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1. Coupled, Damped, Forced Oscillation.

A system of two equal masses connected by three collinear springs is subject to a
collinear, external driving force Fcoswt on mass 1 only.

Fycoswt
7 kN k2 kN
m m
In addition, there are damping forces on the two masses, F; = —bi; and Fy, = —bio,

which will prevent the amplitudes of the motion from diverging in case of resonance.

Demonstrate this by transformation the coupled equations of motion of x; and x5
relative to the equilibrium positions of the masses into decoupled equations of motion
of the normal coordinates ¢; and g2 (for motion in the absence of the external force).
Then, transform the solutions back to coordinates x; and xo to show that,

Fow? —w? + 2ifw it Fy w3 — w? it 1)
T =— , Ty = — , —
YT mw? — w? + 2iBw w? — w? + 2ifw 7 2mw? — W + 2ifw w? — w? + 2ifw
=b ki + k k k1 4+ 2k
where ﬂ—, wh = L 2, W= wgzﬁ. (2)
2m m m m

Hint: Guess the normal coordinates.
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2. A particle of mass m is connected to two fixed points by springs of constant k and rest
length [y. The fixed points are distance 2a apart.

y

m
M %&x
1 2a N

Consider only transverse oscillations in the z-y plane.

(a) Show that if a < [y there are three equilibrium points, and that the angular
frequency of small oscillations about the one stable equilibrium is,

o= %(1_‘;—9 (3)

(b) Show that if a > [y there is only one equilibrium point, and that the angular
frequency of small oscillations about this is,

“’:‘%k<_%>' (4)

(c) Show that if a = [y the potential is V(y) =~ ky*/43.
Then, use a method of successive approximations to show that the period is, to a
first approximation,

T%47T\/§l—0 m

3 AV (5)

where A is the amplitude.
It turns out that if the potential very precisely quartic then 7' = 7.42(ly/A)\/m/k.
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3. A spring of constant k is fixed at one end and attached to mass m at the other. The
mass is subject to friction such that the equation of (1-dimensional) motion is,

mi = —kx — umyg - (sign of @) (6)
Let w2 = k/m, and suppose that at t =0, z = ag and & = 0, where ag > pg/wg.

(a) Consider the exact solution for half periods to calculate the loss of amplitude.
Show that the amplitude will drop to zero in time t ~ magwo/2pg.

(b) Use the method of averages' to show that the motion is approximately
x & (ag — 2ugt/Two) cos wot.

'Pp. 161-162 of http://kirkmcd.princeton.edu/examples/Ph205/ph205115. pdf.
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4. Consider a 1-dimensional oscillator subject to a damping force such that the equation
of motion is,

i+ wh=—pBt|i|. (7)
Suppose that at t =0, z = ap and & = 0.

(a) Show by a method of successive approximations that after one half period that
amplitude has been reduced to (approximately) ag(1 — 48ao/3).

(b) Use the method of averages to show that the motion is approximately
x =~ a(t) coswot where 1/a = 1/ag + (43/3m) coswyt, which agrees with the result
of part (a) after one half period.
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5. Consider a central force,?
F=-2%_2 8)

The “orbit equation” for a (small) mass m subject to this force is,® with u = 1/r,

d*u am ﬂmu

where L is the angular momentum of mass m about the force center.
If 3 = 0, the solution is the standard Newtonian ellipse, u = (am/L?*)(1 + e cos ).

For (3 # 0 consider a solution of the form,
u =~ k[1+ €(0)cos p(8)]. (10)

Supposing that de/df is small, d?¢/d#? is of second order, and d¢/df ~ 1, show that,

am 2a8m?
UR T [1—1—6008 (1— 2 9)] . (11)
This is a slowly precessing ellipse, with angular velocity of precession,
2 2 2
w= Ofin Q, where 0= % ; (12)

is the average angular velocity of the orbital motion (of period T').

It is not necessary here, but the approximation scheme could be cast into the form of
a method of averages (that allows us to consider small oscillations about an elliptical
orbit, rather than about a circular orbit as in our previous analyses).

For what it’s worth,

@_ 2 2m de

1 2
—1-= = i
70 — fcospdo, 7 — fsingdo, (13)

with,

afBem? cos ¢

f=- A ) (14)

for the present example.

2Recall probs. 8 and 9 of http://kirkmcd.princeton.edu/examples/Ph205/ph205set8. pdf.
3See http://kirkmcd.princeton.edu/examples/Ph205/ph205110.pdf.
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6. The Swing

If one “pumps” a swing, the amplitude of the oscillation can be increased.

(a)

As a simple model of the pumping action, consider a simple pendulum whose
center of mass is (quickly) lowered by 2ely when the amplitude is maximum, and
raised by 2¢ly when the angle 6 to the vertical is 0.

/%\

& o
|

— 8[0

Use elementary methods to show that during one half period,

14+6e\?
2 2
- 1
05 90(1_6> , (15)

and that if € is small this leads t0 Oyax = 0o €30t/ ™. where wy = \/% )

In another model of pumping, suppose that the distance from the pivot to the
center of mass varies as [ = lo(1 + esin 2wot).

g,
lh©\!
\

c.m.
Deduce the equation of motion for angle 6.

For small € we suppose that solution will have the form 0(t) ~ a(t) coswot. Use a
method of successive approximations, or a method of averages, to show that,

emax ~ 6‘0 636M0t/47 (16)

for this model.
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7. (a) Mass m is connected to one end of a spring of constant k£ and rest length l5. The
other end of the spring is force to move according to 1 = acoswt in the inertial

lab frame. .
Nk m
e
\

Go to the accelerated frame with origin at x; and solve for the steady-state motion
x(t) = 1 + x2 with zero velocity at time ¢ = 0.
(b) A particle has velocity v on a smooth (frictionless) table.

Show that the particle will move in a circle, and find the radius of the circle and
the angular velocity of the motion relative to the Earth.
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8.

(a)

A plumb line does not point to the center of the Earth, due to the effect of the
centrifugal force of the Earth’s rotation. Show that the angle ¢ of deflection of
the plumb line to the line from its support point to the center of the Earth is
related by,

sin 6 cos 0

t pr—
an ¢ g/Q2R —sin?0’

(17)

where 6 is the polar angle to the support point, €2 is the angular velocity of
rotation of the Earth about its axis, and R is the distance of the plumb bob from
the center of the Earth. You may assume that the force of gravity at the Earth’s
surface points to the center of the Earth.

Q
o

R

9%

Note that g/Q*R = 290.

Centrifugal Bulge.

We might expect the water surface of the Earth to be perpendicular to a plumb
line, which implies a bulge at the equator.

The (perpendicular) surface will be an equipotential of the effective potential of

gravity and the centrifugal force. Show that this leads to the equation of the
surface as,

R3sin’f =

QGM<R _1>7 (18)

Q> \Rp
where Rp = radius at the pole and 6 is as in part (a). You may assume that the

gravitational potential of the bulging Earth is the same as that for a spherical
Earth.

Write Rgp/Rp = 1 + ¢, where Rp is the radius at the equator, to show that
€ ~ 1/580. Experimentally, ¢ ~ 1/297.
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9. Tidal Bulge.

The shape of the Earth is also distorted by the pull of the Moon (and of the Sun).
Roughly, the Moon pulls on the near side of the Earth more than on the center, and
still more than on the far side. This leads to a bulge on the side facing the Moon, and
another on the side opposite.

- — .
Moon

In this problem consider only the effect of the Moon, and suppose the Earth would be
spherical in the absence of the Moon’s pull.

Consider a frame with the center of the Earth at rest, and axes pointing to the “fixed
stars”. Construct the combined gravitational potential V' for a particle at the surface
of the Earth.

This frame is accelerated, so there is a “fictitious” force needed to hold the Earth
center of mass fixed. In the approximation of a rigid Earth, this force is the same on
all particles (of mass m) throughout the Earth. Show that to order (r/R)?,

M GM M2 /1
vV GM G 3GM'r (__COS%)’ (19)

m r R i 2 R3 3
where r is the radius of the Earth of mass M, R is the Earth-Moon distance, and M’
is the mass of the Moon, and 6 is the angle between the radius to mass m and the line
of centers of the Earth and Moon).

Evaluate € in the expression for the equipotential at the surface of the Earth,

1
AT [1+E(COS29—§>] ; (20)
where r( is the mean radius of the Earth. This implies a tidal bulge of 1 foot.

Because the Earth turns around its axis, and the Moon orbits the Earth, the position
of the bulge changes with time.

Taking the z-axis of the coordinate system considered above to be the z-axis of the
Earth, let (r, A\, ¢) be the spherical coordinates of a point on the Earth’s surface, and

(R, )\, ¢") those of the Moon.
Z =

axis of rotation
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Show that,
3 1 1 1
:—0 =1+e¢ [5 (cos2 A — §> (cos2 N — §> + 3 sin Asin® N cos 2(¢ — ¢')

1
+3 sin 2\ sin 2\ cos(¢ — ¢')| . (21)

Thus, while to total effect is given by eq. (20), an observer at a fixed location (A, ¢)
on the Earth’s surface can do a “Fourier analysis” of the bulge into 3 time-dependent
tides (with 3 different periods).

What is the period of each of these tides? Which one corresponds to the usual percep-
tion of “the” tide?
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10. You may assume that the Earth is spherical in this problem, and ignore gravity except
that due to the Earth.

(a)

A particle falls from rest at height h < R above the Earth’s surface, at polar
angle 0. To first order in 2, the angular velocity of the rotation of the Earth
about its axis, show that the (horizontal) deflection during the fall is,

2h3

2

taking ¢g to be constant during the fall. In what direction is the deflection? Is
this different in the southern hemisphere?

Q

&)h

9%

Suppose you jump up to height h < R and then fall back. Show that the coriolis
force increases the deflection/displacement to,

2h3

8

In what direction is this displacement?

Use conservation of angular momentum and a non-accelerated point of view to
calculate the change in azimuthal angle ¢ during your jump. Show that this leads
to the same displacement as in part (b).
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11. You may assume that the Earth is spherical in this problem, and ignore gravity except
that due to the Earth.

A gun is located on the surface of the Earth at polar angle . In the absence of the
Coriolis force (and of the centrifugal force, and of air resistance), the shot would land
distance D away, having risen to height h < R (such that you may also ignore effects
of the curvature of the Earth, of radius R).

(a) If the gun fired North, show that the shot is deflected by,

2 4
d%Q”—hQ (é%in@—Dcos@), (24)
9

to first order in €2, the angular velocity of rotation of the Earth about its axis.

In what direction?

(b) If the gun fired East, show that the shot is deflected by,

d=~ QQI%QD cos b, (25)
9

to order €2. In what direction?
Also show that it lands at distance,

(26)

D, ~D (1 N QDsin@)

vV 2gh

to the East (which is orthogonal to the deflection (25)).
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Solutions

1. Coupled, Damped, Forced Oscillation.

The equations of motion of the two masses m follow readily from F' = ma,
m;'tl = —k’l.CEl —+ k’g(.ﬁEg — .CEl) — b.ﬁEl —+ F() COS wt, m.ﬁig = k’l(D — .CEQ) — k’g(.ﬁEg — .CEl) — b.ﬁEg,(Q?)

where the fixed ends of the springs of constant k; are at x = 0 and D, and the rest
lengths of the springs is small compared to D.

Fycoswt
4 N k2 kN
m m

In this problem, we are mainly concerned with motion relative to the equilibrium
positions of the two masses, due the external force Fjcoswt on mass 1. Then, if we
define coordinates x; and x, relative to their equilibrium positions, the equations of
motion (27) take the form,*

m:i*l = —k’l.iﬂl + k’g(.ﬁEg — .CEl) — b-ftl + F() COS wt, m.ifg = —k’l.iEg — k’g(.ﬁEg — .CEl) - bi27(31)

t

It is now straightforward to assume motion of the form z1 5 = a;2¢e™" and solve for

the complex constants aj s.

However, we take a slightly different approach, noting that in the absence of the exter-
nal force there are two normal modes, one in which the two masses move with z; = x»,
and the other in which they move oppositely, x1 = —x5. This leads us to consider the
normal (but not normalized) coordinates ¢; and go related by,

:CI1+Q2
2 )

ZQ1—CI2
2

q1 = 1 + X9, q2 = T1 — T, X T2 (32)

The equations of motion for the normal coordinates can by found by adding and
subtracting the equations of motion (27),

Ty 4+ dg+ — (21 + 22) + —1(551 +x9) = e t> G1 + 28¢: + wfch = e t>(33)
m m m m

. b ki + 2k Fo s, . : Fo
T — Zg + — (&1 — @2) + ¥($1 — Zg) = e t> G2 + 2B¢2 + w%qg = e t>(34)
m m m m
b k’l k’1+2k’2 k’l—l-k’g w2+w2
h - 2 2L 2 _ LT 2 — =172 (35
where 16} o Wi o Wy m ; Wy m 5 (35)

4For what its worth, the equilibrium positions of the two masses can be found by setting 1 = &y = @1 =
29 = Fy =0 in eq. (27) still regarding x1 and x5 as measured with respect to the left wall. Then,

ki +k
0= —kiz1,0 + ka(x2,0 — T1,0), T20 = ! s 2ﬁb“l,o, (28)
0=Fki(D —x20) —ka(z20 — 1,0) = k1D + kax1,0 — (k1 + k2)x2,0, (29)
(k1 + k‘2)2$1,0 ko k1ka

k1D = —k‘2$170 + (30)

ko ’ 1,0 k1 + 2ko ’ 2,0 k1 + 2ko
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The decoupled equations of motion for ¢; and ¢s imply that,

FO 6iwt

mwiy—w?+2ifw’

di2 =

We transform these back to coordinates x; and x»,

g1 £ @ :Foei“’t ( 1 1 )

T12 = + :
b2 2 2m  \w? —w? +2ifw w3 —w?+ 2ifw
Fy et “’—%;”g — w? + 2ifw
x = :
! m (W —w? 4 2ifw) (W3 — w? + 2ifw)
_ Fyet wi — w? + 2ifw
om (W3 — w? 4 2ifw) (Wi — w? 4 2iBw)’
Fo gt W2 — W2
Ty = 0 2 1

2m (W} — w? + 2ifw) (Wi — w? + 2ifw)

14
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2. Adapted from prob. 6.5.2, p. 159 of W. Chester, Mechanics (Allen & Unwin, 1979),

http://kirkmcd.princeton.edu/examples/mechanics/chester_mechanics_79.pdf

A particle of mass m is connected to two fixed points by springs of constant k and rest
length [y. The fixed points are distance 2a apart.

y

m
M %&x
1 2a N

We consider only transverse oscillations in the z-y plane, in which case the potential
is (ignoring gravity),

% y lo

_op (a2 2_l> _ —oky (1 =), 41
dy ( ey Va2 +y? y( \/a2+y2> (4
2 2
—dzz% (1— o >+ 2ky”lo (42)

ay V) @y
a3V B 6kyly 6ky>l, 43
dy3 - (a2 +y2)3/2 o (a2 +y2)5/2’ (43)
4 _
d*V(y =0) :6kl0 (44)

dy? a’

Possible equilibrium points, where dV/dy = 0, and y = 0, and y = +/12 — a® (where
VaZ+y? =lp) if a < .

(a) If a < lp there are three equilibrium points, yo = 0, +4/13 — a2.
As to their stability, we consider the second derivative of the potential,

2
d ;/ygo) =0, = unstable, (45)
BV (£ —a?) 22 — a?
( p 20 ) = k(ZOZQ @) = kegr, = stable, (46)
Y 0

The angular frequency of small oscillations about the stable equilibria is,

ke 2% 2
W=y —(1—“—2>. (47)
m m l5

(b) If @ > [y there is only one equilibrium point, yo = 0, for which

42V (0 l
kot = 0) _ o, (1 — EO> . = stable, (48)
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and the angular frequency of small oscillations is

(49)

If a = Iy the 0 = dV(0)/dy = d*V (0)/dy* = d*V(0)/dy?, and the leading nonzero
term in the expansion of the potential is

Ld'V(0) 4 16kl 4 ky*

Viy) ~ — . 50
WG ¥V " a s Y a2 (50)
For small oscillations, the equation of motion is,
av ky?
j= —— = ——2 51

A solution that starts from rest with nonzero amplitude at ¢t = 0 can be a Fourier
series of the form y 3>, A, cos nwt where w = \/k/m. Since cos 2wt = 2 cos® wt — 1
while cos 3wt = 4 cos® wt — 3coswt, we anticipate that A; = 0, and the first two
terms of the series have the form,

y = Acoswt + B cos 3wt. (52)

We first consider just the form y = A cos wt,

ky>  kAPcos’wt  kA*(3coswt + cos® wt)

e 2A _ _ _
4 wiAcoswt mig mi} dmi}

3k A3 coswt

Ok bliiherd 3

amiz (53)
3k A? 47t/3 1, ly [m

S Stk T~ = =T7.26— . (54

Y e 3 A k Vg O

If the potential (50) were precisely quartic, and mechanical energy is conserved,
then we have,

-2 4

my*  ky
E=—2 4+ 55
SRR (55)

If the amplitude is A when ¢ = 0, we have that,

, k(A* —y*) A dy 2miz A dy
2 _ T:4/ W _ g 0/ . 56
J 2ml3 0oy ko Jo AT — oyt (56)

Then, with the substitution y/A = cos ¢, the period of oscillation is,

4l°\/7 /M2 ism 4l°\/7 K(1/V2) = 742 (57)

where K is the complete elliptic integral.
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3. The equation of motion of the damped oscillator is,
i+ wir = —pg - (sign of @), (58)
where w2 = k/m. We suppose that at t =0, z = ag and & = 0, where A > ug/ws.

(a) During odd-numbered half periods & < 0 and the damping force is positive. At
the beginning of such a half period, at time t,, z(¢,) > 0 and #(t,) = 0. The
equation of motion is,

i+ wir = ug (odd half period). (59)

The motion during this half period is,

iy

wj

+ an coswo(t — t,), (60)

and the initial condition tells us that,

an = 3(ty) — = . (61)

At the end of the n'" half period, which is the beginning of half period n + 1, we

have,

1y 1y 219
During the half period n + 1, the damping force is negative, so eqs. (60)-(62) take
the forms,

= —% + apg1 coswo(t — tny1), (63)

0

and the initial condition tells us that,

Ap+1 = .T(tn+1) —+ M—g . (64)
wo

At the end of the n + 1*" half period, which is the beginning of half period n + 2,
we have,

1y 1y 2pg dpg
T(tnt2) = TR (x(tnﬂ) + w—(%) = —2(tnt1) — 3R w(tn) — R (65)

Thus, during each full period, of duration 27 /wy, the amplitude of the oscillation
decreases by 4/1g/w3. Hence, the oscillations damp to zero in time,

. ao 2 . TagwWo
dpg/wy wo  2ug

(66)
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(b) According to the method of averages for a damped oscillator, & + w?r = e f(z, 1),

€

r=a(t)coso(t), a=—

" fsingdp, ¢ =wy— [T f cospdp.(67)
2mwq Jo

2mwg Jo

In the present example, ¢ = —ug and f is +1 for the first half period and —1 for
the second half period. Hence,

2pg ~ 2pgt

= 2/ (—sing)dp = ——, a = ag , (68)
27rw TWo TWo
b =wy— 19, —cos ¢) dp = wy, ¢ = wot. (69)
2mwo
The motion is approximately,
2ugt
TR (ao _ = > coswot, (70)
TTWo
and amplitude drops to zero in time,
TagwWo
t~ , 71
201 (71)

as found in part (a).
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4. We consider a 1-dimensional oscillator subject to a damping force such that the equa-
tion of motion is,

i+ wir = —Bi |7 (72)
Suppose that at t =0, z = ap and = = 0.
(a) During the first half period, during which & < 0, the equation of motion is,

i+ whr = i’ (73)

If we ignore the damping, the solution would be just,
To = Qg COS wot. (74)

As a next approximation, we consider the form,

T = aq cos wot + 1. (75)

With this in eq (73), and ignoring higher-order terms in 3, we have,

2,,2

By 4 Bwiry ~ Bajw] sin® wot, i1+ wiry & al;() (1 — cos 2wot) (76)
This is solved by,
a? cos 2wt
n= g () )

At t =0, 2(0) = ap = a1 + $2a?/3 = a1 + 2(a} /3, such that a; = ao(1 — 2Bag/3).
After one half period, the amplitude is,

2
|| = |zo(m/wo) + Bri (T Jwo)| = |_a1 +5%%| o (1 B 25;1)
2
R ag (1—%;0) ~ ag (1—453%). (78)

(b) According to the method of averages for a damped oscillator, & + w?r = €f(z, 1),

€ €

r=a(t)coso(t), a=—

2 . 2
/ Fsingdd, ¢ =wo— / £ cos ¢ d,(79)
0 0

21wy 2mwo

In the present example, e = —fF and [ =i || =~ — <a2¢2> sin ¢ [sin ¢|, where the

. .9
average <a2¢2> is approximately the value of a?¢ at the beginning of the period

of oscillation of interest. Hence,

. _ﬂa2¢2 2 ) )
¢ = wy — sin ¢ [sin ¢| cos ¢ do = wy, ¢ =wot, (80)
2mwg  Jo
_ 2,2 2w 2 T 4 2
P [ sin? g [sin o] do = ke 2 [ sin® pdo = — oo (s1)
2mwg  Jo T 0 3T
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We have an approximate differential equation for a,

da  4Pwo gt 1 1 4Bwot
a2 3r ao a 3r
The motion is approximately,
1 1 4 t
T A2 acoswyt, -=—+ by .
a ap 3T
After one half period, t ~ 7 /wy, and,
1 1 48 ao 4Baq
_:__i__’ a=———"""""F"—"~R Qg 1—
a a 3 1+ 4Bao/3

as found in part (a).

20

(82)

(83)

). (51)
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5. Adapted from prob. 13.15, p. 425 of W. Chester, Mechanics (Allen & Unwin, 1979),

http://kirkmcd.princeton.edu/examples/mechanics/chester_mechanics_79.pdf

We consider a central force,
F=————. (85)

The “orbit equation” for a (small) mass m subject to this force is,® with u = 1/r,

d*u m am  fmu?
W+UZ_L2U2F(1/U):F+T7 (86)
where L is the angular momentum of mass m about the force center.

If 3 = 0, the solution is the standard Newtonian ellipse, u = (am/L?*)(1 + e cos ).

For (3 # 0 we consider a solution of the form,

u =~ k[1+ €(#)cos ()], (87)
where ¢ differs only slightly from 6, and de/df is small. Then (somewhat delicately),
Z—Z S k‘% cos ¢ — ke% sin ¢ ~ k‘% cos ¢ — kesin ¢, (88)
2 2
% ~ k‘% cos ¢ — k%% sin ¢ — k‘% sin ¢ — ke% cos ¢
~ —2]{:% sin ¢ — ke% cos @, (89)
supposing that d?¢/df* is of second order of smallness. Together with eqs. (86)-(87)
we have,
de . do am  fmu®  am  k*Bm
S — ke— 1 R~ ~ 142
k:desmqﬁ ked@ cos ¢ + k(1 + ecos ¢) 7z T2 =T o (1 + 2€ecos ¢),(90)
Lo Om | Kpm . L+ /1 —4afm?/L* 14 (1-208m2/LY) _am (o1)
T2 - 26m/L? - 26m/L? R
de . e (do Bekm cos ¢ afBem? cos ¢
— —[= -1 SR . S S st 4 2
d98m¢+2<d9 )cosqﬁ 72 7 , (92)
d
d_; ~ 0, € ~ constant, (93)
do 2a3m? 2a8m?
@ ~1— L4 9 ¢ ~ (1 - L4 07 (94)
2 2
uzi—?[l—l—ecos(l— Offl)@]. (95)
This is a slowly precessing ellipse, with angular velocity of precession,
2a8m? 21
W=7 Q, where Q= T (96)

See http://kirkmcd.princeton.edu/examples/Ph205/ph205110.pdf.
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is the average angular velocity of the orbital motion (of period 7).

We were able to find solutions for € and ¢ directly from eq. (92), but if we had written

this as,
de d B
7] sin¢ + — <@—1> cos ¢ = f, (97)
afBem? cos ¢
f=— (98)

we could develop a method of averages, as recommended in the book by Chester.

For this, we multiply eq. (97) by sin¢ or cos ¢ and integrate over one period in ¢,
supposing that the prefactors of sin¢ and cos¢ on the lefthand side are essentially
constant, leading to,

70 /27r sin? pdo + — (% — 1) /O%cosqﬁsmqﬁdqﬁ S ’/T% S ; fsm¢d9 (99)
20 /%smqﬁcosqﬁdqﬁ—l— (% — 1) /2Wcos2¢d¢ N (Z? 1) S O%fcosqﬁda%l()())
%%% ; fsingde, %%1—§ ; fcospdp. (101)
With f as in eq. (98), we find from eq. (101),
% ~ 0, € ~ constant, (102)
%%1—% 02chos¢d¢%1—2afln2, b~ (1_20451712) . (103)
u R OZ; [1 + ecos (1 - 2a§T2> 9] ; (104)

as before.
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6. The Swing

(a) As a simple model of the pumping action, we consider a simple pendulum whose
center of mass is (quickly) lowered by 2ely when the amplitude is maximum, and
raised by 2¢ly when the angle 6 to the vertical is 0.

A
/N
£ /1o
\
— 8[0

If the force required to raise of lower the center of mass always points to the pivot
of the swing, angular momentum is conserved about the pivot.
We consider a half period of the motion, beginning with the center of mass at rest
at angle 0y to the vertical an in the raised position. Then, the center of mass is
quickly lowered, to be as rest while the angle is still #y. At this time the mass is
at distance ly(1 + €) from the pivot, and its potential energy is,

V = —gmly(1 + €) cos by. (105)

When the center of mass reaches § = 0 its potential energy is —gmly(1 + €) and,
by conservation of mechanical energy during this phase of the motion, its velocity
v is related by

2
mv2

= AV = gmly(1 4 €)(1 — cosby) ~ gmly(1 + 6)50 , (106)

for small 6.

Next, the center of mass is quickly raised by 2ely (while the angle remains 6 = 0.
Angular momentum is conserved during the raising, such that at the end of this

action, the velocity is,
1
U’:v( +6>. (107)
1—e€

And, at the end of the raising, the mechanical energy is,

12 2 1 2
=" —gmlo(l —€) = % (1 +E> —gmlo(1 —€)
— €
0z /1 2
~ gmlo(1+ ¢) 2 (1 * Z) — gmlo(1 —e). (108)

This is larger than before the raising, so (of course) work had to be done to lift
the center of mass.

Then, the mass swings upwards, coming to rest at angle 0, where its mechanical
energy is only —gmly(1 — €)cosfy. Mechanical energy is conserved during the
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upward swing, such that,

, Oy (1+e)\?
—gmlo(l —€)cosby = E' =~ gmly(1 + 6)5 (1 > — gmly(1 —€). (109)
—€
02 02 2
gmlo(1l —€)(1 —cosby) ~ gmly(1l — e)? ~ gmlo(1 + €) 2 5 (1 > (110)
—€
14e¢ 14 e\%? 14 3¢/2 3e
9~92( ) 9%0( ) ~ Gt (1 —). 111
1 ’ U T 32 T T (111)
The increase from 6y to 6 occurs during one half period, At = 7/wy where
wo = 1/g/lo. Hence, the amplitude of the swinging motion is related by,

AG 0f — 00 36(4}0 do 36(4}0
— = ~ 6o, — ~ 0, O & O e300/, 112
At ™ /wo P dt T 0e (112)
(b) In another model of pumping, we suppose that the distance from the pivot to the
center of mass varies as [ = [o(1 + esin 2wot) where wy = 4/g/1.
g,
\
c.m.

We can use Lagrange’s method to find the equation of motion for coordinate 6
(on which [ does not depend),

L=T-V= %(P—i—l@%—i—mglcos@, (113)
doL d : . 0L
—— = —ml*) = ml*) + 2mll) = — = —mglsinf 114
7 00 dtm ml“0 4+ 2m 50 mgl sin (114)
i _ g sn'l 0 - 4dewoloyl c'os 2wt (115)
lo(1+ esin2wot) (1 + esin2wgt)
0 + w20 ~ ew3f sin 2wot — dewof cos 2wot = ef. (116)

For small € we suppose that solution will have the form 6(t) ~ a(t) cos ¢(t) where
¢ =~ wot, such that 0 ~ —wpa sin ¢. Using the method of averages with,

f =~ wif sin 2wt — 4wob cos 2wt ~ wia cos ¢ sin 2¢ + 4woa sin ¢ cos 2¢
2

wga sin ¢ + 7@1 sin 3¢ — 2wpa sin ¢ + 2w0a sin3¢, (117)
we have that,
. 2w
qﬁwwo—L feospdp = wy, ¢ ~ wot, (118)
2mwq Jo

3 3
e / f51n¢d¢ _ EC&JOa‘/0 2¢d¢ _ EC(JOa7 a =~ ag 635w0t/4.(119)

27rw

That is, Omax ~ 0y €30t/* for this model.
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7.

(a)

Mass m is connected to one end of a spring of constant k and rest length [y. The
other end of the spring is force to move according to 1 = acoswt in the inertial

lab frame. .
Xk m
F2r
\

We go to the accelerated frame with origin at z;, where F' = ma becomes,

mig = F = —k(zo — lo) — miy = —k(zy — lo) + maw?* cos wt, (120)
k

Fo + wiTe = wWilp + aw? coswt, wp = —, (121)
m

where we have included the “fictitious” (coordinate) force —md;.
The steady-state solution with zero velocity at time ¢ = 0 is,

aw? cos wt
To = lo + — 2 3

(122)

T =21+ 2= lop+ acoswt <1+2w72> :lo—l—QLacoswt. (123)
wg — w w§

A particle of mass m has velocity v on a smooth horizontal table.

In the rotating frame of the Earth, whose angular velocity about its axis is €2, the
force is,

F=mg+N-mQx (Q2xr)—2mQ xv, (124)

where N is the normal force, r is the position of the mass with respect to the
center of the Earth, and we include the centrifugal and Coriolis forces but neglect
the coordinate force associated with the acceleration of the Earth with respect to
the Sun, etc.

The first and third terms on the righthand side of eq. (124) define the “horizontal”
(see also prob. 8(a) of this Set), in which plane the velocity v lies. That is, the only
force with a component in the horizontal plane is the fourth term of eq. (124),
which force is always perpendicular to the velocity v, and also is constant in
magnitude.

Hence, mass m executes uniform circular motion with radius R and angular ve-
locity w related by,

mu? v

v
Floriz = 2mS2 0=——, R=—, = —=2Qcosf, (125
h mu cos 7 50 cos 0 W=7 cosf, (125)
where 6 is angle between the normal to the planet and the axis of the Earth
(which is approximately the polar angle (colatitude) of the mass with respect to
the axis).

The radius R in kilometers is of order 10 v for velocity in m/s. This behavior is
an ingredient in the winds of hurricanes/cyclones.
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8. (a) Assuming that the force of gravity at the Earth’s surface points to the center
of the Earth, the force on a plumb bob of mass m, at position R = (R,0,0) in
spherical coordinates with z along the Earth’s axis, is,

F=mg—mQx (2 xR)=—-mgt+mOQ*Rsinfx. (126)
Q0
D) <¢ ‘(I)
O% "k
?
m&°R sin® N

~

The components of F parallel and perpendicular to g are, referring to the right
figure above,

F| =mg — mQ’Rsin 6, F, = mQ*Rsinf cosf (127)
Then,

fan ¢ = & ~ sinfcosd
K g/O2R —sin?6’

(128)

We note that g/Q*R ~ 290.
(b) Centrifugal Bulge.

We can also write the force (126) as,

GM
RQm P+ mQ2r %, (129)

where M is the mass of the Earth. This force can be related to an effective
potential V' as F = —VV where,

F=-—

GMm  mQ2az? ~ GMm mQ2R? sin? 0

V=-"% 2 R 9

(130)

The liquid surface of the Earth will be an equipotential of V. Thus, with Rp
being the radius of the Earth along its axis, the equation of the surface is,

GMm GMm  mQ?R?sin®0 2GM [ R

— = — — R3sin?6 = (— — 1) 131
Rp R 2 o o gy 1) 13

Writing the equatorial radius as Rg/Rp = 1 + €, we have (for § = 7/2),

2GM

o SRS = RL(1+¢)* ~ RE(1+ 36), (132)

2GMe 2g€ 1 1 1 1
GO AVE) S T Tl BT I O (133)
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recalling that g/Q?R ~ 290.

The above analysis made the oversimplified assumption that the gravitational
potential of the bulging Earth is that of a uniform sphere. A better approximation
is to consider the potential due to an oblate spheroid of uniform density. This
improves the estimate of € to 5 Rp/4g ~ 1/230, which is about 20% less than
the observed value, € ~ 1/297. See,
http://farside.ph.utexas.edu/teaching/336k/Newton/nodel109.html
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9. Tidal Bulge.
In this problem we only consider the tides on the Earth due to the pull of the Moon.

In an inertial frame, the center of mass of the Farth experiences the acceleration
GM' R/R?, where M is the mass of the Earth, M’ is the mass of the Moon, and R is
the Earth-Moon distance.

In a nonrotating frame with the center of the Earth at rest, the force on a particle of
mass m on the surface of the Earth as position r is,

GMm,_ GM'm , GMm -
F=- r— r—

7"/2 R2 ’

(134)

where the third term is the “fictitious” force associated (in the accelerated frame) with
the acceleration of the center of the Earth in an inertial frame.

The potential of this force is
1% GM GM' GM' GM  GM'  GM

rcos b, (135)

z +
m r 7! R? r 7! R?

Where z = 1 cos @ is the coordinate of mass m along the z-axis (= R-axis). Now,

L_ ! _1 1—2£C089+ﬁ o
" (R®—2Rrcosf +1r2)1/2 R R R?
1 r r? 13 /.7 2
~ (14 Leosh— 422 (2L 136
R( —l—Rcose 2R2+22(R0089>>, (136)

top order r*/R? so,

1% GM GM' GM'rcos® GM'r?> 3GM'r?>cos?’d GM'

m ST R . am o + T eost
GM GM' 3GM" /1
_ e 5 1 (137
. R T3 R (3 cos 9) (137)

We suppose that the (liquid) surface of the Earth is an equipotential of eq. (137),

k:

GM 3GM'r* /1 9 GM
— — _ — i 1
. +3 IE (3 cos 9) et (138)

where 7q is the radius for cos? @ = 1/3, which is a kind of mean radius. Then,

3M'ror® /1 3M'ry /1
r=T0" 5 (g—c0529>%7"0[ _§MR(;> (§—COSQG> : (139)
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On the near side, 0 = 0,

M r3 1 /1\?°
Ar =1 —romro D10 g 106 L (-) —0.33 m ~ 1 foot. 140
r=r—rg TOMR?’ X <0 \&0 m 00 (140)

For the Sun alone, the effect would be about 3 mm.

Because the Earth turns around its axis, and the Moon orbits the Earth, the position
of the bulge changes with time.

We now take the z-axis of the (accelerated, but not rotating) coordinate system to
be that of the Earth, and let (1, A, ¢) be the spherical coordinates of a point on the
Earth’s surface, and (R, X', ¢') those of the Moon.

z

axis of rotation

Then,

cosf =1 -R = cos Acos N + sin Asin \ cos(¢ — ¢'), (141)
cos® § = cos® Acos® N + sin® Asin® \ cos®(¢ — @) + 2cos Acos A sin Asin X cos(¢ — ¢)

1 2 _ / . 2)\ . 2)\/
= cos® Acos® N + sin? Asin? \' +eos 2(¢ ¢) 4o 2sm cos(é — &),
2 ) cos? N+ 1 — cos®* X — cos®* X + cos? A cos? N
= cos
2
: 2)\ 3 2)\/ . 2)\ . 2)\/
PRSI cos2(6 - o)+ T cos(o - )
1 3 1 1
=5+ (@ a-g) (¥ —3)
'2)\-2)\/ 2)\2)\,
PO cos2(p— o) + T cos(o — ) (142)

In eq. (139). we define € = 3M'r2/2M R?, and rewrite it as,

o 2 __>_1 [_( 2 __>( 2/__>
ro € (COS 0 3 € 5 cos™ A 3 cos” \ 3

1 1
+3 sin® Asin® X' cos 2(¢ — @) + 5 sin 2\ sin 2\ cos(¢ — (b')] : (143)

Thus, while to total effect is given by eq. (139), an observer at a fixed location (A, ¢)
on the Earth’s surface can do a “Fourier analysis” of the bulge. In the accelerated
coordinates system where eq. (143) holds, ¢ = Qgt where Qg is the angular velocity
of the rotation of the Earth about its axis, ¢’ = w't where ' is the angular velocity
of the Moon in its orbit about the Earth, and A" = \j cosw't as the polar angle of the
Moon with respect to the Earth’s axis varies during a month. Then, sin A" oc cosw't
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while cos? X', sin? ) and sin 2\ have terms proportional to cos2w't (as well as constant
terms).

Hence, the first term in eq. (143) has a component whose period is 1/2 month. When
this term is maximal, one speaks of a “spring” tide (which is NOT related to the Spring
season).

The second term in eq. (143) has components that vary as cos(2Qpt — 2w't) and as
cos 2w't cos(2Q2 gt — 2w't), which latter varies as cos 2Qpt and cos(2Qpt — 4w't). Since
w' < Qp, all of these have periods of roughly 12 hours, and correspond to the nominal
twice-daily tides.

The third term in eq. (143) has components that vary as cos(Qpt — w't) and as
cos 2w't cos(Qpt — Ww't), which latter varies as cos(Q2gt + w't) and cos(Qpt — 3w't).
All of these have periods of roughly 1 day, which implies that the two daily tides (of
the second term) have somewhat different amplitudes.
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10. In this problem, we assume the Earth is spherical, and ignore gravity except that due
to the Earth.

()

In the rotating frame of the (spherical) Earth, the force on a falling particle of
mass m at position r with velocity v is,

F=—-—mgr—2mQ xv—-—mQx(Qxr), (144)

where €2 is the angular velocity of rotation of the Earth about its axis, and
we take the acceleration g due gravity to be constant during the fall (in which
r = R+ h = R, the radius of the Earth).

Q

&)h

9%

During a fall, which begins at time ¢t = 0, v & —gtr, so the horizontal force
component is,

F| =-2mQ x v~ -—2mQusinf e ~ 2mgtsinb e, (145)

where e points Fast in the both the Northern and Southern hemispheres.
For a fall from height h < r, the fall time is 7" ~ /2h/g, and the horizontal
displacement during the fall is related by,

F Qgt?sinf
il:—lQQQgtsinQ, i, ~ Qgt’siné), xl%%. (146)
m

Hence, the displacement d during the fall (to the East in both the Northern and
Southern hemispheres) is,

QgT3sinf 2 [2h3
d%% 3\ —Qsind. (147)

In case of a jump at t = 0 to maximum height A < R, the initial vertical velocity
is vo & /2gh, v &~ vy — gt, and the total time of the jump is T ~ 2,/2h/g. Then,
eq. (146) becomes,

1~ —2Qugsin € + 2wgt sin 0, i~ —2Quot sin @ + Qgt? sin 6, (148)
Qgt?sin 0

x, ~ —Quot?sinf + 3

(149)

Hence, the displacement d during the jump is,

Q 1 2h3
d~ —) 2gh%sin9 gsm@ Gh,/ ——,/ h —Qsiné. (150)
9

The — sign implies that the displacement is to the West (in both hemispheres).
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(¢) We now consider the jump of part (b) in an inertial frame in which the center of
the Earth is at rest.
In this frame, the only force on the jumping mass m is the central force of gravity.
Hence, the angular momentum L = r X mv = r X mv, of mass m about the
center of the Farth is conserved.
At the beginning of the jump, when the mass is at position R = (r,0,0), the
velocity in the inertial frame is v = vyt + Q X R = vgr + QR sin 6 (}5 in a spher-
ical coordinate system with the z-axis along 2. Hence, the conserved angular
momentum is

L = mrlpsinfz = QR?sinf 2, (151)

supposing that the polar angle remains 6 at all times during the jump. Hence,

. QR? OR? vot  gt?
- ~ Q1270 1 L 152
O T Y EYE ( R R (152)
vot?  gt?
¢ = (t - g—R> (153)

2h 2h hQ in 6
d= Rsinf(¢(T) — QT') = \/2gh Qsm@—i—g— b

1 2h3 2h3
-8 Qsm@—i— 6’/ h Qsm@-——” h —Qsind, (154)

as found in part (b).
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11. We assume that the Earth is spherical in this problem, and ignore gravity except that
due to the Earth. We also neglect the centrifugal force and air resistance on the shot
fired from a gun (located on the surface of the Earth at polar angle )

If the shot rises to h < R, its initial radial velocity is v,0 = y/2gh. Subsequently, it
radial velocity is v,.(t) = v.0 — gt, and its flight time is T" = 2,/2h/g.

If the shot travels horizontal distance D in the absence of the Coriolis for (and of air
resistance), its horizontal velocity is vy = D/T = (D/4) \/2g/h.

The Coriolis force on a shot of mass m with velocity v = vg E+ oy N+, is,
Fo = —2mQ x v = —2mQ(v,sinf — vy cos ) E + vpcos N —vpsinft, (155)
noting that Q = Q(sin @ N + cos ), where E points East and N points North.

(a) If the gun fired North, the Coriolis force, —2m$2 x v causes an initial Westward
deflection.

We ignore the effect of the Coriolis force on the resulting Westward velocity,
as this effect is second order in the small quantity ). In this approximation, the
Northward velocity remains at its initial value, vy = D/T', where the flight time is
still 7' = 21/2h/g (as we ignore the second-order radial component of the Coriolis
force).

Then, the Westward acceleration and deflection are,

E .
aw = —% = 2Q[v,(t)sinf — vy cosf] = 202 K\/Qgh - gt) sinf — vy cos 9] (156)

T? T3\ . T?
dw (T) = 2Q l<\/29h7 — gF> sin 0 N cos@]
22h |2 2
:2Q[< Qgh%—g——h,/—h> Sine—DH—hCOSQ]
g "391Vyg g
:29”% (%sin@—Dcos@). (157)
g

If the gun had pointed South, the sign of D in eq. (157) would be +.

(b) If the gun fired East, the initial Coriolis force has an inward radial component and
(in the Northern hemisphere) a Northward component. As in part (a), we ignore
the (second-order) Coriolis force on the change in the velocity from its initial
value. In this approximation the Eastward velocity component, vg, is constant,
with value (D/4),/2g/h.

The radial force on the shot is,

ODsind
———— |(158
ot a5

The decreased effective gravity increases the time of flight of the shot to T' =

2Ur0/geff - 2\/ 2gh/geff

F. = —mg+2mQuesind = —mger, geg = g — 2Qupsinf = g (1 -
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The Northward acceleration and deflection are,

F
—CN = 2Qug cos b, (159)

8gh 2h Qcosd
= QupT? = —1/ ——cosf =2D
a vpT™ cosd = o \/ (1 —QDsin/\/2gh)?

~ QDH Qcos@ (160)
g

Meanwhile, the distance traveled East by the shot is not D, but approximately,

2g 2+/2gh D - QD sinf (161)
h gem ~ 1-QDsin 0/v/2gh V2gh |

D’E_VET_—



