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1. In a scattering experiment, the differential cross section is observed to be,

do mB?
dcosf T(l +ecosd), Ototal = B, (1)

with € < 1. Supposing the scattering is elastic off a hard object, what is its shape?
If ¢ = 0, the object would be a sphere, as in Prob. 6, Ph205 Problem Set 6. For
nonzero, but small €, the object is almost a sphere, say a (prolate) spheroid,

o, 2)

beam

Find the differential cross section for scattering off a “hard” spheroid with arbitrary
semiaxes A and B. What is A corresponding to eq. (1), for small €?
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2. Rainbows, Haloes and Glories, by R. Greenler (U. Cambridge, 1980),
http://kirkmcd.princeton.edu/examples/optics/greenler_80.pdf

(a) Rainbows.
Consider the scattering of light by a (spherical) water drop. When light hits a
boundary between air and water, both reflection and transmission are possible,
so many scattered rays occur. The first 4 outgoing rays are shown in the sketch
below.

Ray 1 is mirror reflection off the surface of the drop, as in hard scattering off a
sphere, Prob. 6, Ph205 Set 6.

Ray 2 corresponds to Prob. 8, Ph205 Set 6.

This problem concerns rays 3 and 4, which can lead to primary and secondary
rainbows.

Noting that impact parameter b = a sin «, as shown in the figured, the scattering
cross section is related by,

do 1 d_lﬁ_a%inacosad_a )
dQ  27sinf df msind  df

If df/da = 0 for some b, then do/d2 — oo. That is, if many different o’s, and
hence different b’s, lead to the same scattering angle 6, the scattered light gets
very bright = a rainbow.

Let m be the number of internal reflections before the ray emerges. Calculate
0 = f(a,B,m) from the geometry. Use Snell’s law to relate angles a and [ to
the index of refraction of water (taking the index of air to be 1), and show that
df /do = 0 when,

(m+1)! —n?
(m+1)2—-1"

(4)

sin? o =

For water, n ~ 4/3. Evaluate a, 5 and 6 for the first two rainbows, m = 1 and 2.
(Ans: 138°, —129°.)

The index n of refraction varies with wavelength; long A = small n. What is the
order of colors in the first and second rainbows?
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If you are watching the rainbow, what is the angle ¢ between the light you see

from it and the Sun?
Sun

The explanation of the rainbow is attributed to Descartes.

Glories (strictly cultural, no problem assigned.)

If you look at the shadow of an airplane on a cloud while flying, you see a
“halo” /“glory” immediately outside the shadow. That is, there is an enhance-
ment of the scattering by 6 ~ 180° off water drops.

The first recorded observation of this phenomenon by a Westerner was in 1735,
by a Spanish mountain climber in the Andes. But a good explanation was given
only in 1977, H.M. Nussenzveig, The Theory of the Rainbow, Sci. Am. 236(4),

116 (1977) , http://kirkmcd.princeton.edu/examples/optics/nussenzveig_sa_236-4_116_77.pdf
N

7>

82.8°
82.8°

n4.4°

\

Surface wave

-~

Apparently, surface waves just inside the water drop can transport light for several
degrees around the drop before it emerges. For impact parameter b =~ a, this is
sufficient to makes the scattering angle of ray 3 of the previous figure emerge at
0 =~ 180°. See also the extensive web site, http://www.philiplaven.com/index1.html,
from which the above photo and figure are taken.
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3. A car is driven at constant horizontal velocity along a horizontal, “washboard” road
such that the height of an axle above the average elevation of the road is y ~ R +
Acoswt, where R is the radius of a wheel and A < R.

Mass m of the car is supported above the center of the wheel by a vertical shock
absorbed of rest length [ and spring constant k. The damping of the shock absorber is
proportional to the rate of change of its length,

F=—b(Y — ), (5)

where Y is the height of the top of the shock absorber above the average elevation of
the road.

Formulate, and solve, the differential equation for the vertical motion of mass m to
show that the average height (V) is,

<Y>:R+l—wig, (6)

and that the amplitude of the oscillation of Y is,

wi — w?)2 + 43202’

where w2 = k/m and 8 = b/2m.

Suppose the shock absorber is critically damped. At what angular frequency w is the
amplitude of the oscillation in Y a maximum, and what is the maximum amplitude?
Ans: Ampli_, = 23 A/3.
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4. (a) Find the Fourier expansion of the sawtooth waveform,

F(t) = % (—g <t< g) . (8)
Ans:  F(t) = % (sinwt _ %sin 2t + %sini’)wt _. ) L (w=21/T). (9)
F F
P ANA
t /¢
T/ 2m/o 3/
2 12 hP

(b) Find the Fourier expansion of the half-wave waveform,

sin wt (O<t< g),

F(t) = (10)
0 (g<t<2§).
A Ft) =~ 4 Ssinwt — — cos 2ut — —— cos 4t (11)
: = — + —sinwt — — - — —
ns - 25 w 37‘(‘ COS ZWw 15/]_(_ COS 4w

Which Fourier series of (a) or (b) converges faster?
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D.

(a)

A mass m oscillates with spring constant k& and damping constant b after being
driven by the step function,

F(r) = (12)

Use Green’s method to calculate the motion x(t).

F

Ans : T = 02 (1 — e Pt coswit — ﬁ e Ptsin w1t> ) (13)
mwy w1

Sketch this for =0 and wy/4.

Note that the damped oscillation makes a large overshoot of the equilibrium
position x = Fy/mw?2. What is the maximum =z of this overshoot, and what is the
time ¢ then?

The same oscillator is subject to the impulse,

0 (t<0),
Fty={ F, (0<t<T), (14)
0 (t>T).

Now what is x()?

Sketch the motion supposing the damping is strong enough that the initial oscil-
lations have largely died out before the impulse ends at time 7.
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6. (a) A damped oscillator is subject to the driving force F(t) = Fye " for a positive
constant «. Solve for the “steady” motion by making a suitable guess as to the
form of x(t).

(b) Now suppose that the driving force is,

F(t) = 0 (t <0), (15)
Fy et (t > 0)

Use Green’s method to solve for the transient response (which should also include
the “steady” motion of part (a) for £ > 0).

F()/m

Ans : x(t>0):w(2)+a2—2aﬂ

et 4 Bt (a b sinwit — cos wltﬂ .(16)

w1

Sketch this for the case a = 3.
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7. A hoop of mass m and radius R is attached to a massless, rigid rod of length [ to
for a compound pendulum. The hoop pivots freely about its connection to the end of
the rod. Find the angular frequencies of the normal modes of oscillation for motion
entirely in a vertical plane.

N

Hint: Make the small-angle approximation before deriving the equations of motion —
but remember that you must keep terms of 2°¢ order to describe oscillatory motion.

For R = 1/2, show that w = /(2 £ 2v/2)g/I.
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8. A thin plate in the form of an equilateral triangle is suspended by three springs (of the
same spring constant and same rest length) from its corners, such that the equilibrium
position of the plate is horizontal with the springs vertical.

g

What are the angular frequencies of the normal modes of (small) oscillation in which
the center of mass of the plate moves only vertically?

It suffices to guess the forms of the normal modes and then derive an equation of
motion for each mode separately.

sl Ans: Two of the modes have the same frequency, which is twice that of a third mode.
A fourth mode has frequency independent of the mass and of the spring constant.
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9. A uniform disk of mass m and radius a rests on a frictionless, horizontal table. The
disk is connected via three springs of constant £ and rest length [y to three fixed points
120° apart. At equilibrium the springs have length [ > [.

What are the angular frequencies of the three normal modes (including rotation) of
small oscillations about equilibrium?

You might guess the modes and solve for them one by one, or use Lagrange’s method.
The problems on p. 60 of http://kirkmcd.princeton.edu/examples/mechanics/landau_mechanics.pdf
may help with the geometry.

3k 20 —1 _
Ans : Wi =wy =1 — 07 w3:¢%w

om m al ’ (17)
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10.

(a)

Consider the linear triatomic molecule ABA of Prob. 1, p. 72 of
http://kirkmcd.princeton.edu/examples/mechanics/landau_mechanics.pdf,

where atoms A are tied to atom B by springs of constant k. They solve the
problem by guessing the modes, and using conservation of energy/momentum of
the center of mass to reduce the problem to two degrees of freedom (ignoring the
bending mode).

3 L 2 2 !

©

4 8 A4

Work this problem via Lagrange’s method by deducing the three coupled equa-
tions of motion for along the (z) as xis of the molecule, using coordinates xy, x2
and x3. Assume oscillatory motion to derive the characteristic equation for w?,
where w is the angular frequency of small oscillations about equilibrium.

k 2
Ans : w? =0, —_— kw.

(18)
™ma mamp

The case of w = 0 means that there is a nonoscillatory motion possible for this
system, which is just translation of the entire system, without internal motion,
along the z-axis.

Suppose the middle atom B is tied to the origin by a spring, also of constant k.
Now what are the frequencies of the normal modes of small oscillations?
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Solutions

1. In elastic scattering off a prolate spheroid,

22 2 22
Vel + 2 + 52 =1, (19)
the scattering angle 0 is related by,
0 0
0 =m— 2, sina:sin<g—§>:cos§. (20)

where « is the angle between the incoming particle and the normal to the spheroid at
the point of contact.

Also, at the point of contact where y = b = By/1 — 22/A? and z;, = —A,/1 — b2/ B2,

22 B |;1:b| _AVBP =P _ BYBT P

tan(b_ - 1‘? JA @ AWB A&
V1 — sin’
=cota = % . (21)
1 A
cosg =sina = = 0 . (22)
2 V1+ (dy/dx)2  \/B'+ (A2 — B2)p?

s 2(34 + (A2 — BOY = A%, (23)

B cos?0/2 B B*(1+ cosb)

2 _ —
b" = A2 — (A2 — B?)cos?0/2  2A2 — (A% — B2)(1 +cosf)’

(24)

The scattering differential cross section is,

do d? B BY(A? — B)(1 + cos )

dcosf  dcosf <2A2 — (A?2 = B?)(14+cosf) [2A%2— (A2—B%)(1+ cos&)]2>
B12A% — (A% — B?)(1 + cos0)] + B*(A? — B?)(1 + cos#)

[2A% + (A% — B?)(1 + cosf)]?

2A% B>

[2A2 — (A% — B?)(1 4+ cos0))?

2(1425) 7B 7B
2420 —20cosH)]2 2

= 1 B>

~ 1B?

(14+20)(1 —25 +25cosh) ~ T(1 +2d cosb),(2

5)
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where the approximation holds for small 6 in A = B(1+ ).

If the differential cross section is observed to vary as 1 + ecosf, then § = €/2 and
A= B(1+¢/2).

The total cross section is, of course, o = 7 B2

The figure below shows (1/0)(do/dcos 8 for A/B =1, 2 and 10.

100

LU

dofd cosf

0l

001 |

0.001

cosB
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2. Rainbows.

In the scattering of light by a (spherical) water drop, let m be the number of internal

reflections before the ray emerges.
N reflected ray

m=2 )
incident ray \
a—p
y L

Then, the emerging ray with m = 1 has scattering angle,

O = (= 0)+ (= 20) + (= ) = 2(a = ) + (7 — 23), (26)
and the emerging ray with m = 2 has scattering angle,
0 = 01— (a =)+ (r = 20) + (a = §) = 2(a = §) + 2(7 — 20), (27)
and in general,
O = 2(ax — B) + m(m — 20). (28)
According to Snell’s law,
d
sin v = nsin 3, cosa:ncosﬂ% = n2—sin2a—ﬁ, (29)
da da

where n & 4/3 is the index of refraction of water. Hence,

%:2—2(771—1—1)%:2(1—%), (30)

for rainbow scattering with angle «,, related by,

1,2

n? —sin® a,, = (m + 1)*(1 — sin® a,,), sin? a,, = % . (31)
sin? oy = _31’#6 =0.95%, o, =594° sinf, = %sin a; = 0.65, [, =40.2°, (32)
0, = 180° + 201 — 48, = 138°, (33)
sin? ap = 0 _8 v _ 0.86>, as=T718, sinf,= %sin a1 =071, [,=45.4° (34)
0 = (180°+) 2as — 68, = —129°. (35)
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The primary rainbow (m = 1) is due to light entering the upper part of water drops,
relative to the observer, while the secondary rainbow (m = 2) is due to light entering
the lower part of the drop.

\

The angles of the rainbows relative to the incident light rays are 42° and 51°, as noted
by Descartes in the right figure above, from p. 253 of Discours de la Méthode (Leyden,
1637), http://kirkmcd.princeton.edu/examples/mechanics/descartes_37.pdf.

Since sina = nsin 3, a larger index n(A) implies a small angle /3, for a given angle
a. For the primary rainbow, rays associated with a larger index, i.e., for smaller
wavelength, emerge with a smaller angle. Hence the primary rainbow is blue at smaller
angles and red at larger.

For the secondary rainbow, with its inverted internal geometry, the story is reversed,
so red appear at larger angles and blue at smaller.
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3. This problem is adapted from Prob. 51, p. 69 of K.R. Symon, Mechanics (Addison-
Wesley, 1971),http://kirkmcd.princeton.edu/examples/mechanics/symon_?l.pdf

The differential equation for the vertical motion of mass m is,

mY = —b(Y = g) — k(Y —y —1) — mg, (36)
mY 4+ bY + kY = —by + k(y + 1) — myg, (37)
Y +B8Y +wiY = =By +wily+1) —g, (38)

where 3 = b/2m and w3 = k/m.

The “washboard” road forces the axle to oscillate vertically above the average elevation
of the road according to,

y= R+ Acosuwt, (39)
where R is the radius of a wheel and A < R. Hence,
Y +208Y 4+ wlY = 24Bwsinwt + w(R + Acoswt) + wil — g. (40)

The time-average, steady-state value of Y is,
g

We seek an oscillatory solution for forced motion of Y at angular frequency w of the
form Y = (V) + Re(Yy ™), for which (40) implies,

Re(—w?Yy e™ — 2iBwYy e™! 4+ wiYy e™') = Re(—2iAfw ™" + Awj e™"), (42)
—2iAfw + Awd wd +45%w?
Yo=— 2 =, [Yo| = A 2 022 22" (43)
wg — w? — 2ifw (w§ —w?)2+ 40w
In the particular case of critical damping, 3 = wg, and the amplitude of the oscillation
inY is,
wi + dwidw? Awy
vil— A 0 0 _ /02 & A2, 44
Yol J (W3 —w?)? +4wdw? Wi+ w? wWo W (44)

This is maximal for,
d|Yol 2Awow Awy 4w
— 0= — S Jwd + dw? , 45
dw (w3 + w?)? “Wotsw +w3+w2 [w2 + dw? (45)
_2V3A

9 | 0|max_ 2

2
0 = —2(w? + 4w?) + 4(wh + w?), W2 =0

(46)

A version of this problem with an accelerating car is at
http://kirkmcd.princeton.edu/examples/washboard.pdf.
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4. (a) The sawtooth is antisymmetric,

Fyt T T
F(t)= — = —-F(—t ——<t< . 47
®) T (=) ( 2 2) 47
so its Fourier expansion will only contain sine terms, F'(t) = >.>° | B, sin nwt with
w=2m/T,
9 T/2 ' 2F, [(T/2 . 2nmt 2F, T? nwo
B, = ?/_T/2F(t)smnwtdt = W/_Tmtsm T dt = WW/_MJUSIHJUOZZE
Fo . nm Fy n (=)
=533 [sinz — zcosx]"T = PCR (=) 2nm = — (48)
Fy (. L. 1.
F(t)=— (smwt—§sm2wt—i—§sm3wt—---> . (w=27/T). (49)
T

(b) The half-wave function is neither symmetric nor antisymmetric, so its Fourier
series will contain both cosine and sine terms,

sinwt (0<t <™ A s
F(t) = ( “’) — 0 Z A, cosnwt + B, sin nwt, (50)
0 (g <t< 2“}—“) 2 a4
92 T/2 92 T/w )
A, = —/ F(t)cosnwt dt = —/ sinwt cos nwt dt, (51)
T J-1)2 27 /w Jo
™/w 1 T/w 9
Ay = g/ sinwt dt = [——coswt] =—, (52)
7 Jo Tl w 0 7r
w [T/w ) w T/w . w [—1 m/w
A= —/ sinwt coswt dt = —/ sin2wt dt = — [— cos th] =0, (53)
m Jo 21 Jo 21 2w 0
w T /w ) w T/w ] ) )
Aoy = —/ sinwt cos 2mwt dt = —/ —[sin(2m + 1)wt — sin(2m — 1)wt] dt
m Jo mJo 2
T/w
w -1 1
= — |——— 2m + 1wt + —————— 2m — 1wt
o [(Qm—i— Ty Cosm Lt + 5 cos@m = 1) L
1 2 2 2
- e e
2r \2m+1 2m—1 2m+1)2m —1)m
w [T/w . w [m/w 1 . .
Agpi1 = —/ sinwt cos(2m + 1)wt dt = —/ §[s1n(2m + 2)wt — sin 2mwt] dt
7 Jo mJo
~ ! (2m + 2)wt + —— cos 2met " 0 (55)
= — | =———=—cos(2m w cos 2mw =
21 | (2m + 2)w 2mw 0 ’
w [T/ wlm 1
B:—/ nwtsinwtdt = 2= % — 56
1=_ ) sinwtsinw 35 =3 (56)
w ’71'/(4} . . w ’71'/(4} 1
Bps1 = —/ sin wt sin nwt dt = —/ —[cos(1 — n)wt — cos(n + 1)wt| dt
mJo mJo 2

T/w

=0, (57)

w [sin(l —n)wt  sin(n + 1)wt]

:ﬂ 1—n n+1 0

1 1 2 2
F(t):;+§Sinwt—§C082wt—ﬁcos4wt_... (58)
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The Fourier series of the sawtooth function converges somewhat more quickly than
that of the half-wave, as shown in the figures below, from

http://kirkmcd.princeton.edu/examples/mechanics/TT_FourierSeries.pdf.

4

]
N
/

1w

f

,fj
J
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D.

(a) The equation of motion of the oscillator is,

F b k
mi = —kx — bx + F(t), ¥+ 261 + wir = —, B = 5 wi = E’(59)
and the driving force is the step function,
0 (t<0),
F(t) = (60)

According to Green’s method (p. 145 of
http://kirkmcd.princeton.edu/exa.mples/PhQOS/thOSl13.pdf), the motion is (fOI“ t >
0),

x(t>0):/t Fir)

—oo TNW1

F ¢ /
= 0 / e P sinw, (t —t') dt' =
mwi Jo

e P sinwy (t — t') dt’ (wl = Jwi — 52>

ot
=0 / e P sinwy dy
mwy Jo

. t
Fy [e_ﬁy —Bsinwiy — wy coswly]

= )
mwy B+ w? 0

F
= 02 (1 — e Pt coswit — ﬁ e Pt sinw1t> ) (61)
mwg w1

using 577.1 of http://kirkmcd.princeton.edu/examples/EM/dwight_57.pdf.

2

18
16
14
12

x 1
0.8
0.6

04

The first maximum occurs for z = 0,
0= Fe P coswt + (BQ/wl) e Plsinwit +wq e Psinwnt — fe P coswit, (62)
i.e., for wit = 7, With Zyayx = (Fo/mw?2)(1 + e~ 77/«1).
(b) The same oscillator is subject to the impulse,
0 (t<0),
Fty=3 F, (0<t<T), (63)
0 (t>T).
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For t < T, the motion is again given by eq. (61), called x(,)(¢) below,while for ¢ > T

we have,
F T , F t—T
a(t>T) = —> / e P sinwy (8 — ') dt! = — / e PV sinwyy dy
mwy Jo mwi Jo
Fy [ gy —Osinwiy —w coswly] K
=——>e
mwi %+ w? T
F
= —02 (e_ﬂ(t_T) coswyi(t—T) — s e P=T) gin wi(t—T) —e P coswit — s e Plsin w1t>
mwyj w1 w1
F
= 02 [1 —e P coswit — — e Pt sinwqt
mwO Wl

- (1 — e P D cosw (t—T) — wﬁ e P sin w, (t — T))] = 2()(t) —x@)(t=T). (64)
1
15
13
11
0.9
0.7

0.3

0.1
-0.1
i
0.5
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6. (a) The “steady” response of an oscillator to a driving force F'(t) may have the same
form as the driving force.

Then, for the driving force F(t) = Fye " we “guess”’ that the “steady” motion
has the form x(t) = zge .

Fi
mi = —kx — bi + F(t), #+ 208 +w?z = (0 — 2af + wd)zp e = =2 e, (65)

m
Fo/m —at b sk
o w%—l—aQ—Qaﬂe ’ p 2m’ pCi— (66)
(b) If the driving force is,
0 (t <0),
F(t) = (67)
Foe @ (t >0),
we can use Green’s method to solve for the transient response,
t Bt /
z(t >0) = / Fr) e P sinwy (t — t') dt’ (wl = wi— 52>
—oo TNW1
Fy ot , , Fy ot
— / et e_ﬁ(t_t)sinwl(t —t)dt' = —O/ e o= sinwqy dy
mwi JO mwi Jo
_ Fyet o(a=B)y (v — B) sinwiy — wq coswry K
mwy (= B)? +wi 0
Fy/m _ _y [a—0 .
— T o 27 [e at | o=ht (w—1 sinwit — coswltﬂ . (68)

The motion for o = § = wy/4 is sketched below.

12

1

0.8

= 0.6
0.4
0.2

0
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7. This problem is Ex. 1, p. 380 of Routh, Elementary Rigid Dynamics.

We seek the angular frequencies of small oscillations of the compound pendulum
sketched below. N

The equilibrium angles are ) = 0 = ¢, and it suffices to consider the kinetic and
potential energy of the system to second order in small # and ¢. Taking the origin at
the upper end of the rod of length [, the z-axis to be horizontal and the y-axis to be
vertical, the coordinates of the center of mass of the hoop are,

x=1Isinf+ Rsing ~ 10+ Rp, i~ 10+ Ro, (69)

19>  R¢? , . .
yzlcos@—i—RcosqS%l—i-R—?—T, Y~ —100 — Roo, (70)
V=i 4 ~ i 1207 + R+ 20RO, (71)

The approximate equations of motion follow from the Lagrangian,

.2
mv?  mR*¢

:T— =
L \% 5 + 2 + mgy
. ) .. 2 R
z%(l292+2R2¢2+2lR9¢)+mg <Z+R—%—T¢>, (72)
d oL . . oL
— = =~ ml?*) IRp = — ~ —mylh 73
Gop S0 +m ¢= 55 mglo, (73)
d oL . . oL
— ——~ ~2mR? =~ ~ —mgRo. 74
it 00 mR“¢ + mlRO 96 mgR¢ (74)

We seek oscillatory solutions of the form 0 = ae™!, ¢ = Be™! for complex constants
a and 3, such that the equations of motion (73)-(74) reduce to,

— PW?a — IRW?*B = —gla, (lw® — g)a + Rw*B =0, (75)
—2R%W*B — lRw?a = —gRp, lw?a + (2Rw? — g)3 = 0. (76)
lw?>—qg  Ruw? a 0

= . (77)
lw?  2Rw?—g 3 0

The matrix equations (77) have a solution only if the determinant of the coefficient
matrix vanishes,

0 = (lw? — g)(2Rw?* — g) — (Iw*)(Rw?) = [Rw* — g(I + 2R)w?* + ¢* (78)

g(l+2R) £/?(1+2R)? —4g?IR ¢
SF 2ZR(H R+ VP +4R) (79)

w2
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For R =1/2, we have w? = (g/1)(2 £ v2).

We now consider the form of the normal modes of small oscillation for R = [/2, in
which case eq. (77) becomes,

o)
w? w? — g/l 3 0

The higher frequency mode has w? = (g/1)(2 + /2), and eq. (80) becomes,

1+v2 1++2/2 81)
24v2 1+V2
(1+f)a+(1+f/2 =0, (82)

O ,l4v2  14V22-V2 g

[ S 83
a 2+V2 2+v22-2 (83)
In the higher frequency mode, the oscillations in # and ¢ have opposite signs.
The lower frequency mode has w? = (g/1)(2 — v/2), and eq. (80) becomes,
1—v2 1—+2/2 o 0
v2 v2/ = . (84)
2-v2 1-+2 I&; 0
(1-V2)a+ (1-v2/2)3 = (85)
1—+v2 1—+22
g _ 9 V2 _ V22442 NG (86)

a V3 i AR

In the lower-frequency mode, the oscillations in 6 and ¢ have the same signs.

N

& lof m & el
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8. This problem is Ex. 5, p. 381 of Routh, Flementary Rigid Dynamics.

An equilateral thin plate suspended by three springs has 4 modes of oscillation in which
the center of mass moves only vertically (or not at all).

zia'/\@

In mode 1, the plate remains horizontal, while its center of mass oscillates in the
vertical coordinate y. With three equal springs, each of constant k, the equation

of motion is my = —3ky, and the angular frequency of oscillation is,
3k
w pr— _— 5 87
! m (87)

where m is the mass of the triangular plate.

In mode 2, a bisector/altitude of the triangle remains fixed (and horizontal) while
one corner moves up and the other moves down.

There are 3 variants of this mode, for the 3 such bisectors.

If the plane of the triangle has rotated by small angle 6 from the horizontal
equilibrium position, the torque about the fixed bisector is 7 = —2ka?f, where
the edge of the equilateral triangle has length 2a. The bisector has length v/3 a,
and the area of the triangle is A = V3 a2. The moment of inertia of the triangle
about a bisector is,

e m ~om (2a* 24"\ ma?
L=] ., Ba" dxﬁ(“‘”‘@(?‘? =5 (88)
The equation of motion of mode 2 is I, § = —2a%k6, and hence,

wr = 225 o (89)
m

In mode 3, the line (of length 4a/3) through the center of mass of the triangle
and parallel to one of its sides remains fixed, while one vertex moves up and the
other two move down (or vice versa).

As for mode 2, there are 3 variants of mode 3.

If the plane of the triangle has rotated by small angle 6 from the horizontal
equilibrium position, the torque about the fixed line is,

2a = 2a a a
= kT2 — 2——k——0 = —2ak6. 90
Y - Y L A ¢ (50

The moment of inertia I3 of the triangle about the fixed line through the center
of mass is,
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I3 =

20/V3 m  ,  da V3
zide — |1 — ——
—o/v3 B a? 3 %

Sl 2R L] -

The equation of motion of mode 3 is 150 = —2a°k0, and hence,

|3k
w3 = 2 E = Wo = 2(4}1. (92)

In mode 4, the triangle rotates about the vertical axis through the center of mass,
which remains fixed to a first approximation.

We suppose that the equilibrium stretch, mg/3k, of each spring is small compared
to the rest length [ of the springs. Then, for a small angle of rotation is 6, of
the (horizontal) triangle about the vertical axis through the center of mass, the
horizontal force of each spring on the triangle is (mg/3)(2a6/v/31), and the torque
is,

B @2@92_@__4mga29
3 V313 3

The moment of inertia I of the equilateral triangle about the axis through the
center of mass and perpendicular to the plane of the triangle is related by the
perpendicular axis theorem to the sum of the moments of inertial about two
perpendicular axes in the plane of the triangle. In particular,

(93)

T =

2
ma
142124-]3:7. (94)

The equation of motion of mode 4 is ;0 = —4mga®6/3l, and hence,

Wy = 2\/?, (95)

independent of the spring constant k& and the mass m.
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9. This problem is Ex. 10, p. 382 of Routh, Elementary Rigid Dynamics.

A uniform disk of mass m and radius a connected by stretched springs to three fixed
vertices of an equilateral triangle has three mode of motion in the plane of the trian-
gle.rests on a frictionless, horizontal table.

mode 1 I+x/24 g mode 3
(0495

(1) In mode 1, the center of the disk moves along a bisector of the triangle, called
the z-direction the left figure above. For displacement z < [, where [ is the
equilibrium stretched length of the springs, whose rest length is [y < [, the length
of the other two springs is | + x cos60° = [ + x/2 to a first approximation. Each
of these springs makes angle « to the x-axis, which is related by,

cosa = cos(m — 3 — (m —60°)) = cos(60° — 3) ~ cos60° + sin 60° sin 3

1 V3V3z 1 3
5T w Tt w (56)

Then, the equation of motion of the oscillating disk is, to the first approximation,

mi =k(l —x —1lo) — 2k(l +2/2 — ly) cos (97)
3x 3kx [ — l() 2l — l()
— k(l—x— o) — 2l (1+2) = -2 = .
k(l—x—1y) —k(l+z/2—1) ( + 2l> 5 3kx 5 3kx 5
Hence, the angular frequency of the small oscillations of mode 1 is,
3k 2l —

(2) In mode 2, the center of the disk moves along a line perpendicular to a bisector
of the triangle, called the y-direction the middle figure above. For displacement
r < [, the length of the left springs remains [ to a first approximation, while
the other two springs take on lengths [ & yv/3 /2. The y-component of the force
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of the left spring on the disk is —k(l — lp)(y/l) to the first approximation. The
y-component of the force of the second spring on the disk is —k(I + yv/3/3) cos
where,

cosy = cos(m — d — (m — 30%)) = cos(30° — §) ~ cos 30° + sin 60° sin &

(99)

(100)

The y-component of the force of the third spring on the disk is k(I'y+/3/3) cos+/

where,
cosy = —cos(m — ¢ — 30°) = cos(30° + &) &~ cos 30° — sin 60° sin 9,
f Ly
Fg,yzk;(z_y‘—f—z)(?—%). (102)

Then, the equation of motion of the oscillating disk is, to the first approximation,

mij = —k(l = o)

k( +y\7f—zo> <§Z>+k<l—M—lo> (?—%)(103)

Yy 3 l—lo 3 l—lo . 3ky l—lo
bl =lo)] ky<4+ 4z> ky<4+ Al )‘ > Ut )

Hence, the angular frequency of the small oscillations of mode 2 is,

3k 21 — [
om 1

wWo = = Wi. (104)

(1) In mode 3, the center of the disk remains fixed while the disk oscillates by angle
0 about this point, as shown in the right figure on the previous page. For small
rotations, the length of the springs remains [ to a first approximation.
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~I &

The torque exerted by each spring is —ak(l — ly) sin € where,

0
sinem=9+¢we+a7. (105)
The moment of inertia of the disk is I = ma?/2, so the equation of motion of the

oscillating disk is, to the first approximation,

.. 2.-
15="00=r= —3ak9(l—z0)“l+l,

(106)

and the angular frequency of the small oscillations of mode 3 is,

oy = ¢%W (107)

m al

For a solution via Lagrange’s method, see
http://kirkmcd.princeton.edu/examples/Ph205/ph205s017 . pdf.
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10.

(a) Considering motion only along the axis of a linear triatomic molecule ABA with

equilibrium spacing L between atoms A and B, the kinetic and potential energies
are,

] -9 -2 k
T — ma(@y +&3)  mpd; 7 V=" [(552 — 21— L)? + (23 — x5 — L)2] .(108)
2 2 2
3 L 2 [A |
4 8 4

Lagrange’s equation of motion for this system, with £L =T — V', are,

d oL . oL
%%_mAxl_a—an_k(xQ_xl_L)’ (109)
d oL oL
7 0ia mps 970 k(—2x9 + 1 + x3), (110)

G gy AT g T T

Taking the origin at the equilibrium position of atom B, small oscillations of the
atoms about equilibrium have the forms,

1 =a1e“ — L, Ty = ag e, 3 =age“t + L, (112)

for complex constants a;. Using these forms in the equations of motion (109)-
(111), we find,

—maw?a; = k(az — a1), (k—maw?)a; — kas +0az =0, (113)
—mpwiay = k(2ay — ay —az),  kay + (2k — mpw?)ay + kaz =0, (114)

—maw’az = —k(az — as),  Oay — kag + (k — maw®)ag = 0.  (115)

For there to be a solution, the determinant of the coefficient matrix must vanish,

(k — maw?)*(2k — mpw?) — 2k*(k — maw?) = 0. (116)
The existence of the common factor & — maw? implies that,
k
P=— 117
= (117

is one solution.
After dividing out this common factor in eq. (116), we have

mampw® — k(2m4 + mB)w2 +2k* — 2k* = 0, (118)
such that two other solutions are,
2ma + my
2 2
=0 d =hk—-:. 119
P y gy (119)

The case of w = 0 means that there is a nonoscillatory motion possible for this
system, which is just translation of the entire system, without internal motion,
along the z-axis.
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(b) If the middle atom B is tied to the origin by a spring, also of constant k, then the
potential energy is that in eq. (108) plus an additional term kx3/2. The equations
of motion associated with coordinates x; and x5 are again given be egs. (109) and
(111), while the equation of motion associated with coordinate x5 is now,

d oL oL

D Yo = — = k(—3 120
T mpis 9% (—3x2 + 1 + 73), (120)
For small oscillations about equilibrium as in eq. (112), this implies,

— mpw'as = k(—3ay + a; + as). (121)

The determinant of the coefficient matrix must again vanish, which leads to
eq. (116) with the 2 replaced by 3,

(k — maw?)?(3k — mpw?) — 2k*(k — maw?) = 0. (122)

Again, the existence of the common factor & — m4w? implies that,
W= — (123)

is one solution.

After dividing out the common factor in eq. (122), we have,

mampw* — k(3m4 + mB)w2 + k% =0, (124)
w2 _ k(SmA +mB) + \/k2(3m,4+m3)2 —4k2mamp
QmAmB
3ma +mp £ /9% + 2mamp + m>
_ Bt sk O+ 2mamy + b (129

QmAmB



