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1 Problem

In 1861 Fizeau studied transmission of polarized light through a screen with subwavelength
scratches [1], and in 1888 Hertz performed similar experiments with radio waves and a grid of
wires,! which transmitted polarized electromagnetic waves, of wavelength \ large compared
to the wire spacing d, only if the electric field of the wave was perpendicular to the direction
of the wires. Explain these observations.

Discuss also the case of plane conducting sheets with slits, and the applications to this
of Babinet’s principle.

2 Solution

This solution follows methods perhaps first given by Lord Rayleigh [3, 4] for “wires” being
formed by cutting slits in a plane conducting sheet. The case of circular wires was first
considered by J.J. Thomson in secs. 359-360 of [5]. A unified discussion of both kinds of
“wire” polarizers was given by H. Lamb [6]. A more general theory of the interaction of
electromagnetic waves with gratings was given by Rayleigh [9].

Because the effect of the wire polarizer on waves with polarization perpendicular to the
wires is small, it has become common so suppose that there is no effect at all in this case
based on the approximation (perhaps first made following eq. (1) of [7]) that the incident
wave cannot excite currents perpendicular to small wires (see also p. 327 of [§]). We do
not make that approximation here, but rather consider this example as a boundary-value
problem, following [3, 5, 6].

We restrict our discussion to the case of wire spacing d < A\/2 and waves of normal
incidence, such that the reflected and transmitted waves can only be along the direction
of incidence.? We will consider only perfectly conducting “wires”, either circular or planar
strips of radius/half width a (and hence aperture b = d — a between adjacent wires). The
centers of the wires lie in the plane x = 0 with their axes parallel to the z-axis at positions
y = nd for any integer n.3

The incident wave propagates in the 4z-direction with electric and magnetic fields (in
Gaussian units),

E = (Eoyy + Eo.2) ™™, B = (—Ep.y+ Ep,2) '™, (1)

!The waves in Hertz’ experiment [2] had A ~ 50 cm, the wire spacing was d = 3 cm and the wire diameter
was 2a = 1 mm.

2We later make the further restriction that d < .

3This choice of axes anticipates later use of complex functions of the variable x + iy.



where w = kc supposing that the medium outside the wires is vacuum, in which c is the
speed of light. The total fields cannot depend on z, so each scalar component v thereof
obeys that scalar Helmholtz equation,

4+ = + k) =0. (2)
x Y

The solutions are sums of terms of the form ¢ (x,y,t) = X (2)Y (z) e " where the periodicity
of the wires and their symmetry about the plane y = 0 indicates that the Y functions have
the form cos 2ny/d for integer n > 0. Then, the X functions are exponential, ¢?*»*  where to
satisfy the Helmholtz equation (2), kg = +k and k? = k*—(2n7/d)? < Osinced < \/2 = 7 /k.
Writing k,, = +il,, for n > 0, we have that,

2 _ 4n*r?

n d2

-k (n>0). (3)

That is, the functions 1, correspond to evanescent waves for n > 0, which die out at large
|z
For z < 0 the (incident plus reflected) wave has the form,

. . s 2 ,
w(x < 0) _ [wo 6zkr —|—A0 6—zkr +2An 6lnr oS n;y] 6—zwt7 (4)

n=1

and for z > 0 the (transmitted) wave has the form,

, - 2 ,
By e + Z B, e '"" cos n;ry] et (5)
n=1

Pz >0) =

The Fourier coefficients are to be determined by the requirements that ¢ and 9¢/dx be
continuous at x = 0, and by conditions at the surface of the wires, namely that the tangential
component of the electric field and the normal component of the magnetic field vanish at
the surface of a perfect conductor.

We now make the further restriction that the wire separation d is small compared to the
wavelength A. In this case,

2
zw% (n>0, d<<\). (6)
Even when d = \/2 the approximation (6) is not bad. The surface of the wires has |z| < A,

so the component 1 near the wires has the approximate form,

J 2
V(< 0)e™ mahy + Ag + ik(p, — Ag)z + ZA 2nmeld o H;Ty (7
n=1
2
(x> 0)e™" ~ By(l +ikz) + ZB e~ 2nme/d g n;ry (8)

n=1



Close to the wire plane we see that

0? 0? i
(302 + gy ) v =0 ®)

so that ¥ (x| < A\)e™! can be a solution to a two-dimensional electrostatics problem, as
noted by J.J. Thomson [5].

2.1 Circular Wires

Following sec. 103 of [10], we consider the 2-dimensional function u(z,y) to be the real part
of a function w(z) of the complex variable z = x + iy,

w = u-+iw=In (e”z/d — e_”/d) =In [e”/d (1 — e_%z/d)} _ =z +1n (1 _ 6—27rZ/d)

d
T & 6—2n7rz/d
_ 7 10

where the series expansion holds for 0 < z < 1. The real part of w is

T = e 2mm/d oy
0<zr<l) =—-— 11
w0 <z <1)=" ; ——cos ——, (11)

which has the form of eq. (8). To verify that u of eq. (11) is (approximately) constant on
small circles about (z,y) = (0,nd) it is helpful to write,

) 1 1 N .
w = In (7" ew) =Inr +i0 = 3 Inr? +if = 3 ln[(em/d — e_”/d)(e7rZ [d _ =72 /d)] + 46

— %ln&f@+ﬂvd+wf“@+ﬂwd—ff@_fvd—wf“&_f”d)+i9

1 2rx 21y )
_ - hZt2 -0J 12
5 In {2 (cos T s — )] + 0 (12)
such that,
1 2rx 21y 1 472 9 9
u:§ln{2(cosh7—c057)}%§ln{?(ﬂf —|—(y—nd)) ) (13)

where the approximation holds for small x and y — nd. As the thickness of the wires in y
approaches d the contours of constant u become elongated in x, so the solution applies to
appropriately shaped noncircular wires.

Equation (13) shows that u is an even function of x (and y), and hence for negative z
eq. (11) becomes,

X 2nrx/d 9
u(—1<x§0):—%—ze — cos n;ry) (14)
n=1

which has the form of eq. (7).



2.1.1 Electric Field Polarized Parallel to the Wires

In this case we take ¢y = E,, and the condition is that ¢y = 0 on the surface of each

(circular) wire of radius a.
The forms (11) and (14) suggest that we set A,, = B,, = A1/n to write eqgs. (7)-(8) as,

: , T
Uyle < 0) et~y + Ao+ k(i — Ao — Ar (u+ ). (15)
Yy(z>0)e™" ~ By(l+ike)— A <u - %) : (16)
The function 1 is of the form shown in plate XII of [10].
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Two condition on the remaining unknowns Ay, A; and By are that ¢ and 9¢ /0x be
continuous at x = 0, which tells us that,

BO - w() + AO, Al = —7140 (17)
Finally, we require that ¢, = E, vanish at the surface of the wires, and in particular at
(,y) = (0,a), which implies that, recalling eq. (13),
Ay 1 _ 1 By  iCykd (18)
Yo 1+ &M [2(1—cosZ2)] T 1+iCikd’ Wy 14iCykd
where,
1 2 1, 2
C”:%ln{Q(l—cos%a)}%;ln%a, (19)



and the approximation holds for wire radius a small compared to the spacing d.
The coefficients of reflected and transmitted wave intensities are,

2
1 B
- Tore D=5
1+ Cpk2d? 0

Ao
Ry =|—-=
0

2 O||2k’2d2
= 20
1+ Cpk>d? (20)

For reasonable values of the ratio a/d the quantity C|kd is very small when d < A, and the
wave with electric field polarized parallel to the wires is almost completely reflected.

However, there are some oddities in the result (20). First, if a/d is extremely small, }CH}
becomes large and the wave is almost completely transmitted. To be in this regime we need
Ind/2ra 2 d/), ie., a S e"¥*d/2x. For d = \/15 = 3 cm as in the original experiments
of Hertz [2] this implies a < 10-8d ~ 10 A. If Hertz had used carbon nanotube rather than
copper wires his experiment would not have worked well.

Also, if a = d/6 then C) is infinite and the transmission coefficient is 1. This corresponds
to the case of the wire surfaces following the curves in the figure on the previous page that
extend to x = oo, where the (infinitely elongated) “wires” touch. All the wave energy
propagates beyond the plane x = 0, although we cannot say that the energy is transmitted
beyond the “wires”.

For use in sec. 2.1.2, we note that the surfaces of the infinitely elongated wires have
¥ = oo and minimum z < 0 such that cosh(2rx/d) = 2, i.e., Ty = —0.21d.

The case of circular wires with radius a < d/2 is not well treated by the methods used
here.

2.1.2 Electric Field Polarized Perpendicular to the Wires

In this case the incident electric field is in the y direction (and the incident magnetic field
is in the z direction). The electric field £, in the plane x = 0 can be nonzero, so if we took
¢, = E, the analysis of sec. 2.1.1 would fail at eq. (18). Instead, we take ¢, = B,.

The condition that the tangential component of the electric field vanish at (and just
outside) the surface of the wire also means that according to the fourth Maxwell equation,
the tangential component of V x B also vanishes just outside the surface. Thus for the wire
centered on y = 0, the condition at the surface of the wire (x,y) = (0, a) is that,

0B.(0,a)  10E,(0,a)
dy e Ot

~0. (21)

However, this condition is trivially satisfied by the forms (15)-(16). Instead, we consider the
point (z,y) = (—a,0) on the surface of the wire (if the wire is elongated in = we take —a to
be its minimum z coordinate), where E, = 0 and the condition becomes,

_ 10Ey(=a,0) _ 9B:(—a,0)
c ot N ox

If we follow the procedure of sec. 2.1.1 then eq. (15), together with egs. (13) and (17), only
satisfy the condition (22) for ¢, = 0. To work around this difficulty, Lamb [6] noted that

0 . (22)



the derivatives of eqs. (11) and (14) with respect to x are,

o0

ou(0 <z <1) T 27 onmz/d . 2NTY
- = = nm )
o 7 + P e cos ——, (23)
ou(—1 < x <0) T 2T = /i 2nmy
- 0 _ = nwT ) 24
Oz dd ;6 " (24)

A second trick of Lamb is to take A, = A; = —B,,, such that eqs. (7)-(8) can be cast in the
forms,

¢l($<0)€ b ¢0+A0+Zk’(¢0—A0)ZE—A1 (§%+§) , (25)
wt ; _ ia_u _l
Y (x>0)e*" ~ By(l+ikr)— Ay (27r 5 3 (26)

Continuity of ¢, and 0,19 /0x at x = 0 tell us that,
B() = on + A() - A1 = Qﬂo - Ao, and so A1 = 2A0 (27)

Finally, noting that,

9%, (—a,0) 272 _ L (28)
Oz? © d?(coshZ —1) — D2’
the condition (22) yields,
Ao _ _iCLkd Bo_ L (29)
Vo 1+iCikd’ Wy 1+iCikd’
where,
mD?  cosh®%—1 7q®
=g = e (30)
and the approximation holds when a < d.
The coefficients of reflected and transmitted wave intensities are,
AP PR By | 1
R, =22 :l72, T, =22 = 5oy (31)
Yo 1+ Cik*d? Yo 1+ CTk*d?

When the wire radius a is small compared to the spacing d, the reflected wave is very small
and essentially all wave is transmitted, for the case of electric field polarized perpendicular
to the wires.

The maximum value of a is 0.21d, corresponding to infinitely elongated “wires”, as con-
sidered at the end of sec. 2.1.1. In this case cosh(2ma/d) = 2 and C'| = 1/27. Even here the
reflected intensity is very small.



2.1.3 Surface Charges and Currents

The analysis above involved matching fields at boundaries, with no mention of the charges
or currents on the surface of the wires. It has become popular to suppose it is obvious what
these distributions are, and that the reflected and transmitted waves can readily be deduced
therefrom. However, it seems to this author that only after the fields are known can the
charge and current distributions be deduced, as done below when a < d such that the above
forms hold for circular wires.

We use cylindrical coordinates (7,6, z). The surface charge and current densities o and
K on the wires of radius a are given by,

E.(a,0) i 0B.(a,0) ic

CA A
o) = = = g K(0) = —txB(a,0) = — i x (VxE(a,0). (32)

When the electric field is polarized parallel to the wires, E = F, z and,

ic 0FE,(a,0)
=0, Kj,=--Z=87 33
=5 b= Ak or (33)
where E, near the wires follows from eqs. (13)-(19),
E. ., , 1 ikd. 2mr
“x 140k 0———— 1+ —In— 34
Eoze + ikr cos 1+2'C||kd(+7r n d)’ (34)
for a < d < A, with C = (1/7)In2ma/d. Hence, the surface current is,
c d 1 ,
Kj,~—FEy,|————— — ) et 35
=" 4z ™0 (m 1+iCpkd ) ‘ (35)
So long as a/d is not extraordinarily small, the factor }an‘d} is small and,
c d _;
K.~ —FEy—e “ 36
e X - Fo—e (36)

This current exists only on the wires, of circumference 2ma, and which occupy the fraction
2a/d of the plane z = 0. Hence, the current (36) is equivalent to a uniform sheet of current
2c¢Ey, /4w over that entire plane, which is exactly the current that would exist on a conducting
mirror at x = 0.

When the electric field is polarized perpendicular to the wires, the magnetic field is
parallel to them, and,

i 0B.(a,0) c
= ’ K == __BZ 5 9 5 37
L= 00 1.0 I (a,0) (37)
where B, at r = a follows from eqs. (25)-(30),
B. .. , iC L kd d? ,
Eoye ~ 1+2kacos€—1+iclkd (WQaQ—HkaCOSQ)
kd
~ 1——+ikacosb, (38)

™



for a < d < )\, with C'| ~ ma?/d?. Hence, the surface charge and current densities are,

1 o c kd . —iw
oL~ EEOy sinf e, Ko~ —EEOy (1 - +ika cos@) e (39)

which obey the continuity equation,

18Kl9 6al .
V- K =-—"2>=_ = .
L ot~ heos (40)

In sum, when the electric field is polarized perpendicular to the wires the currents are
roughly those expected on a mirror (2cE/47m), and the reflection is small because these
currents occupy only fraction 2a/d of the plane x = 0. In contrast, when the electric field is
polarized parallel to the wires the currents are enhanced by a factor d/2ma over that on a
mirror, such that the average current density on the plane x = 0 is the same as that for a
mirror and the reflection is essentially total.

The case of polarization perpendicular to the wires obeys the approximation of optical
diffraction in that the wires, in effect, remove from the transmitted wave the (small) portion
of the incident wave that hits them. But for polarization parallel to the wires the latter are
“super-reflectors” with enhanced electrical width of d rather than their physical width 2a,
and the near-zero transmission is unexpected from the viewpoint of optical diffraction.

This behavior is somewhat contrary to popular claims [7, 8], which imply that the case
of polarization parallel to the wires is easy to understand, while the currents are unusually
small when the polarization if perpendicular to the wires.

2.2 Conducting Plane with Slits

4

Lamb [6] realized that the function ¥ (z,y) of eqs. (7)-(8) appropriate for “wire” strips made
by cutting slits in a conducting sheet is related to the real part of the complex function
w(z = +1y) = u + v defined by,*

coshw = pcosh %, (41)
for (real) p > 1. Then,
cosh u cos v = 1 cosh % cos %J , sinhusinv = psinh % sin % . (42)

The surfaces with u = 0 lie only the plane = 0, and have y-values consistent with |cosv| =
plcosy/d| < 1. These are strips centered on y = (n + 1/2)d for any integer n.5 Denoting

4Lamb indicated that he came to eq. (41) via considerations of the Schwarz transformation, but note
also that a strip is the limit of an elliptical cylinder with major axis of length equal to the separation of the
foci, and that the relations * = coshucosv and y = sinhusinv correspond to a transformation to elliptic
cylindrical coordinates (u,v). For use of these coordinates in the problem of scattering by small elliptical
cylinders and strips, see, for example, sec. 3 of [11].

°The (conducting) strips are the geometric complements of the slits.



the “radius” (half width) of a strip by a, one edge of the strip centered on (z,y) = (0,d/2)
is at (0,d/2 — a) where,

1 d d 1
—:cos{ﬁ (§—a)]:sin%, a:;sin_lﬁ. (43)

The functions u and v have contours as sketched in the figure [6] on the next page for y = 1.2,
which implies that a/d = 0.62. The origin is where three contours meet at a point near the
bottom of the figure. Away from the strips, lines of constant u are nearly parallel to the
vertical (y) axis.

The function w is even in  and in y (such that du(0,y)/0z = 0).

For large =, v = mwy/d for |y| < d/2, and v = 7mx/d + Inp = wx/d — In1/p, as inferred
from eq. (42).

We do not have a closed-form expression for u, but it satisfies Laplace’s equation in two
dimensions, eq. (9), and has period d in y, which permits a Fourier expansion of the form,

1« 2
u(x > 0) = % —In ; + n§_1 On 6—2n7rr/d COS %7 (44)
u(z <0) = L E + i C, e/ cos 2nmy (45)
d poo =" d -’

since u is even in both x and y. The Fourier coefficients C,, are displayed in [6], but will not
be needed here.
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2.2.1 Electric Field Polarized Parallel to the Slits

As in sec. 2.1.1 we take ¢, = E., and require that ¢, = 0 on the strips.
The forms of eqs. (7)-(8) and (44)-(45) suggest that we set A,, = B,, = A;1C,, to write,

. 1
Yz <0)e™ g+ Ag+ik(ihy — Ao)r + Ay (u + % +1n ;) , (46)
wt . T 1
Yy >0)e™" = Bo(l+ikz)+ Ay u—j—i—ln; : (47)
Continuity of ¢ and 9, /Oz across the apertures in the plane # = 0 implies that,
1kd
BO = d]o -+ A(), Al - 7/10 (48)

Finally, ¢, must vanish on the strips (where u = 0), which implies that,

Ay 1 By iCykd

- ST 49
N 1+ z’Cde ' N 1+ iC||/€d (49)
where,
1.1 1 1
C”:—ln—:—lnsinﬂ—a%—lnﬂ—a, (50)
T M T d T d

and the approximation holds for strip “radius” a small compared to the spacing d.
The function v is of the form shown below [6].
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The coefficients of reflected and transmitted wave intensities are,

2 1 By

Af* _ o |Bo
1+ k22 In2sin(ra/d)] /27 1 |4,

o

When the strips touch, a = d/2, C = 0, and the wave is totally reflected. This limit is
better treated by the present techniques for the case of wire strips than for circular wires.

When a/d is extraordinarily small, }CH} becomes very large and the wave is totally trans-
mitted.

For a/d small such that }CH} is small compared to kd, the wave is largely reflected.

As is to be expected, the behavior for an array of conducting strips is qualitatively similar
to that for circular wires.

> kKd?In’fsin(ra/d)) /7

Ry = = .
| 1+ k2d2 In[sin(ra/d)] /72

2.2.2 Electric Field Polarized Perpendicular to the Strips

For perpendicular electric polarization we again associate the scalar function ¢, with the
magnetic field B,. The condition that F, vanish as the surface of the strips tells us that,

I0B.(0, Ystrip) laEI(O, a)
dy ¢ Ot

—0. (52)

We can again relate ¢ to u of eqs. (42) and (44)-(45), but here the strips are taken to be
located where the apertures were for the case of parallel polarization, centered on y = nd.
This choice is possible because du/dx = 0 everywhere on the plane x = 0. Now the “radius”
(half width) a of the strips is given by,

1 1
;:cos%a, a:%cos_lﬁ. (53)
The forms of egs. (7)-(8) and (44)-(45) permit us to set A, = —B,, = A;1C,, leading to
iwt : mr 1
P (x<0)e™ = o+ Ag+ k(¢ — Aog)r + Ay u—|—7+ln; ; (54)
iwt . ™ 1
Y (x>0)e*" ~ By(l+ikr)— Ay U—F—Hn; . (55)

Continuity of ¥, and 0v, /Ox across the apertures in the plane x = 0 is possible for the
choice A,, = —B,, in that both u and du/0z are zero there, having identified the strips in
this case with the apertures of the previous one. Hence,

Bo=1— Ay, A =-——2. (56)

Finally, 0¢ | /Ox must vanish on the strips (where du/dx = 0), which implies that,

Ay 1C kd By 1

Ao _ Lkd So_ 4 57
by 1+iClkd’ ¥, 1+iC kd’ (57)
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where,

1.1 1 ma ma?
OLZEIHEZ;IHCOSFW—E, (58)
and the approximation holds for strip “radius” a small compared to the spacing d.
The coefficients of reflected and transmitted wave intensities are,
Ro_ |4 > Kd?In’[cos(ra/d)]/n? o _ | B 2 1
o Yol 14 k2d?In*[cos(ma/d)]/x?’ - Yy 1 + k2d?In*[cos(ra/d)] /72
(59)

When the strips touch, a = d/2, C; — —o0o, and the wave is totally reflected. Again, this
limit is better treated by the present techniques for the case of wire strips than for circular
wires.

For small a/d, C is very small and the wave is largely transmitted.

2.2.3 Babinet’s Principle

In optics, Babinet’s principle [12] is that the sum of the wave transmitted through a screen
and that through its “complement” is just the incident wave (as if no screen were present).

For the case of a conducting plane with (nonconducting) strips of “radius” /half width a
and spacing d, the complementary screen has strips of “radius” d/2 — a. The transmission
coefficients for electric polarization parallel and perpendicular to strips of “radius” a are
given by egs. (50)-(51) and (58)-(59),

Ct(a)k*d? 1 1

i . TG a

(@)= TegEE: Ol@ =T G20 = T (@)
1 1 Ta 1 Ta

T (a) T O ()i C(a) —lncos —, C(d/2 —a) — Insin — (61)

We see that Tj(a) + T(d/2 —a) # 1 # T (a) + T'.(d/2 — a), contrary to the suggestion of
Babinet. However,

T(a) + T1(d/2 — a) = 1 = T (a) + T)(d/2 — ). (62)

Thus, we obtain the electromagnetic version of Babinet’s principle, that the sum of the trans-
mission coefficients of waves of orthogonal polarizations through complementary screens is
unity. This was first stated by Booker [13],° who went on to develop a theory of comple-
mentary planar antennas in which the source voltage is applied parallel to a thin strip or
perpendicular to a thin slit.”

From eqgs. (47)-(49) and (55)-(57) we see that,

[y (x> 0,a) + 1, (x> 0,d/2 — a)] e =~ o(1 + ikz), (63)

In Russia, the electromagnetic version of Babinet’s principle is attributed to Leontovich [14].

"Towards the end of [3] Rayleigh considered the relation between transmission and reflection of comple-
mentary screens, but in a scalar theory corresponding only to the electric field polarized perpendicular to
the directions of the slits/strips.

12



so that,
Pz >0,a) + 1, (x> 0,d/2 — a) =y e"F", (64)

and hence Babinet’s principle also implies that the sum of the transmitted wave for parallel
polarization of a screen and for perpendicular polarization of the complementary screen
equals the incident wave.

The methods used in sec. 2.1 do not apply well to circular wires as a approaches d /2,
and the results (19)-(20) and (30)-(31) do not illustrate Babinet’s principle.

2.2.4 Screens with Slits of Half Width a and Spacing d

For completeness, I record the reflection and transmission coefficients for conducting screens
with slits of half width a and spacing d. These are, of course, the coefficients of eqs. (51)
and (59) with @ — d/2 — a,

screen __ 1 screen __ k2d2 ln2 [Cos(ﬂ-a/d)]/ﬂ-2 (65)
T+ B2d? In?[cos(ma/d)] /72 | 1 + k2d? In?[cos(ma/d)] /x2
<ercen k2d? In*[sin(ra/d)] /7> <ercen 1
Ry = 22[2'( [ 27 Ty - 272 1n2[<i 2" (66)
1 4 k2d? In"[sin(ma/d)] /7 1 4 k2d? In"[sin(7a/d)] /7

For a < d, TF*" ~ k*a®/(4 + k?a?), which is near unity for ka > 1 even though the
slits are very narrow, while 77" is very small for ka < 1. For a < d, T7*" ~ 1 /11 +

k2d?1n*(d/ma)/7?]), which is small for kd > 1, but is large for kd < 1 and a/d not too
small; while for a/d extremely small the transmission again becomes large.
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