/EP/chadwick_prsla_136_692_32.pdf

[7] W. Shockley and R.P. James, “Try Simplest Cases” Discovery of “Hidden Momentum” Forces on “Magnetic Currents”, Phys. Rev. Lett. 18, 876 (1967),

http://kirkmcd.princeton.edu/examples/EM/shockley_prl_18_876_67.pdf

[8] K.T. McDonald, Poynting’s Theorem with Magnetic Monopoles, (Mar. 23, 2013),

http://kirkmcd.princeton.edu/examples/poynting.pdf

[9] O. Heaviside, Electromagnetic Induction and Its Propagation, sec. IV, The Electrician (Feb. 21, 1885), p. 306; in Electrical Papers, Vol. I, p. 447,

http://kirkmcd.princeton.edu/examples/EM/heaviside_ep1_pp429-476.pdf

[10] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), http://kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[11] O. Heaviside, Electromagnetic Theory, Vol. I,

http://kirkmcd.princeton.edu/examples/EM/heaviside_electromagnetic_theory_1.pdf

[12] O. Heaviside, On the Forces, Stresses and Fluxes of Energy in the Electromagnetic Field, Phil. Trans. Roy. Soc. London 183, 423 (1892),

http://kirkmcd.princeton.edu/examples/EM/heaviside_ptrsla_183_423_92.pdf

[13] Y. Hara, Electromagnetic force on a magnetic monopole, Phys. Rev. A 32, 1002 (1985),

http://kirkmcd.princeton.edu/examples/EM/hara_pra_32_1002_85.pdf

[14] X. Artru and D. Fayolle, Dynamics of a Magnetic Monopole in Matter, Maxwell Equations in Dyonic Matter and Detection of Electric Dipole Moments, Prob. Atom. Sci. Tech. 6, 110 (2001), http://kirkmcd.princeton.edu/examples/EM/artru_past_6_110_01.pdf A sign error 6 lines before eq. (6) is corrected in http://arxiv.org/pdf/physics/0208007.pdf

[15] W. Thomson, Reprints of Papers on Electrostatics and Magnetism (Macmillan, 1884),

http://kirkmcd.princeton.edu/examples/EM/thomson_electrostatics_magnetism.pdf

[16] J.C. MaxwellV A Treatise on Electricity and Magnetism, 3^{rd} ed., Vol. II, (Clarendon Press, 1892), http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[17] S.-D. Poisson, Sur la Théorie du Magnétisme, Mem. d. l’Acad. V, 247, 486 (1824),

http://kirkmcd.princeton.edu/examples/EM/poisson_24.pdf

[18] F.N.H. Robinson, Electromagnetic Stress and Momentum in Matter, Phys. Rep. 16, 313 (1975), http://kirkmcd.princeton.edu/examples/EM/robinson_pr_16_313_75.pdf

[19] C. Kittel and A. Manoliu, Interaction of a magnetic monopole with a ferromagnetic domains, Phys. Rev. B 15, 333 (1977),

http://kirkmcd.princeton.edu/examples/EP/kittel_prb_15_333_77.pdf

[20] A.S. Goldhaber and W.P. Trower, Resource Letter MM-1: Magnetic monopoles, Am.

J. Phys. 58, 429 (1990), http://kirkmcd.princeton.edu/examples/EM/goldhaber_ajp_58_429_90.pdf

[21] H.A. Lorentz, Versuch einer Theorie der Electrischen und Optischen Erscheinungen Bewegten Körpern (E.J. Brill, 1895),

http://kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95.pdf
http://kirkmcd.princeton.edu/examples/EM/lorentz_electrical_theory_95_english.pdf

[22] H.A. Lorentz, The Theory of Electrons (B.G. Teubner, 1909),

http://kirkmcd.princeton.edu/examples/EM/lorentz_theory_of_electrons_09.pdf

[23] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889),

http://kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[24] O. Heaviside, Electromagnetic Induction and Its Propagation, sec. XXII, The Electrician (Jan. 15, 1886), p. 186; in Electrical Papers, Vol. I, p. 542,

http://kirkmcd.princeton.edu/examples/EM/heaviside_ep1_pp542-548.pdf

[25] P.A.M. Dirac, The Theory of Magnetic Monopoles, Phys. Rev. 74, 817 (1948),

http://kirkmcd.princeton.edu/examples/QED/dirac_pr_74_817_48.pdf

[26] A. Sommerfeld, Electrodynamics (Academic Press, 1952).

[27] W. Rindler, Relativity and electromagnetism; The force on a magnetic monopole, Am.

J. Phys. 57, 993 (1989), http://kirkmcd.princeton.edu/examples/EM/rindler_ajp_57_993_89.pdf

[28] F. Moulin, Magnetic monopoles and Lorentz force, Nuovo Cim. 116B, 869 (2001),

http://kirkmcd.princeton.edu/examples/EM/moulin_nc_116b_869_01.pdf

[29] D.J. Griffiths, Introduction to Electrodynamics, 4^{th} ed. (Addison-Wesley, 2012),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[30] J.D. Jackson, Classical Electrodynamics, 3^{rd} ed. (Wiley, 1999),

http://kirkmcd.princeton.edu/examples/EM/jackson_ce3_99.pdf

[31] R. Clausius, On the different Systems of Measures for Electric and Magnetic Quantities, Phil. Mag. 13, 381 (1882),

http://kirkmcd.princeton.edu/examples/EM/clausius_pm_13_381_82.pdf

[32] F. Rasetti, Deflection of mesons in magnetized iron, Phys. Rev. 66, 1 (1944),

http://kirkmcd.princeton.edu/examples/EM/rasetti_pr_66_1_44.pdf

This paper mentions the earlier history of erratic results on this topic.

[33] G.H. Wannier, The Deflection of Charged Particles in a Ferromagnetic Medium, Phys.

Rev. 72, 304 (1947), http://kirkmcd.princeton.edu/examples/EP/wannier_pr_72_304_47.pdf

[34] J.R. Anderson and A.V. Gold, de Haas-van Alphen Effect and Internal Field in Iron, Phys. Rev. Lett. 10, 227 (1963),

http://kirkmcd.princeton.edu/examples/EM/anderson_prl_10_227_63.pdf

[35] C. Kittel, Internal Magneteic Field in the de Haas-van Alphen Effect in Iron, Phys. Rev.

Lett. 10, 339 (1963), http://kirkmcd.princeton.edu/examples/EM/kittel_prl_10_339_63.pdf

[36] K.T. McDonald, Magnetic Force on a Permeable Wire (March 17, 2002),

http://kirkmcd.princeton.edu/examples/permeable_wire.pdf

[37] A. Einstein and J. Laub, Über die elektromagnetishen Grundgleichungen für bewegte Köper, Ann. Phys. 26, 532 (1908),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_532_08.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_532_08_english.pdf

[38] A. Einstein and J. Laub, Über die im elektromagnetishen Felde auf ruhende Köper ausgeübten ponderomotorishen Kräfte, Ann. Phys. 26, 541 (1908),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08_english.pdf

[39] Einstein and Laub on the Electrodynamics of Moving Media, in The Collected Papers of Albert Einstein, Vol. 2, ed. J. Stachel (Princeton U. Press, 1989), p. 503,

http://kirkmcd.princeton.edu/examples/EM/einstein_laub_08_commentary.pdf

[40] A. Einstein, Sur les force pondéromotrices qui agissent sur des conducteurs ferromagnétique disposés un champ magnétique et parcourus par un courant, Arch. Sci. Phys. Nat. 30, 323 (1910), http://kirkmcd.princeton.edu/examples/EM/einstein_aspn_30_323_10.pdf

[41] K.T. McDonald, Biot-Savart vs. Einstein-Laub Force Law (May 21, 2013),

http://kirkmcd.princeton.edu/examples/laub.pdf

[42] K.T. McDonald, Mansuripur’s Paradox (May 2, 2012),

http://kirkmcd.princeton.edu/examples/mansuripur.pdf

[43] K.T. McDonald, Methods of Calculating Forces on Rigid, Linear Magnetic Media (March 18, 2002), http://kirkmcd.princeton.edu/examples/magnetic_force.pdf

[44] R.M. Fano, L.J. Chu and R.B.Adler, Electromagnetic Fields, Energy and Forces (Wiley, 1960), kirkmcd.princeton.edu/examples/EM/fano_chu_adler_60.pdf

[45] R.D.H. Tellegen, Magnetic-Dipole Models, Am. J. Phys. 30, 650 (1962),

http://kirkmcd.princeton.edu/examples/EM/tellegen_ajp_30_650_62.pdf

[46] H. Minkowski, Die Grundgleichungen für die elektromagnetischen Vorgänge in bewegten Körper, Nachr. Ges. Wiss. Göttingen 1, 53 (1908),

http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08.pdf
http://kirkmcd.princeton.edu/examples/EM/minkowski_ngwg_53_08_english.pdf

[47] A. Zangwill, Modern Electrodynamics, (Cambridge U. Press, 2013),

http://kirkmcd.princeton.edu/examples/EM/zangwill_em_12.pdf

[48] See, for example, http://mathworld.wolfram.com/CurlTheorem.html

For a derivation, see pp. 61-63 of G.B. Arfken, Mathematical methods for Physicicts, 3^{rd} ed. (Academic Press, 1985), http://kirkmcd.princeton.edu/examples/EM/arfken_pp61-63.pdf

[49] J.S. Schwinger, On the Magnetic Scattering of Neutrons, Phys. Rev. 51, 544 (1937),

http://kirkmcd.princeton.edu/examples/EP/schwinger_pr_51_544_37.pdf

[50] L.D. Landau, E.M. Lifshitz and L.P. Pitaevskii, Electrodynamics of Continuous Media, 2^{nd} ed. (Pergamon, 1984), http://kirkmcd.princeton.edu/examples/EM/landau_ecm2.pdf

[51] F. Bloch and G. Gamov, On the Magnetic Scattering of Neutrons, Phys. Rev. 50, 259 (1936), http://kirkmcd.princeton.edu/examples/EP/bloch_pr_50_259_36.pdf

[52] F. Bloch, On the Magnetic Scattering of Neutrons. II, Phys. Rev. 51, 994 (1937),

http://kirkmcd.princeton.edu/examples/EP/bloch_pr_51_994_37.pdf

[53] O. Halpern and M.H. Johnson, On the Magnetic Scattering of Neutrons, Phys. Rev.

55, 898 (1939), http://kirkmcd.princeton.edu/examples/EP/halpern_pr_55_898_39.pdf

[54] H. Ekstein, Magnetic Interaction between Neutrons and Electrons , Phys. Rev. 76, 1328 (1949), http://kirkmcd.princeton.edu/examples/EP/ekstein_pr_76_1328_49.pdf

[55] E. Fermi, Über die magnetischen Momente der Atomkerne, Z. Phys. 60, 320 (1930),

http://kirkmcd.princeton.edu/examples/QED/fermi_zp_60_320_30.pdf

[56] J.D. Jackson, The Nature of Intrinsic Magnetic Dipole Moments, CERN-77-17 (1977),

http://kirkmcd.princeton.edu/examples/EP/jackson_CERN-77-17.pdf

[57] C.A. Kocher, Magnetic monopoles and hyperfine structure, Am. J. Phys. 61, 879 (1993),

http://kirkmcd.princeton.edu/examples/EM/kocher_ajp_61_879_93.pdf

[58] J.J. Thomson, Electricity and Matter (Charles Scribner’s Sons, 1904), pp. 25-35,

http://kirkmcd.princeton.edu/examples/EM/thomson_electricity_matter_04.pdf

[59] J.J. Thomson, On Momentum in the Electric Field, Phil. Mag. 8, 331 (1904),

http://kirkmcd.princeton.edu/examples/EM/thomson_pm_8_331_04.pdf

[60] J.J. Thomson, Elements of the Mathematical Theory of Electricity and Magnetism, 3rd ed. (Cambridge U. Press, 1904), http://kirkmcd.princeton.edu/examples/EM/thomson_EM_3rd_ed_04.pdf

[61] K.T. McDonald, J.J. Thomson and “Hidden” Momentum (Apr. 30, 2014),

http://kirkmcd.princeton.edu/examples/thomson.pdf

[62] D.J. Griffiths, Dipoles at rest, Am. J. Phys. 60, 979 (1992),

http://kirkmcd.princeton.edu/examples/EM/griffiths_ajp_60_979_92.pdf

[63] W.H. Furry, Examples of Momentum Distributions in the Electromagnetic Field and in Matter, Am. J. Phys. 37, 621 (1969),

http://kirkmcd.princeton.edu/examples/EM/furry_ajp_37_621_69.pdf

[64] L. Vaidman, Torque and force on a magnetic dipole, Am. J. Phys. 58, 978 (1990),

http://kirkmcd.princeton.edu/examples/EM/vaidman_ajp_58_978_90.pdf

[65] M.G. Calkin, Lagrangian and Hamiltonian Mechanics (World Scientific, 1996),

http://kirkmcd.princeton.edu/examples/mechanics/calkin_96.pdf

[66] K.T. McDonald, On the Definition of “Hidden” Momentum (July 9, 2012),

http://kirkmcd.princeton.edu/examples/hiddendef.pdf

[67] Y. Aharonov and A. Casher, Topological Quantum Effects for Neutral Particles, Phys.

Rev. Lett. 53, 319 (1984), http://kirkmcd.princeton.edu/examples/QM/aharonov_prl_53_319_84.pdf

[68] T.H. Boyer, Proposed Aharonov-Casher effect: Another example of an Aharonov-Bohm effect arising from a classical lag, Phys. Rev. A 36, 5083 (1987),

http://kirkmcd.princeton.edu/examples/QM/boyer_pra_36_5083_87.pdf

[69] T.H. Boyer, The force on a magnetic dipole, Am. J. Phys. 56, 688 (1988),

http://kirkmcd.princeton.edu/examples/EM/boyer_ajp_56_688_88.pdf

[70] Y. Aharonov, P. Pearle and L. Vaidman, Comment on “Proposed Aharonov-Casher effect: Another example of an Aharonov-Bohm effect arising from a classical lag”, Phys. Rev. A 37, 4052 (1988), http://kirkmcd.princeton.edu/examples/QM/aharonov_pra_37_4052_88.pdf

[71] K.T. McDonald, Polarization Precession (Jan. 14, 1970),

http://kirkmcd.princeton.edu/examples/polprecess.pdf

[72] K.T. McDonald, Electrodynamics of Rotating Systems (Aug. 8, 2008),

http://kirkmcd.princeton.edu/examples/rotatingEM.pdf

[73] V. Hnizdo and K.T. McDonald, Fields and Moments of a Moving Electric Dipole (Nov.

29, 2011), http://kirkmcd.princeton.edu/examples/movingdipole.pdf

[74] S.R. deGroot and L.G. Suttorp, Foundations of Electrodynamics (North Holland, 1972),

http://kirkmcd.princeton.edu/examples/EM/degroot_chap4.pdf

[75] J.S. Schwinger, L.L. DeRaad, Jr, K.A. Milton and W-Y. Tsai, Classical Electrodynamics (Perseus Books, 1998), http://kirkmcd.princeton.edu/examples/EM/schwinger_chap4.pdf

[76] W. Dällenbach, Die allgemein kovarianten Grundgleichungen des elektromagnetdschen Feldes im Innern ponderabler Materie vom Standpunkt der Elektronentheorie, Ann. d. Phys. 58, 523 (1919), http://kirkmcd.princeton.edu/examples/EM/dallenbach_ap_58_523_19.pdf

[77] G.E. Vekstein, On the electromagnetic force on a moving dipole, Eur. J. Phys. 18, 113 (1997), http://kirkmcd.princeton.edu/examples/EM/vekstein_ejp_18_113_97.pdf

[78] L.H. Thomas, The Motion of the Spinning Electron, Nature 117, 514 (1926),

http://kirkmcd.princeton.edu/examples/QED/thomas_nature_117_514_26.pdf

[79] L.H. Thomas, The Kinematics of an Electron with an Axis, Phil. Mag. 3, 1 (1927),

http://kirkmcd.princeton.edu/examples/QED/thomas_pm_3_1_27.pdf

[80] A.L. Kholmetskii, O.V. Missevitch and T. Yarman, Electromagnetic force on a moving dipole, Eur. J. Phys. 32, 873 (2011),

http://kirkmcd.princeton.edu/examples/EM/kholmetskii_ejp_32_873_11.pdf

[81] A.L. Kholmetskii, O.V. Missevitch and T. Yarman, Reply to comments on ‘Electromagnetic force on a moving dipole‘, Eur. J. Phys. 33, L7 (2012),

http://kirkmcd.princeton.edu/examples/EM/kholmetskii_ejp_33_L7_12.pdf

[82] V. Hnizdo, Comment on ‘Electromagnetic force on a moving dipole’, Eur. J. Phys. 33, L12 (2012), http://kirkmcd.princeton.edu/examples/EM/hnizdo_ejp_33_L3_12.pdf

[83] E.M. Purcell and N.F. Ramsey, On the Possibility of Electric Dipole Moments for Elementary Particles and Nuclei, Phys. Rev. 78, 807 (1950),

http://kirkmcd.princeton.edu/examples/EP/purcell_pr_78_807_50.pdf

[84] ACME Collaboration, Order of Magnitude Smaller Limit on the Electric Dipole Moment of the Electron, Science 343, 269 (2014),

http://kirkmcd.princeton.edu/examples/EP/acme_science_343_269_14.pdf

[85] J. Larmor, On the theory of the Magnetic Influence on Spectra; and on the Radiation from moving Ions, Phil. Mag. 44, 503 (1897),

http://kirkmcd.princeton.edu/examples/EM/larmor_pm_44_503_97.pdf

[86] A. Landé, Über den anomalen Zeemaneffekt, Z. Phys. 5, 231 (1921),

http://kirkmcd.princeton.edu/examples/QM/lande_zp_5_231_21.pdf

[87] W. Voigt, ELektronenhypothese und Theorie des Magnetismus, Ann. d. Phys. 9, 115 (1902), http://kirkmcd.princeton.edu/examples/EM/voigt_ap_9_115_02.pdf See his eqs. 9-10, where μ is the magnetic moment, M = 2ma^2/3 is the moment of inertia for a spherical shell, r = ω, but for Voigt, ω = c.

[88] W. Ritz, Sur L’Origine des Sprectres en Séries, C.R. Acad. Sci. 145, 178 (1907),

http://kirkmcd.princeton.edu/examples/EM/ritz_cras_145_178_07.pdf

[89] P. Weiss, L’Hypothèse du Champ Moléculaire et al Propriété Ferromagnt́ique, J. Phys.

(Paris) 6, 661 (1907), http://kirkmcd.princeton.edu/examples/EM/weiss_jp_6_661_07.pdf

[90] P. Weiss, Über die rationalen Verhältnisse der magnetischen Momente der Moleküle und das Magneton, Phys. Z. 12, 935 (1911),

http://kirkmcd.princeton.edu/examples/EM/weiss_pz_12_935_11.pdf

[91] N. Bohr, On the Effect of Electric and Magnetic Fields on Spectral Lines, Phil. Mag.

27, 506 (1914), http://kirkmcd.princeton.edu/examples/QM/bohr_pm_27_506_14.pdf

[92] A.H. Compton, The Magnetic Electron, J. Franklin Inst. 192, 145 (1921),

http://kirkmcd.princeton.edu/examples/QM/compton_jfi_192_145_21.pdf

[93] G.E. Uhlenbeck and S. Goudsmit, Ersetzung der Hypothese vom unmechanischen Zwang durch eine Forderung bezfüglich des inneren Verhaltens jedes einzelnen Elektrons, Naturwiss. 13, 953 (1925),

http://kirkmcd.princeton.edu/examples/QM/uhlenbeck_naturw_13_953_25.pdf

[94] P.A.M. Dirac, The Quantum Theory of the Electron, Proc. Roy. Soc. London A 117, 610 (1928), http://kirkmcd.princeton.edu/examples/QED/dirac_prsla_117_610_28.pdf

[95] A.-M. Ampère, La détermination de la formule qui represénte l’action mutuelle de deux portions infiniment petites de conducteur Voltaïques, Ann. Chem. Phys. 20, 398 (1922),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_20_398_22.pdf

[96] W.F. Brown, Jr., Electric and magnetic forces: A direct calculation. I, Am. J. Phys.

19, 290 (1951), http://kirkmcd.princeton.edu/examples/EM/brown_ajp_19_290_51.pdf

[97] O.D. Jefimenko, Electricity and Magnetism, 2^{nd} ed. (Electret Scientific, 1989),

http://kirkmcd.princeton.edu/examples/EM/jefimenko_EM.pdf

[98] K.T. McDonald, Long Rod with Uniform Magnetization Transverse to its Axis (Nov.

3, 1999), http://kirkmcd.princeton.edu/examples/magrod.pdf

[99] W. Gilbert, De Magnete (1700),

http://kirkmcd.princeton.edu/examples/EM/gilbert_de_magnete.pdf

[100] P. de Maricourt (Peregrinus), Epistola ad Sigerum (1269),

http://kirkmcd.princeton.edu/examples/EM/peregrinus_magnet.pdf

[101] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), http://kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[102] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann.

Phys. 309, 667 (1901), http://kirkmcd.princeton.edu/examples/EM/wiechert_ap_309_667_01.pdf

[103] L. Lorenz, Ueber die Identität der Schwingungen des Lichts mit den elektrischen Strömen, Ann. d. Phys. 207, 243 (1867),

http://kirkmcd.princeton.edu/examples/EM/lorenz_ap_207_243_67.pdf

On the Identity of the Vibration of Light with Electrical Currents, Phil. Mag. 34, 287 (1867), http://kirkmcd.princeton.edu/examples/EM/lorenz_pm_34_287_67.pdf

[104] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[105] K.T. McDonald, Ph501 Electrodynamics Problem Set 4 (1999),

http://kirkmcd.princeton.edu/examples/ph501set4.pdf

[106] G.P. Fisher, The Electric Dipole Moment of a Moving Magnetic Dipole, Am. J. Phys.

39, 1528 (1971), http://kirkmcd.princeton.edu/examples/EM/fisher_ajp_39_1528_71.pdf