Capacitor-Driven Railgun: Magnetic Fields Doing Work

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (December 28, 2015; updated October 13, 2017)

1 Problem

Discuss force, work and energy in a capacitor-drive railgun, as illustrated on the left below (from [261]),^1 and in the original conception due to Ampère and de La Rive (1822) [38] as illustrated on the right below.^2

Examples like these are used to illustrate the claim that “magnetic forces do no work” [159, 163, 268, 269, 278], which implies that some other force(s) than magnetism are “at work” here.

Consider also the variant shown below^3 in which the railgun circuit is initially superconducting with current I_0 and fixed (superconducting) crosspiece), but at time t = 0 the crosspiece goes normal, takes on electrical resistance R, and is set free to move.^4

1As this note has an historical flavor, it seemed appropriate that the references be listed in chronological order, by date of submission for publication.

2A railgun was patented by Birkeland in 1902 [107, 217]. For another contribution of Birkeland, see [277].

The literature on railguns is now vast. A sample is [162, 250, 270, 279].

3A railgun was discussed by Maxwell in Arts. 594-596 of [89], as sketched on in the figure on right. 4A simple railgun variant is now featured at sites such as

http://sci-toys.com/scitoys/scitoys/electro/railgun/railgun.html

In this, the magnetic field that provides the Lorentz force is due to strong permanent magnets that form the wheels of a rolling crosspiece. The direction of the axial field in the two wheels must be opposite (such that a single rolling magnet would not suffice).

This configuration has much in common with Faraday’s homopolar generator of 1832; see sec. A.16.4 below.

2 Solution

This problem is not static,^5 so that it is not clear that methods of magnetostatics will suffice to analyze it. Yet, the statement “magnetic forces do no work” is invoked in the context of magnetostatics [269], where electricity and magnetism are not yet unified into a dynamical theory of electromagnetic field, as per Maxwell [84]. However, in electrostatics, and in the absence of a magnetic field, electric forces also do no work.

As noted by Poynting [96], in the case of work done by electromagnetic fields, E and B, the flux of energy in the field is described by the vector field, S = c 4π E × B, (1)

in Gaussian units, where c is the speed of light in vacuum. Whenever electromagnetic work is done, with a consequent flow of electromagnetic energy, both electric and magnetic fields must be present. That is, magnetic forces/fields, by themselves, and electric forces/fields, by themselves, do no work.

The figure below, from Poynting [96], illustrates lines of S flowing from a battery to points along a circular resistor.

We find below that for the examples of railguns with no “battery”, nonzero work is done on the crosspieces. While the capacitor-driven railgun has a nonzero initial electric field inside the capacitor, the initially superconducting railgun has only an initial magnetic field. In both cases, the initial stored electromagnetic field energy is converted into final kinetic energy plus Joule heating. The final kinetic energy of the crosspiece equals the work done by the component of the magnetic force perpendicular to that crosspiece, such that in the view of this author, it is best to say that railguns are examples where magnetic forces do work.^6

2.1 Ampère vs. Biot-Savart-Grassmann

Despite the need for a dynamical view of a railgun, it is natural to attempt a solution using static methods as much as possible.

5In another nonstatic experiment, Ampère and de La Rive came close to discovering electromagnetic induction [104, 192].

6In railguns the magnetic fields are due to conduction currents. In examples with permanent magnets, whose fields are associated with the permanent magnetic moment of electrons, the magnetic field “clearly” does work on the permanent magnetization. For one such example, see [260]. Consider also a refrigerator magnet being pulled out of your hand as it nears the surface of the fridge.

In static examples, the notion of fields that propagate with a finite speed is not necessary, and methods based on instantaneous action at a distance are sufficient. Indeed, the first great analysis of static magnetic phenomena involving electric currents, that of Ampère [50], did not involve the concept of a magnetic field (or an electric field, and did not associate electric current with moving charges). Similarly, the extension of Ampère’s analysis by Weber [102] to include nonstatic examples involving moving electric charges was also an instantaneous action-at-a-distance theory, although the velocities of charges were scaled by a velocity C deduced from considerations of electrical and magnetic units, whose numerical value is close to √ 2 times the speed c of light.^7 The railgun problem is occasionally analyzed via Weber’s electrodynamics [121, 242], but we will not pursue this here.

Contemporary discussions of magnetic forces tend to assume as valid the Lorentz force law^8 for an electric charge q with velocity v in external electric field E and magnetic field B,

F_q = q ( E + v c × B ) , (3)

in Gaussian units, with c being the speed of light in vacuum. Applying this law to electrical

7In 1846, p. 144 of [102], Weber wrote the force between electric charges e and e^′, separated by distance r, is directed along their line of centers, with magnitude, F = ee^′ r^2 [ 1 − a^2 ( dr dt )_2

+ 2a^2r d^2r dt^2 ] . (2)

This was the first published force law for moving charges (which topic Ampère refused to speculate upon). The constant a has dimensions of velocity^{−1}, and was later (1856) written by Kohlsrausch and Weber [78] as 1/C, who noted that their C is the ratio of the magnetic units to electrical units in the description of static phenomenon, which they determined experimentally to have a value close to 4.4 × 10^8 m/s. Apparently, they regarded it as a coincidence that their C is roughly √ 2 times the speed c of light.

For an extensive discussion of Weber’s electrodynamics, see [238]. Maxwell gave a review of the German school of electrodynamics of the mid 19th century in the final chapter 23, part 4, of his Treatise [89].

8Maxwell discussed a version of the railgun in Arts. 594-598 of [89], and then in Arts. 598-599 considered the “electromotive intensity” to be eq. (3) divided by q. However, he seems not to have made the inference that eq. (3) represents the force on a moving charge, as pointed out by FitzGerald [95].

The force law eq. (3) perhaps first explicitly stated by Heaviside (1889), eq. (10) of [98], although Maxwell wrote it in a somewhat disguised form on p. 342 of [82] (1861), and in Art. 599 of [89]. Like Heaviside, Lorentz (1892) gave the force law in the form q(D + v/c × H), eq. (113) of [100]. The debate as to whether the force depends on B or H was settled experimentally in favor of B only in 1944 [130].

In contemporary usage, as for Maxwell, the velocity v in the Lorentz force law is that of the charge in the (inertial) lab frame where F, E and B are measured. However, in Lorentz’ original view the velocity was to be measured with respect to the supposed rest frame of the ether. See, for example, [235].

circuits 1 and 2, the force on circuit 1 due to circuit 2 is the so-called Biot-Savart law,^9

F_{on 1} = ∮ 1 dF_{on 1} = ∮ 1 I_1 dl_1 × B_{2 at 1} c = ∮ 1 ∮ 2 d^2F_{on 1} , B_{2 at 1} = ∮ 2 I_2 dl_2 × r̂ cr^2 , d^2F_{on 1} = I_1dl_1 ×

I_2dl_2 × r̂ c^2r^2

= I_1I_2

(r̂ · dl_1) dl_2 − (dl_1 · dl_2) r̂ c^2r^2

≠ −d^2F_{on 2} (4)

where r = r_1 − r_2 is the distance from a current element I_2 dl_2 at r_2 to element I_1 dl_1 at r_1.^{10} Ampère held a rather different view [50], that,

F_{on 1} = ∮ 1 ∮ 2 d^2F_{on 1}, d^2F_{on 1} = I_1I_2[3(r̂ · dl_1)(r̂ · dl_2) − 2 dl_1 · dl_2] r̂ c^2r^2

= −d^2F_{on 2}. (5)

Ampère considered that the laws of electrodynamics should respect Newton’s third law, of action and reaction, whereas the Biot-Savart/Lorentz law (4) does not. This “minor” detail is seldom discussed in textbooks,^{11} and it held up acceptance of eq. (4) in preference to eq. (5) for about 70 years, 1820-1890.^{12}

In 1822, Ampère (with de La Rive) performed the experiment sketched in the right figure of p. 1, the results of which Ampère interpreted as vindicating his force law (5).

Maxwell reviewed Ampère’s experiment in Art. 687 of [89], arguing that since the forms (4) and (5) give the same result for the force on a closed circuit, the experiment could not distinguish between these two forms.

However, the issues here are extremely delicate, since Ampère’s “hairpin” experiment was not about the force of one closed circuit on another, but rather concerned the force on one

9Biot and Savart [21, 28, 45] had no concept of the magnetic field B of an electric current I, and discussed only the force on a magnetic pole p, as p ∮ I dl × r̂/cr^2, although not, of course, in vector form. The form (4) can be traced to Ampère (1825) [48], and Grassmann (1845) [61], still not in vector form. The vector relation F_{on 1} = ∮ 1 I_1 dl_1 × B_{2 at 1}/c appears without attribution as eq. (11) of Art. 603 of Maxwell’s Treatise [89], while Einstein may have been the first to call this the Biot-Savart law, in sec. 2 of [110].

Heaviside, p. 551 and 559 of [103], discussed the form dF = ρE + Γ × H, where ρ is the electric charge density and Γ = ∇ × H = J + ∂D/∂t, where J is the conduction current density J and ∂D/∂t is the “displacement current” density. However, the present view is that the “displacement current” does not experience a magnetic force.

The earliest description in English of eq. (4) as the Biot-Savart law may be in sec. 7-6 of [143]. 10If we follow Ampère in defining a “current element” as being electrically neutral, which is a good (but not exact [267]) approximation for currents in electrical circuits, then an isolated, moving charge is not a “current element” (contrary to remarks such as in [224]). A wire that is used to discharge a capacitor could be considered as an example of an Ampèrian current element when it carries the transient current. The magnetic forces on a pair of such current elements would not obey Newton’s third law, but overall momentum conservation is observed when one takes into account the momentum stored in the electromagnetic fields of the system. This is easier to analyze for a pair of moving charges [132] than for a pair of discharging capacitors.

11One exception is sec. 7-5 of [143].

12Maxwell gave an intricate discussion in Arts. 502-526 of his Treatise [89], in which he pointed out that experiments on the forces between closed circuits cannot fully determine an expression for the magnetostatic forces, and that one arbitrary assumption is required to arrive at a “law”. He considered (Art. 526) four such assumptions, including Ampère’s that the force law obey Newton’s third law, and Grassmann’s that the force is zero between collinear current elements; Maxwell then expressed his preference of Ampère’s form, although in Art. 599 he displayed the Lorentz force law without comment as to its relation to the forms of Ampère and Grassmann.

part of a single closed circuit due to the rest of that circuit. Namely, the experiment involved a U-shaped wire floating on two pools of mercury, and the floating wire was observed to move away from the fixed battery at the left of the figure below (from Art. 687 of [89]), but not shown.

According to the Biot-Savart law, eq. (4), the magnetic force on a current element is perpendicular to the current, while in Ampère’s formulation, eq. (5), the force appears to have a component along the current. In particular, for the case of collinear current elements, the Biot-Savart force between them is zero, while Ampère’s force is nonzero and along the common direction of the currents. Ampère argued that the observed repulsion of one part of the circuit (shown above) from the other confirmed the validity of his force law (5).

Ampère’s purported longitudinal force between collinear current elements has come to be called the Ampere tension, and was the subject of considerable controversy in the 20th century. The first advocate of the Ampère tension was Hering [111, 114, 115, 116, 117, 118, 119], whose concerns inspired several sympathetic comments, [122, 124, 125, 127, 128, 131, 133, 134, 136, 140, 141, 142, 157]. Hering’s notion of a tension along conductors was motivated in part by variants of Ampère’s “hairpin” experiment, as shown below [114].

In the 1960s, a more strident advocate of Ampère tension emerged, Graneau [154, 169, 170, 171, 173, 175, 178, 179, 183, 186, 187, 194, 195, 196, 197, 216, 253],^{13} who also argued that the phenomenon of “exploding wires” is due to the supposed Ampère tension associated with collinear current elements, which might be large for extreme pulses of electric current [186, 196, 220, 248].^{14} Response to Graneau’s claims was generally skeptical [172, 177, 181, 184, 185, 190, 193, 199, 200, 205, 207, 208, 209, 211, 212, 213, 214, 215, 221, 222, 223, 224, 236, 239, 243, 244, 246, 249, 257, 262, 271], but a few supporters are on record

13Graneau was an advocate of several nonstandard physics views,

http://www.infinite-energy.com/iemagazine/issue114/graneau.html

14Large current pulses lead to large Joule heating, which leads to transient thermal expansion in all directions, including that along the wire. The standard view is that this impulsive thermal expansion is the cause of exploding wires, as discussed in [193]. That is, the phenomenon of exploding wires can be attributed to “Joule tension” rather than to “Ampère tension”.

[174, 180, 191, 182, 204, 218, 219, 226, 228, 230, 232, 234, 256, 259, 273].

2.2 Equivalence of the Ampère and Biot-Savart Force Laws for Closed Circuits

According to the Biot-Savart form (4), the force on circuit element I_1 dl_1 due to current I_2 in circuit 2 is,

dF^{(B−S)}_{on dl1} = I_1 dl_1 × ∮ 2 I_2 dl_2 × r cr^3 = I_1I_2 c^2 ∮ 2 (r · dl_1) dl_2 − (dl_1 · dl_2) r r^3

. (6)

To compare this with Ampère’s form (5), it is useful to note the relations (given by Ampère),

dl_2 = − ∂r ∂l_2 dl_2, r · dl_2 = r · ∂r ∂l_2 dl_2 = −r ∂r ∂l_2 dl_2. (7)

Then,

dF^{(A)}_{on dl1} =

I_1I_2 c^2 ∮ 2 3(r · dl_1)(r · dl_2)r r^5 − 2(dl_1 · dl_2)r r^3 = I_1I_2 c^2 ∮ 2 ( − 3dl_1 r^4 · r ∂r ∂l_2 dl_2 ) r − 2I_1I_2 c^2 ∮ 2 (dl_1 · dl_2) r

r^3

. (8)

The ith component of the first integral on the second line of eq. (8) can be written as, − ∮ 2 3dl_{1,j}r_ir_j r^4 ∂r ∂l_2 dl_2 = ∮ 2 dl_{1,j} [ ∂ ∂l_2

(r_ir_j r^3 ) − r_i r^3

∂r_j ∂l_2 − r_j r^3

∂r_i ∂l_2 ] dl_2 = ∮ 2 (dl_1 · dl_2)r_i r^3 + ∮ 2 (dl_1 · r) dl_{2,i} r^3

. (9)

Using this in eq. (8), we have that,

dF^{(A)}_{on dl1} =

I_1I_2 c^2 ∮ 2 (r · dl_1) dl_2 − (dl_1 · dl_2) r r^3

= dF^{(B−S)}_{on dl1} (10)

Considering circuit element I_1 dl_1 to be part of circuit 1, distinct from circuit 2, we find,

F^{(A)}_{on 1} = ∮ 1 dF^{(A)}_{on dl1} = ∮ 1 dF^{(B−S)}_{on dl1} = F^{(B−S)}_{on 1} (11)

Finally, since Ampère’s force between a pair of circuit elements is along their line of centers,

F^{(A)}_{on 1} = −F^{(A)}_{on 2} = F^{(B−S)}_{on 1} = −F^{(B−S)}_{on 2} . (12)

When either the Biot-Savart form (4) or the Ampère form (5) is applied to a pair of circuits, the total forces on the circuits are the same, and Newton’s third law is satisfied.^{15,16}

15A derivation something like the above was first given by Ampère in 1825 [48], followed by Neumann in 1845 [62, 68, 154], and in more detail by Stefan in 1869 [86, 92, 215].

16A tacit assumption here is that effects of wave propagation can be ignored. For an example in which a pair of circuits emit radiation, with a resulting propulsive force on the circuits, see [280].

When considering the force of a single circuit on itself, one can worry that the integrals in eqs. (6) and (8) might diverge, such that the self force might not be zero. Since Ampère’s force law between pairs of current elements obeys Newton’s third law, one has confidence that this leads to F^{(A)}_{self} = −F^{(A)}_{self} such that the self force is zero, but the case for the Biot- Savart form cannot be argued so quickly. Stefan [86] considered that physical circuits have wires of finite diameter, for which it is convincing that the equivalence of the Ampère and the Biot-Savart force laws for closed, filamentary circuits implies that the self force is also zero for the latter form.^{17}

A corollary to the above argument is that the total force on a current element due to currents in closed circuits is perpendicular to the current element, according to the (static) force laws of both Ampère and Biot-Savart.

An extrapolation of the static force laws of both Ampère and of Biot-Savart-Grassmann is that if a circuit moves in response to the (initially static) magnetic force on it, then that magnetic force does work on the moving circuit. This extrapolation presumes that the static force laws are still approximately correct for examples where the motions have low velocity.^{18}

2.3 Ampère’s Hairpin Experiment

In Ampère’s hairpin experiment, there is a small repulsive force between the opposite currents in the battery segment and crosspiece (for example, in Fig. 4 of [114], p. 4 above). However, the variant shown in Hering’s Fig. 12 shows that this force is not the dominant propulsive force on the crosspiece.

Ampère’s argument [38] was that his force law (5) indicates a repulsive force (the Ampère tension) between collinear current elements.

However, the equivalence between the force laws of Ampère and of Biot-Savart, discussed in sec. 2.2, indicates that the force on a current element due to the rest of the circuit is the same according to both laws, eq. (10), and perpendicular to the current element (recalling eq. (6)), such that Ampère’s explanation is not valid.^{19}

A force perpendicular to the crosspiece in the hairpin circuit can only be due to the force on the current in the crosspiece, and not on the currents in the portions of the moving hairpin that are parallel to the troughs of mercury. Since the magnetic force falls off as 1/r^2, the strongest force on the crosspiece is due to the currents in the just mentioned portions

17This was argued (rather briefly) by Maxwell in Art. 687 of [89], and variants have been given in [90, 93, 112, 123, 126, 151, 154, 184, 185, 199, 200, 205, 206, 212, 213, 215, 221, 222, 223, 236, 239, 243, 244, 271].

Graneau initially [154] seemed to endorse the equivalence of the force laws of Ampère and of Biot-Savart, but in [173] he claimed that numerical computation “proved” that the self force on a circuit is nonzero according to the Biot-Savart law.

18As mentioned in footnote 6, Weber was the first to consider a force law for moving charges, but this involved instantaneous action at a distance. Effects of retardation, due to the finite speed of propagation of electromagnetic waves, on the electric and magnetic fields of a point electric charge were first considered by Lienard [105] and by Wiechert [106]. The computation of the retarded fields for electric charge and current distributions is reviewed in [245].

19As remarked by Maxwell in Art. 687 of [89]:

It is manifest that since the formulae both of Ampère and of Grassmann give the same results for closed circuits, and since we have in the experiment only a closed circuit, no result of the experiment can favour one more than the other of these theories.

of the moving hairpin that are parallel to the troughs of mercury in Figs. 4 and 11 of [114], while in Fig. 12 the forces are due to the currents in the wires just outside the troughs and to the right of the cross piece. In particular, the Biot-Savart law is more direct than Ampère’s version in computing these forces.

A disconcerting feature remains that in the variants of Hering’s Figs. 4 and 11 [114], the force on the current in the crosspiece of the hairpin is due to the currents in the rest of the hairpin.^{20} This goes against a notion from mechanics that a rigid body cannot exert a net force on itself.

However, the U-shaped “hairpin” is not strictly a rigid body in that a current enters one end and leaves the other, and the force on the “rigid” part of the hairpin is due to the current which flows through it.^{21} The rigid part of the hairpin does not exert a force on itself, but rather a force back on the current, as will be discussed further in sec. 2.4.4. Hence, it seems to this author that concerns about a nonzero self force on the “rigid” hairpin are ill founded.

It remains to discuss force, work and energy for Ampère’s hairpin experiment. However, we content ourselves with such discussion for the closely related example of a railgun.

2.4 Railgun

2.4.1 Capacitor-Driven Railgun

Turning now to the railgun illustrated below, we suppose that the energy source is a capacitor bank of capacitance C, with initial electric charge Q on its plates. When this capacitor bank is switched into series with the rails, transient current I(t) flows in the circuit, which generates a magnetic field that has a component in the z-direction (out of the page in the left figure below) when the current is in the +y direction, such that the J/c × B force on the moving crosspiece is in the +x direction.^{22}

We take the capacitor C to be at x = 0 and the crosspiece (in red) at x = x_c ≫ b, where the various wires of radius a ≪ b lie in the plane z = 0, with x-segments centered on y = 0 and b. The magnetic field in the plane z = 0, between the x-segments and away from their ends, is approximately that associated with infinite-length wires,

B_z(b ≪ x ≪ x_c − b, a < y < b − a, 0) ≈ 2I cy + 2I c(b − y)

. (13)

20This feature may have been first discussed in [124]. 21This comment appears in sec. II of [163].

22In most railguns, the crosspiece slides between the rails. There exists a small literature on railguns in which the crosspiece rolls on the rails [79, 80, 81, 146, 158, 203, 225, 233, 237, 240, 247, 251, 252], where is it not obvious that the observed motion is due to the Lorentz force.

At the crosspiece, where x = x_c, the z-component of the magnetic field is one half of this because the x-currents exist for x < x_c. That is,

B_z(x_c, a < y < b − a, 0) ≈ I cy + I c(b − y)

. (14)

The Biot-Savart force on the crosspiece is then approximately,

F_x =

∫_{b−a} a IB_z(x_c, y, 0) c dy ≈

2I^2 c^2 ln b − a a ≈ 2I^2 c^2 ln b a , (15)

supposing that the wire radius a is small compared to the separation b. Note that even if the current I changes sign as the capacitor discharges, the force is always in the +x direction.

A crosspiece of mass m takes on final x-velocity,

v_f = 1 m ∫ F_x dt ≈ 2 mc^2 ln b a ∫ I^2 dt. (16)

We can also deduce the force F_x via an energy method, following Art. 686 of [89]. The energy U_C stored in the electric field of the capacitor is,

U_C =

Q^2 2C . (17)

As charge flows off the capacitor (at rate I = dQ/dt) the stored energy U_C decreases, being transferred into the energy U_L = LI^2/2 stored in the magnetic field, and into the Joule heating (at rate I^2R) and the kinetic energy (at rate d(mv^2/2)/dt = F v) of the crosspiece, assuming that radiation (and the kinetic energy of the electric current) is negligible, where L(x, t) is the self inductance of the circuit when the moving crosspiece is at position x(t), F (t) = m dv/dt is the force on the crosspiece of mass m and velocity v(t) in the +x direction, and we make the approximation that the resistance of the rails is small compared to resistance R of the crosspiece. Conservation of total energy E tells us that, dE dt = 0 = dU_C dt + dU_L dt + I^2R + F_xv = QI C + LI dI dt + I^2 2 dL dt + I^2R + F_xv, (18)

Meanwhile, the circuit equation is, for variable I and variable L, 0 = Q C + d(LI) dt + IR. (19)

Using this in eq. (18) leads to,

I^2 2 dL dt = I^2 2 dL dx_c v = F_xv, (20)

such that the force on the crosspiece appears to be given by,

F_x =

I^2 2 dL dx_c

. (21)

Here, the current I is not constant, although it is often stated that the form (21) holds only for currents held constant by a battery that does work on the current.

The self inductance of the circuit is related to the magnetic flux Φ through it according to Φ = cLI. We estimate the self inductance supposing the field (13) holds for 0 < x < x_c,

Φ ≈ 2

∫_b a 2I cy x_c dy =

4x_cI c ln b a , (22) and the self inductance L is approximately,^{23} L = Φ cI ≈ 4x_c c^2 ln b a . (23)

Thus, the force on the crosspiece follows from eq. (21) as,

F_x ≈

2I^2 c^2 ln b a , (24)

as found previously in eq. (15).

To display an analytic result for the current I(t), we suppose that the crosspiece hardly moves during the current pulse after the capacitor is switched in to the circuit at time t = 0, such that the self inductance (23) and the is essentially constant while the crosspiece accelerates to its final velocity. We suppose that the resistance of the crosspiece is large compared to that of the rest of the circuit, such that R is essentially constant as the crosspiece moves. We also suppose that the time constant L/R for the current to rise in the inductance L is small compared to the time constant RC for the capacitance C to discharge, when in series with resistance R. Then, the circuit equation (19) takes the more usual form, 0 = Q C + L dI dt + IR, (25)

for which a trial solution I = e^{αt}, and the condition that I(0) = 0, lead to,

I(t > 0) ≈ A ( e^{−t/RC} − e^{−Rt/L} ) . (26)

The determine the constant A, we integrate the current (26), which must equal the initial charge Q on the capacitor, Q = ∫_∞ 0 I dt ≈ A ( RC − L R ) ≈ ARC, A ≈ Q RC , (27)

and the current waveform is approximately,

I(t > 0) ≈ Q RC ( e^{−t/RC} − e^{−Rt/L} ) , I(t >∼ L/R) ≈ Q RC e^{−t/RC} . (28)

The final velocity of the crosspiece follows from eqs. (16)-(17) as,

v_f ≈

Q^2 mc^2RC ln b a , v_f c = 6 R[Ω]

U_C mc^2 ln b a , (29)

noting that a resistance R in Gaussian units is the resistance in Ohms divided by 3c.

For example, with U_C = 10^4 J, a 1-cm^3 copper cube of mass 9 g and resistance R ≈ 2 × 10^{−6} Ω, would be accelerated to v_f ≈ 2.5 × 10^{−4}c by the railgun, supposing the rails are 1 cm^2 copper bars such that b/a = 2 and that friction can be ignored. This is close to the escape velocity (11 km/s ≈ 3 × 10^{−4}c) of the Earth.

23See Art. 685 of [89] for a slightly better approximation.

2.4.2 Initially Superconducting Railgun

In the variant with an initially superconducting railgun, where the crosspiece goes normal, and is set free, at time t = 0, the Lorentz force on the crosspiece is again given by eq. (15), and the self inductance is again given by eq. (23). For t > 0, the circuit equation is L dI/dt+IR = 0 in the approximation that the crosspiece does not move significantly as the current decays to zero, such that the current falls off exponentially,

I(t) = I_0 e^{−Rt/L}. (30)

The final velocity of the crosspiece follows from eqs. (16), (23) and (30) as,

v_f ≈ 2 mc^2R ln b a U_0 R ≈ I^2_0 L mc^2R ln b a ≈ 4I^2_0 x_c mc^4R ln^2 b a . (31)

where U_0 = I_0L^2/2 is the initial stored magnetic-field energy.

The final velocity (31) is small, but nonzero, and the nonzero final kinetic energy of the crosspiece came from the initial energy stored in the magnetic field of the circuit.^{24} However, the statement “magnetic forces do no work” seems to imply that the crosspiece could not move in this case.

2.4.3 Three Commentaries

1. The Abstract of [159] claims:^{25}

Magnetic forces can never do work. The force the conductor exerts on the electrons is shown to do the work.

And in the third paragraph of the main text of [159] one reads:

Many undergraduate physics texts, however, refer to v × B as a magnetic force. Such reference implies that a magnetic force does work on a charge traversing the moving rod. This of course does not happen. (If it did happen the magnet would be supply energy to the circuit. The magnet, since it would then be losing energy, would become colder. This is not observed.) As will be shown, the force v × B is the sum of two forces, the force the rod exerts on the charge and the magnetic force.

2. At the end of sec. II of [163] the statement is made:

24If the crosspiece did not move after going “normal”, all of the initial magnetic energy, U_0, would be dissipated as Joule heating, as the time integral of eq. (30) is U_0/R. If the crosspiece moves, the the self inductance L increases with time, the current drops more quickly than the estimate of eq. (30), and the final velecoity is somewhat less than the estimate of eq. (31.

25Ref. [283] is similar to [159], but claims the I dl × B force is (electro)static.

A magnetic field does not give a current carrying wire any energy by doing work on it although it indirectly causes the net force on the wire.

3. A popular textbook on electrodynamics [269] prominently displays the statement “magnetic forces do no work” in sec. 5.1.2, with the implication that in cases where it seems that a magnetic force does work, actually some other force did the work. In ex. 5.2 of [269], a railgun variant in which a current loop is pulled into a region of external magnetic field,

it is stated:

Was work done in this process? Absolutely! Who did it? The battery!

However, the example need not involve a battery, as for the cases of sec. 2.4.1 and 2.4.2 above.^{26}

All three commentators could be interpreted as implying that the crosspiece would not move in the example of sec. 2.4.2 since (they appear to claim) a magnetic field cannot transfer energy to (do work on) an electromechanical system.

It is, of course, hard to know what these authors actually mean by their comments, but in view of their provocative nature, we continue with some comments of our own.

2.4.4 Transverse Forces on the Current and the Lattice of the Crosspiece

We now examine the forces on the crosspiece in more detail. In so doing, we depart from the analyses of Ampère and of Maxwell by supposing that the electric current is associated with moving charges inside the conductors, which also support charges at rest relative to the conductors, and we consider the Lorentz force (3) on these charges.

The bulk matter^{27} of the crosspiece (and of the rest of the circuit) can be partitioned into the moving electrons of the electric current I and the “lattice” ions which are at rest in the rest frame of the crosspiece. The moving electrons (in the crosspiece) have charge density ρ^− < 0 and average drift velocity v_d = −v_d ŷ (0 < v_d < 1 cm/s), and the lattice ions have charge density ρ^+ = −ρ^−.^{28}

26In any case, the work done by the battery is on the electric charges that move through it, and not on distant objects.

27There are also electric charges on the surface of the crosspiece, as mentioned below. 28The is actually a tiny difference, of order 1/c^2, between ρ^− and ρ^+ [267] that we ignore here.

If the only force on the current I were the Lorentz force F_x identified in eq. (15), then the current would be forced out of the crosspiece, which does not happen. Rather, there must exist a force F_{H,x} ≈ −F_x on the current exerted by the crosspiece, which keeps the current inside the latter. In turn, the current exerts a force F^′_{H,x} = −F_{H,x} ≈ F_x on the lattice ions of the crosspiece, and it is the force F^′_{H,x} that accelerates the lattice to the final velocity v_f .

2.4.5 The Hall Field

The force F_{H,x} is said in [137, 155, 159, 163] to be due to the so-called Hall electric field E_H, first noted Hall in 1879 [91], which view is a reasonable approximation for currents associated with “free” electrons [155, 165]. In the limit of negligible electron mass (or for steady currents), the transverse force on the moving electrons (of electric charge e) must be zero, 0 ≈ e (E_H + v_e/c × B),

E_H ≈ − v_e c × B ≈ − v x̂ − v_d ŷ c × B_z ẑ = v_dB_z c x̂ + vB_z c ŷ ≡ E_{H,x} x̂ + E_{H,y} ŷ (32)

where we approximate that magnetic field on the electrons by eq. (14), ignoring the field due to the current in the crosspiece. The Hall field (32) is maintained by an appropriate charge density on the surface of the crosspiece.

The component E_{H,x} implies that a potential difference 2av_dB_z/c exists in the x-direction between the two sides of the crosspiece, whose sign and magnitude permit one to infer the (small) value of v_d and to confirm that the sign of the moving charges is negative. Similarly, the component E_{H,y} implies that a potential difference,

V_{motional} = v c ∫_{b−a} a B_z dy (33)

exists in the y-direction between the two ends of the crosspiece. This effect was noted by Faraday in secs. 3078 and 3087 of [72], and is often called the motional EMF.^{29} The forces F_{H,x} and F^′_{H,x} can now be related as,

F_{H,x} = ∫ c ρ^−E_{H,x} dVol ≈ −F_x, F^′_{H,x} = ∫ c ρ^+E_{H,x} dVol = −F_{H,x} ≈ F_x. (34)

The magnetic force F_x of eq. (15) does work on the moving crosspiece at rate,^{30}

dW_x dt = F_xv, (35)

while the Hall field E_{H,x} does work on the moving electrons at rate,

dW_{H,x} dt = F_{H,x}v ≈ −F_xv = − dW_x dt , (36)

29A recent article [278] on Ampère’s “hairpin” experiment includes measurement of the motional EMF. 30Work is, of course, a scalar quantity. the subscript x indicates that the work is done by a force in the x-direction.

and the Hall field E_{H,x} does work on the moving lattice at rate,

dW^′_{H,x} dt = F^′_{H,x}v ≈ −F_{H,x}v = − dW_{H,x} dt ≈ dW_x dt . (37)

The total work done by the Hall field E_{H,x} is zero, and the sum of the work done by the magnetic force F_x and by the Hall field E_{H,x} is just the work done by the magnetic force F_x.

Since the total work done by the Hall field E_{H,x} is zero, it would be consistent with the statement “magnetic forces do no work”, to say that “the Hall force does no work”. However, the attitude of [159, 163] seems to be that the Hall field, and not the magnetic force F_x, does the work of accelerating the crosspiece, because it is the Hall field and not the magnetic force F_x that acts directly (in the x-direction) on the lattice ions. The latter is technically correct, but does not imply that the magnetic force F_x does no work.^{31}

2.4.6 Axial Forces in the Crosspiece

The Lorentz force due to the magnetic field B_z on the conduction electrons in the crosspiece has an axial component,

F_y = ∫ c ρ^−v x̂ × B_z ẑ c dVol = ∫ c −ρ^−vB_z c dVol = v v_d

∫_{b−a} a IB_z c dy = v v_d

F_x, (38)

noting that the current is related by I = ρ^−(−v_d)A > 0, where A is the effective area of the conduction current density perpendicular to the y-axis.^{32} The magnetic force F_y is in the opposite direction to the y-velocity of the conduction electrons, so it does work at the rate,

dW_y dt = F_y(−v_d) = −F_xv = −dW_x/dt . (39)

The total rate of work done by magnetic force on the current in the crosspiece is zero,

dW_{total} dt = dW_x dt + dW_y dt = F_xv − F_xv = 0. (40)

This is rather different that the statement “magnetic forces do no work”, which seems to imply that dW_x/dt = 0 = dW_y/dt.

Now, dW_x/dt is a large quantity, being equal to the rate of change of kinetic energy of the crosspiece, whose motion is in the direction of the magnetic force F_x. So, dW_y/dt is also a large (negative) quantity, but it does not lead to any noticeable change in energy of the system. Rather, it serves to cancel the large positive rate of work done by the Hall field E_{H,y} on the conduction electrons,

F_{H,y} = ∫ c ρ^−E_{H,y} dVol =

∫_{b−a} a IvB_z (−v_d)c dy = − v v_d

F_x = −F_y, (41)

31In the opinion of this author, [159, 163] (and also [269]) made an unfortunate play on words in an effort to support the claim that “magnetic fields never do any work”. The discussion there is akin to concluding from the fact that 1 − 1 = 0 that 1 = 0 = −1.

32The effective area A is less than the geometric area πa^2 due to the skin effect for the transient current.

dW_{H,y} dt = F_{H,y}(−v_d) = F_xv = − dW_y dt . (42)

Because the rate of work done by the axial component of the Hall field, E_{H,y}, equals the rate of change of kinetic energy of the crosspiece, [159, 163] seems to claim that this field is the “cause” or the “source of energy” for the increasing kinetic energy.^{33} This is poor logic, arguing that if A = B, then A “causes” or is the “source of” B.^{34} The Hall field E_H does not exist in the initial state of the railgun of sec. 2.4.1, so cannot be the “source” of the final kinetic energy of the crosspiece.

There are several more axial forces on the current, and on the lattice, of the crosspiece to be discussed.

The Hall field E_{H,y} exerts a force on the lattice ions,

F^′_{H,y} = ∫ c ρ^+E_{H,y} dVol = −F_{H,y} = F_y. (43)

This force does no work, as the lattice ions do not move in the y-direction; dW^′_{H,y}/dt = 0.

The crosspiece has resistance R which implies that the lattice exerts a retarding force F_{R,y} on the conduction electrons. Of course, these electrons would soon come to rest if there were not a force F_{σ,y} driving the current in the y-direction inside the crosspiece. This latter force is due to the internal axial electric field E_σ related by Ohm’s law,^{35}

J = σE_σ, E_{σ,y} =

J_y σ = I σA , V_σ = E_{σ,y}b = I b σA = IR, (44)

where σ is the electrical conductivity of the crosspiece, related to its resistance by R = b/σA. The axial force F_{σ,y} that drives the conduction electrons is,

F_{σ,y} = ∫ c ρ^−E_{σ,y} dVol =

IbE_{σ,y} (−v_d) = I^2R (−v_d)

, (45)

so this force does work on the current at rate, dW_{σ,y} dt = F_{σ,y}(−v_d) = I^2R, (46)

which equals the rate of Joule heating of the resistive crosspiece.

The retarding force F_{R,y} on the conduction electrons is, of course, related by,

F_{R,y} = −F_{σ,y}. (47)

This force is due to collisions, and does not do work, although it is associated with reducing the kinetic energy of the conduction electrons; dW_{R,y}/dt = 0.

33It is claimed in [278] that the Hall field (there called the motional EMF) serves as an “intermediary” and “delivers lift to the wire”. This also is misleading, as it is the Poynting vector, which depends on the total E and total B fields, that delivers the energy from the battery to the moving wire in that example.

34The statement “magnetic forces do no work” seems to inspire faulty logic, which is perhaps the author’s main objection to it.

35The original version of Ohm’s law [51] was closer in form to the first two lines of eq. (44) than to the third.

The collision of the conduction electrons with the lattice result in a force F^′_{R,y} on the latter, F^′_{R,y} = −F_{R,y} = F_{σ,y}, (48) and this collision force also does no work, while increasing the thermal energy of the lattice; dW^′_{R,y}/dt = 0.

The axial electric field E_σ exerts force F^′_{σ,y} on the lattice ions,

F^′_{σ,y} = ∫ c ρ^+E_{σ,y} dVol = −F_{σ,y}. (49) This force does no work, as the lattice ions do not move in the y-direction; dW^′_{σ,y}/dt = 0.

Furthermore, there is a Lorentz force on the lattice ions associated with their velocity v x̂ in the magnetic field B_z,

F^′_y = ∫ c ρ^+v x̂ × B_z ẑ c dVol = − ∫ c ρ^+vB_z c dVol = ∫ c ρ^−vB_z c dVol = −F_y. (50) This force does no work, as the lattice ions do not move in the y-direction; dW^′_y/dt = 0.

There are also forces associated with the deflection of the current by 90∘ at the ends of the crosspiece, but we neglect these here. 2.4.7 The Total Force We have now identified 11 force components on the crosspiece:

1. F_x = magnetic force on the current. Ẇ_x = dW_x/dt = F_xv. 2. F_{H,x} = −F_x = electric force on the current due to the Hall field. Ẇ_{H,x} = −F_xv. 3. F^′_{H,x} = F_x = electric force on the lattice due to the Hall field. Ẇ^′_{H,x} = F_xv. 4. F_y = F_xv/v_d = magnetic force on the current. Ẇ_y = −F_xv. 5. F^′_y = −F_y = magnetic force on the lattice. Ẇ^′_y = 0. 6. F_{H,y} = −F_y = electric force on the current due to the Hall field. Ẇ_{H,y} = F_xv. 7. F^′_{H,y} = F_y = electric force on the lattice due to the Hall field. Ẇ^′_{H,y} = 0. 8. F_{σ,y} = −I^2R/v_d = electric force on the current due to the field E_σ = J/σ. Ẇ_{σ,y} = I^2R. 9. F^′_{σ,y} = −F_{σ,y} = electric force on the lattice due to the field E_σ. Ẇ^′_{σ,y} = 0. 10. F_{R,y} = −F_{σ,y} = force on the current due to collisions with the lattice. Ẇ_{R,y} = 0. 11. F^′_{R,y} = −F_{R,y} = force on the lattice due to collisions with the current. Ẇ^′_{R,y} = 0.

The total force in the x-direction is,

F_{x,total} = F_x + F_{H,x} + F^′_{H,x} = F_x − F_x + F_x = F_x ≈

2I^2 c^2 ln b a , (51)

and the total rate of work done by the forces in the x-direction is,

dW_{x,total} dt = dW_x dt + dW_{H,x} dt + dW^′_{H,x} dt = F_xv − F_xv + F_xv = F_xv. (52)

The total force in the y-direction is,

F_{y,total} = F_y + F^′_y + F_{H,y} + F^′_{H,y} + F_{R,y} + F^′_{R,y} + F_{σ,y} + F^′_{σ,y} = F_y − F_y − F_y + F_y + F_{R,y} − F_{R,y} − F_{R,y} + F_{R,y} = 0, (53)

so the crosspiece does not move in the y-direction even if it were not between side rails, but rather lying on top of them. The total rate of work done by the forces in the y-direction is,

dW_{y,total} dt = dW_y dt + dW_{H,y} dt + dW_{σ,y} dt = −F_xv + F_xv + I^2R = I^2R. (54)

The total force on the system is in the +x direction,

F_{total} = F_x x̂ = F^′_{H,x} x̂. (55)

and is equal to the x-component of the magnetic force on the conduction electrons. The total work done on the system is

dW_{total} dt = dW_{x,total} dt + dW_{y,total} dt = F_xv + I^2R. (56)

The rate of increase of kinetic energy equals the rate of work done by the x-component of the magnetic force on the conduction electrons, and the Joule heating equals the rate of work done by the (partial) axial electric field E_σ on these electrons.^{36} Are There 11 Forces, or Is There Just One, Total Force?

From the macroscopic point of view (that of Ampère and Maxwell, for example), only the magnetic force F_x x̂ exists. The other 10 forces arise only in a microscopic view in which the crosspiece is partitioned into the conduction current and the lattice. And, of these 10 forces, 8 are internal to the crosspiece and, of course, sum to zero. Hence, it seems to this author that there is merit in emphasizing the macroscopic view, in which “the” force on the crosspiece is the magnetic force F_x x̂, and to say that this is the force that does the work which increases the (macroscopic) kinetic energy of the crosspiece.

However, opinions differ on this issue, and as a consequence, attitudes vary towards the phrase “magnetic forces do no work”.

36An accounting like the above appeared in [268], but with only 5 force components rather than 11.

Is the Total Force Magnetic or Electric?

The total force equals F_x x̂ which is a (macroscopic) magnetic force, but this also equals F^′_{H,x} x̂ which is a (somewhat subtle, microscopic) electric force due to the Hall field.

The total work done by the three magnetic force components F_x, F_y and F^′_y is zero, so some people say that “magnetic forces do no work”, even though both forces F_x and F_y do (equal and opposite) work.

The total work done by the four Hall force components F_{H,x}, F_{H,y}, F^′_{H,x} and F^′_{H,y} is F_xv = F^′_{H,x}v = F_{H,y}v, so some people say that the Hall field does the work in this problem, but they disagree as to which component of the Hall force does the work: [159] claims that F^′_{H,x} does the work, while [269] claims that F_{H,y} does it (with the implication that the total force F_x x̂ on the crosspiece did not do the work on it).

2.4.8 Separate Accounting for the Current and the Lattice of the Crosspiece

The forces on the current in the crosspiece, discussed in secs. 2.4.4-2.4.6, sum to,

F_{current} = (F_x + F_{H,x}) x̂ + (F_y + F_{H,y} + F_{R,y} + F_{σ,y}) ŷ ≈ (F_x − F_x) x̂ + (F_y − F_y − F_{σ,y} + F_{σ,y}) ŷ = 0, (57)

in the approximation that the current is massless, such that any force on it must be zero. The rate of work done by these forces is,

dW_{current,total} dt = dW_x dt + dW_{H,x} dt + dW_y dt + dW_{H,y} dt + dW_{σ,y} dt ≈ F_xv − F_xv − F_xv + F_xv + I^2R = I^2R. (58)

The forces on the lattice ions sum to,

F_{lattice} = F^′_{H,x} x̂ + (F^′_y + F^′_{H,y} + F^′_{R,y} + F^′_{σ,y}) ŷ ≈ F_x x̂ + (F_y − F_y + F_{σ,y} − F^′_{σ,y}) ŷ = F_x x̂,(59)

and the rate of work done by these forces is,

dW_{lattice,total} dt = dW^′_{H,x} dt ≈ F_xv. (60)

The total rate of work done on the crosspiece is again given by eq. (56).

2.4.9 Ampère Tension in the Crosspiece?

A key result of sec. 2.2 was that the magnetic force on a “current element” is perpendicular to that element. In contrast, the analysis of sec. 2.4.6 began with the claim that the magnetic force on the crosspiece has an axial component F_y, eq. (38). However, the axial magnetic force F_y is a force on the conduction current, which is distinct from the lattice of the crosspiece in a microscopic view.

There is also a magnetic force F^′_y = −F_y on the lattice. While the total axial magnetic force on the crosspiece is zero, the nonzero, axial, magnetic force F^′_y on the lattice can be considered as a kind of “Ampère tension” in the microscopic view.

Of course, the axial force F^′_y is counteracted by the Hall force F^′_{H,y} = F_y on the lattice, such that the nominal Ampère tension F^′_y does not lead to any axial stress on the lattice.

Recall that in the macroscopic view of Ampère (and Maxwell), a “current element” is electrically neutral and is not partitioned into charges moving and fixed (relative to the element), such that F_y and F^′_y = −F_y do not exist in this view, and the only magnetic force on the crosspiece “current element” is perpendicular to it, i.e., F_x. Indeed, in the macroscopic view, F_x is the only force on the crosspiece, and it does the work on the crosspiece.

2.4.10 The Lorentz Force

In secs. 2.4.4-2.4.7 we have considered 9 Lorentz-force components on the crosspiece, the magnetic forces F_x, F_y (on the current), F^′_y (on the lattice), the electric forces F_{H,x}, F_{H,y}, F_{σ,y} (on the current), and F^′_{H,x}, F^′_{H,y}, F^′_{σ,y} (on the lattice), as well as the two collision-related forces F_{R,y} (on the current) and F^′_{R,y} (on the lattice). The total Lorentz force is,

F_{Lorentz} = (F_x + F_{H,x} + F^′_{H,x}) x̂ + (F_y + F^′_y + F_{H,y} + F^′_{H,y} + F_{σ,y} + F^′_{σ,y}) ŷ ≈ F_x x̂ = F^′_{H,x} x̂. (61)

As noted above, opinions differ as to whether the total Lorentz force on the crosspiece is electric or magnetic. This author prefers the view that the total Lorentz force (which is also the total force on the crosspiece) is a magnetic force.

2.4.11 What’s Going On Here?

Macroscopic vs. Microscopic Views

The controversy over the statement “magnetic forces do no work” has its origin in the difference between macro- and microscopic views of electrical currents. In the macroscopic view of Ampère and Maxwell, currents in electrical circuits are electrically neutral, and the magnetic force on a current element is perpendicular to that element. If that element moves in response to this magnetic force, the magnetic force does work. In the microscopic view that electrical current is due to moving charges, against a “lattice” of positive charge that does not move relative to a current element, one considers separately the magnetic forces on the positive and negative charges, and the total work done by the magnetic forces on each charge is zero.

The microscopic view is fundamentally appealing, but it is not evidently true for ordinary electrical circuits, and took ≈ 60 years, from the time of Ampère to that of Lorentz to become accepted (and even today seems “impractical” to those particularly concerned with “circuit analysis”.^{37}). So, while the statement “magnetic forces do no work” has its place, it would be better if the statement were more like “In a microscopic view, the total magnetic force on a moving electric charge does no work, but the macroscopic components of the magnetic force can do work, and magnetic fields can transfer energy to/from moving charges.”

Work Is Not Energy

37In the example of a railgun, with 11 forces on the crosspiece, 10 of which cancel internally, the latter forces are typically poorly represented in the technical literature reviewed in this note.

The textbook [269] (and also [278]) is insufficiently clear as to the distinction between work and energy. Work is a “local” quantity associated with a force F at some point/volume whose point/volume of application moves through distance dx, dW = F dx, while energy is a more “global” quantity that can exist in the electromagnetic field throughout all space, as well as in other forms.

The energy needed to perform the work at point A can be due to a source at point B, with the energy being transmitted from B to A via the electromagnetic field.

It is a colloquialism to say that the work done at point A was done by the source at point B, rather than by the force F_A at point A. A more proper technical description is that the energy source at point B provided the energy for the work done by force F_A at point A.

The Poynting Vector Describes the Flow of Energy in the Electromagnetic Field

In addition to being enmeshed in the ambiguity as to the character of the total force, and the issue of which force does “the” work, the discussion of all three commentators [159, 163, 269] (and also that in [278]) gives the impression that railguns can’t work unless they contain a “battery”, whereas the preferred energy source for contemporary railguns is a capacitor bank [270].

What’s missing is an awareness that energy transfer in electromagnetic systems is mediated by the Poynting vector, eq. (1), and not by forces inside wires.^{38} The source of the Poynting vector can be nonelectromagnetic energy stored in a “battery”, but it can also be energy stored in the electromagnetic field.^{39} In any case, energy can be transferred by an electromagnetic field only when both E and B fields are present. Hence, when seeking detailed understanding of the flow of energy in an electromechanical system, one should not focus only on the E field, or only on the B field, but rather one must consider the full electromagnetic field.

The statement “magnetic fields do no work” serves as an indirect reminder that one should consider the electric field as well, but in this author’s view, it is more pertinent to note that the Poynting vector (1) transmits the energy that “does the work”.

38As remarked by Sommerfeld on p. 173 of [138]:

Conductors are nonconductors of energy. Electromagnetic energy is transported without loss only in nonconductors; in conductors it is destroyed, or rather transformed. The notation “conductor” and “nonconductor” refers only to the behavior with respect to charge; it is misleading if applied to behavior with respect to energy.

39See, for example, sec. 2.5 of [264].

A Appendix: Historical Survey of (Electro)Magnetism

This Appendix is superceded by the Appendix to [282].

A.1 Peregrinus

In 1269, Peregrinus [1] concluded from experiment that a (permanent) magnet has two “poles”, and that like poles of different magnets repel, while unlike poles attract. Peregrinus’ methods were later notably extended by Gilbert.

A.2 Gilbert

In 1600, Gilbert published a treatise [2], which includes qualitative notions of magnetic energy and lines of force.^{40} These seem to have been inspired by experiments (suggested by Peregrinus) in which magnetized needles (or steel filings, p. 162) were used to probe the space around larger magnets, particularly spherical magnets called terrellas. The observed directions of the needle (or filings) suggested the existence of lines of force throughout space, and the ability of the magnet to deflect the needle into alignment with them suggested (to Gilbert) that some kind of magnetic energy exists outside the magnet itself.

The figures below are from p. 122 and 247 of [2].

A.3 Descartes

In 1644, Descartes published a qualitative treatise on physics science [3]. Among its notable features is perhaps the earliest conception of momentum (mass times velocity, p. 59 ff),^{41} and that light could be due to static pressure in a kind of elastic medium that fills all space, later called the æther (pp. 94-104, part III). And, on p. 271, part IV, he presented a figure based on use of iron filings near a magnet which illustrates Gilbert’s lines of magnetic force.

40Then, as now, magnetism seems to have inspired claims of questionable merit, which led Gilbert to pronounce on p. 166, “May the gods damn all such sham, pilfered, distorted works, which do but muddle the minds of students!”

41The next use of momentum may be by Wallis and Wren in 1668 [4], and by Huyghens in 1669 [5].

A.4 Hooke

In 1667, Hooke (p. 55 ff of [6]) argued that light is a wave phenomenon in an elastic medium.

A.5 Newton

In 1686, Newton published his Principia, in which comments on p. 246 of [7] are usually interpreted as support for a particle (rather than wave) theory of light, although Newton calls this only an “analogy”. He did not pursue the implication that light would carry energy and momentum (concepts that were not yet well developed).

Newton also deduced that the attractive force of gravity varies with distance between the centers of two masses as m_1m_2/r^2 (see the Scholium on p. 392 of [7]).

A.6 Gray

The phenomenon of conduction of electricity may have been first reported by Gray in 1731 [8], who described experiments on the “conveyance” and “communication” of electricity (including evidence that people conduct electricity).^{42}

In 1739, Desaguliers [10] (a coworker of Gray) coined the term “conductor”, as well as the term “insulator”.

42For a historical survey of research into electricity in this era, see, for example, [164].

A.7 Michell

In 1750, Michell published a treatise on the manufacture of magnets [11], including on p. 19 the statement that the repulsive force between like poles of two magnets fall off as 1/r^2.^{43}

A.8 Priestley

In 1766, Priestley [13] deduced that the static force between electric charges varies as 1/r^2, similar to the force of gravity except that like charges repel rather than attract.

A.9 Coulomb

In 1785, Coulomb confirmed (and made widely known) that the static force between pairs of electric charges q_1 and q_2 varies as q_1q_2/r^2 [14], and that the force between idealized magnetic poles p_1 and p_2 at the ends of long, thin magnets varies as p_1p_2/r^2 [15]. The electric and magnetic forces were considered to be unrelated, except that they obeyed the same functional form.

Coulomb also noted that magnetic poles appear not to be isolatable, conjecturing (p. 306 of [16]) that the fundamental constituent of magnetism, a molécule de fluide magnétique, is a dipole, such that effective poles appear at the ends of a long, thin magnet.

Coulomb’s argument is much superior to that by Gilbert, p. 247 of [2].

A.10 Poisson

In 1812, Poisson [17] extended the use (by Lagrange and Laplace) of a potential V = −Gm/r (= energy per unit mass) for the gravitational force between of a mass m and a unit test mass to the case of static electrical forces, and in 1821-23 for static magnetic forces [35, 41].^{44}

43Michell is also credited with being the first to discuss what are now called black holes [12]. 44Following the precedent from gravity, Poisson did not appear to ask where the configuration energy, such as q_1q_2/r and p_1p_2/r, resided, nor did he consider the quantity −∇V to be a force field in the space outside the relevant charges or poles.

A.11 Ørsted

In 1820, Ørsted [18, 19] published decisive evidence that electric currents exert forces on permanent magnets, indicating the electricity and magnetism are related.^{45} Ørsted’s term “electric conflict”, used in his remarks on p. 276 of [19], is a precursor of the later concept of the magnetic field.

It is sufficiently evident from the preceding facts that the electric conflict is not confined to the conductor, but dispersed pretty widely in the circumjacent space. From the preceding facts we may likewise infer that this conflict performs circles.

Ørsted also argued from Newton’s 3^{rd} law of action and reaction that a magnet should exert a force on an electric current, and published evidence for this in [20].

A.12 Biot and Savart

Among the many rapid responses in 1820 to Ørsted’s discovery was an experiment by Biot and Savart [21, 24] on the force due to an electric current I in a wire on one pole, p, of a long, thin magnet. The interpretation given of the result was somewhat incorrect, which was remedied by Biot in 1821 and 1824 [28, 45] with a form that can be written in vector notation (and in SI units) as,

F_{on p} = μ_0 p 4π ∮ I dl × r̂ r^2

, (62)

where r is the distance from a current element I dl to the magnetic pole. There was no immediate interpretation of eq. (62) in terms of a magnetic field, B = F/p, due to the electric current I,^{46} B = μ_0 4π ∮ I dl × r̂

r^2

, (63)

which expression is now commonly called the Biot-Savart law.^{47}

Biot and Savart did not discuss the force on an electric current, but if we suppose the force on pole p due to the electric current I is equal and opposite to the force of the pole on the electric current, and note that the magnetic field of the pole at the current element I dl is B = −μ_0p r̂/4πr^2 for r̂ as in eq. (62), then,

F_{on I} = ∮ I dl × B, (64)

45Reports have existed since at least the 1600’s that lightning can affect ship’s compasses (see, for example, p. 179 of [85]), and an account of magnetization of iron knives by lightning was published in Phil. Trans. in 1735 [9]. In 1797, von Humboldt conjectured that certain patterns of terrestrial magnetism were due to lighting strikes (see p. 13 of [263], a historical review of magnetism). A somewhat indecisive experiment involving a voltaic pile and a compass was performed by Romagnosi in 1802 [255].

Historical commentaries on Ørsted’s work include [139, 144, 281].

46Although the concept of the magnetic field is latent in discussions of magnetic force by Michell, Coulomb, Poisson and Ørsted (and many other in the years 1820-45), the first use of the term “magnetic field” seems to be due to Faraday, Art. 2247 of [65] (1845).

47An early example is on p. 220 of [108].

which is now often called the Biot-Savart force law.^{48} Finally, we can consider the magnetic field B in eq. (64) to be that due to a second loop with steady current, as in eq. (63) with I → I_2, such that the combination of these two equation gives the force of one circuit on another, when they both carry steady currents. See also eq. (71) below.

A.13 Ampère

Between 1820 and 1825 Ampère made extensive studies [22, 23, 25, 26, 27, 29, 30, 31, 32, 33, 36, 37, 43, 44, 46, 47, 50] of the magnetic interactions of electrical currents.^{49} Already in 1820 Ampère came to the vision that all magnetic effects are due to electrical currents.^{50,51} In 1822-1823 (pp. 21-24 of [50]), Ampère examined the force between two circuits, carrying currents I_1 and I_2, and inferred that this could be written (here in vector notation) as,

F_{on 1} = ∮ 1 ∮ 2 d^2F_{on 1}, d^2F_{on 1} = μ_0 4π I_1I_2[3(r̂ · dl_1)(r̂ · dl_2) − 2 dl_1 · dl_2] r̂ r^2

= −d^2F_{on 2}, (65)

where r = l_1 − l_2 is the distance from a current element I_2 dl_2 at r_2 = l_2 to element I_1 dl_1 at r_1 = l_1.^{52,53} The integrand d^2F_{on 1} of eq. (65) has the appeal that it changes sign if elements 1 and 2 are interchanged, and so suggests a force law for current elements that obeys Newton’s third law.^{54} However, the integrand does not factorize into a product of terms in the two current elements, in contrast to Newton’s gravitational force, and Coulomb’s law for the static

48The earliest description of eq. (64) as the Biot-Savart force law may be in sec. 2 of [110], and in English, sec. 7-6 of [148]. In France, eq. (64) is often called the Laplace law, although Laplace’s (unpublished) contribution seems only to be that the magnetic force on a pole varies as 1/r^2, as in eq. (62). See p. 339 of [120], p. 23 of [153], p. 15 of [254].

49Discussion in English of Ampère’s attitudes on the relation between magnetism and mechanics is given in [153, 241, 276]. Historical surveys of 19th-century electrodynamics are given in [112, 254], and studies with emphasis on Ampère include [147, 152, 166, 167, 176, 192, 201, 202, 281]. See also sec. IIA of [258].

50See p. 166 of [25], and also [176].

51The confirmation that permanent magnetism, due to the magnetic moments of electrons, is Ampèrian (rather than Gilbertian = due to pairs of opposite magnetic charges) came only after detailed studies of positronium (e^+e^− “atoms”) in the 1940’s [160, 275].

52Ampère sometimes used the notation that the angles between dl_i and r are θ_i, and the angle between the plane of dl_1 and r and that of dl_2 and r is ω. Then, dl_1 · dl_2 = dl_1 dl_2(sin θ_1 sin θ_2 cos ω + cos θ_1 cos θ_2), and the force element of eq. (65) can be written as,

d^2F_{on 1} = μ_0 4π I_1I_2 dl_1 dl_2(cos θ_1 cos θ_2 − 2 sin θ_1 sin θ_2 cos ω) r̂ r^2

= −d^2F_{on 2}. (66)

53Ampère also noted the equivalents to,

dl_1 = ∂r ∂l_1 dl_1, r · dl_1 = r · ∂r ∂l_1 dl_1 = 1 2 ∂r^2 ∂l_1 dl_1 = r ∂r ∂l_1 dl_1, dl_2 = − ∂r ∂l_2 dl_2, r · dl_2 = −r ∂r ∂l_2 dl_2, (67)

where l_1 and l_2 measure distance along the corresponding circuits in the directions of their currents. Then,

dl_1 · dl_2 = −dl_1 · ∂r ∂l_2 dl_2 = − ∂ ∂l_2

(r · dl_1) dl_2 = − ∂ ∂l_2 ( r ∂r ∂l_1 ) dl_1 dl_2 = − ( ∂r ∂l_1 ∂r ∂l_2 + r ∂^2r ∂l_1∂l_2 ) dl_1 dl_2, (68)

and eq. (65) can also be written in forms closer to those used by Ampère,

d^2F_{on 1} = μ_0 4π I_1I_2 dl_1 dl_2 [ 2r ∂^2r ∂l_1∂l_2 − ∂r ∂l_1 ∂r ∂l_2 ] r̂ r^2 = μ_0 4π 2I_1I_2 dl_1 dl_2

∂^2 √ r ∂l_1∂l_2 r̂ √ r = −d^2F_{on 2}. (69)

54In view of this, Maxwell called Ampère the “Newton of electricity” in Art. 528 of [89].

force between electric charges (and between static magnetic poles, whose existence Ampère doubted). As such, Ampère (correctly) hesitated to interpret the integrand as providing the force law between a pair of isolated current elements, i.e., a pair of moving electric charges.^{55} An important qualitative consequence of eq. (65) is that parallel currents attract, and opposite current repel.

Around 1825, Ampère noted, p. 214 of [47], p. 29 of [50], p. 366 of the English translation in [276], that for a closed circuit, eq. (65) can be rewritten as,^{56}

F_{on 1} = μ_0 4π I_1I_2 ∮ 1 ∮ 2 (dl_1 · r̂) dl_2 − (dl_1 · dl_2) r̂ r^2 = μ_0 4π ∮ 1 ∮ 2 I_1dl_1 ×

I_2 dl_2 × r̂ r^2

, (71)

in vector notation (which, of course, he did not use). Ampère made very little comment on this result,^{57} nor factorized it into the forms now associated with the Biot-Savart law(s) (63)-(64).

In 1826, Ampère gave lectures that included discussion of the force on a magnetic pole due to an electric current, noting that the line integral of the tangential force around a closed loop is proporptional to the electric current that passes through the loop, independent of the shape of the loop [161, 266]. This was a statment of what is now called “Ampère’s (circuital) law”.^{58}

Ampère performed an experiment in 1821-22 [32, 40, 56] that showed a weak effect of electromagnetic induction, which was largely disregarded at the time.^{59}

A.14 Ohm

In 1827, Ohm published a treatise [51] containing his famous law, in a form closer to,

J = σE, (72)

where J is the electric current density and E is the electric field, both inside the rest frame of a medium with electrical conductivity σ, than to more familiar form, V = IR, where V is the potential difference across an electrical resistance R that carries electric current I.

55If we follow Ampère in defining a “current element” as being electrically neutral, which is a good (but not exact [267]) approximation for currents in electrical circuits, then a moving charge is not a “current element”, and such elements cannot exist except in closed circuits (contrary to remarks such as in [224]).

56Note that for a fixed point 2, dl_1 = dr, and dr = dr · r̂ = dl_1 · r̂. Then, for any function f(r), df = (df/dr) dr = (df/dr) dl_1 · r̂. In particular, for f = −1/r, df = dl_1 · r̂/r^2, so the first term of the first form of eq. (71) is a perfect differential with respect to l_1. Hence, when integrating around a closed loop 1, the first term does not contribute, and it is sufficient to write,

F_{on 1} = −2 μ_0 4π I_1I_2 ∮ 1 ∮ 2 dl_1 · dl_2 r^2 r̂ = −F_{on 2} = −∇U with U = μ_0 4π I_1I_2 ∮ 1 ∮ 2 dl_1 · dl_2 r , (70)

where the magnetic interaction energy U wa first given by Neumann, p. 8 of [62].

57As a consequence, the form (71) is generally attributed to Grassmann [61], as in [258], for example. See also sec. A.19 below.

58This “law” was noted by Maxwell on p. 56 of [76], who deduced from it that ∇ × H = J. See also [75], and Art. 498 of [89]

59Reviews of this experiment include [104, 152, 188, 192].

Ohm did not define a conductor so much a provide a model for it, with a flavor that electric current is related to the motion of particles. This view became characteristic of the German school in the mid 1800’s, but was not taken up by the English or French until much later.

A.15 Green

In 1828, Green published (at his own expense) an essay [52] that introduced the term potential for the scalar function, V = ∫ ρ r dVol, (73)

where ρ is the density of electric charge (or of magnetic poles), and r is the distance from the charge to the observation point.

A.16 Faraday

A.16.1 The Electro-tonic State

In secs. 60-61 of his first published series [54] (1831) of Experimental Researches on Electricity, Faraday remarked:

Whilst the wire is subject to either volta-electric or magneto-electric induction it appears to be in a peculiar state...the electro-tonic state. This peculiar condition shows no known electrical effects whilst it continues; nor have I yet been able to discover any peculiar powers exerted, or properties possessed, by matter whilst retained in this state.

add later quote. relate to momentum?

A.16.2 Electrical Induction vs. Action at a Distance

In 1837, sec. 1165 of [58], Faraday’s comments on his studies of electrolysis included:

At present I believe ordinary induction in all cases to be an action of contiguous particles consisting in a species of polarity, instead of being an action of either particles or masses at sensible distances;

The notion of lines of force, with tension along them and repulsion between them, appears in sec. 1297:

The direct inductive force, which may be conceived to be exerted in lines between the two limiting and charged conducting surfaces, is accompanied by a lateral or transverse force equivalent to a dilatation or repulsion of these representative lines (1224.); or the attractive force which exists amongst the particles of the dielectric in the direction of the induction is accompanied by a repulsive or a diverging force in the transverse direction (1304.).

His summary in sec. 1304 includes the statements:

I have used the phrases lines of inductive force and curved lines of force (1231. 1297. 1298. 1302.) in a general sense only, just as we speak of the lines of magnetic-force. The lines are imaginary, and the force in any part of them is of course the resultant of compound forces, every molecule being related to every other molecule in all directions by the tension and reaction of those which are contiguous.

A.16.3 Lines of Force in the Magnetic Field

Faraday used the term “lines of magnetic force” in a footnote to sec. 114 of [54] (1831), which “lines” were “depicted by iron filings”, perhaps inspired by Gilbert (sec. A.2) and Descartes (sec. A.3). At this time, Faraday seems to have regarded these “lines” as an aspect of the iron filings, rather than as an independent phenomenon.

In 1845, sec. 2147 of [65], the term “magnetic field” appears for the first time in print:

The ends of these bars form the opposite poles of contrary name; the magnetic field between them can be made of greater or smaller extent, and the intensity of the lines of magnetic force be proportionately varied.

It seems to this author that Faraday used the term “magnetic field” to mean a region where magnetic lines of force or significant (in the sense of the sporting term “playing field”), rather than that the magnetic field is a measure of the density of the lines of force (corresponding to our present vector field B). That is, Faraday coined the term “magnetic field”, but did not quite give this term its contemporary meaning, in which the electromagnetic fields contain energy, momentum and angular momentum.

While the notion of electric and magnetic fields is often stated as due to Faraday, it is perhaps better to think of his vision of electric and magnetic lines of force that have physical meaning even in “vacuum” as an early version of “string theory”.

A.16.4 Motors and Generators

In 1821, Faraday demonstrated a primitive electric motor [39], shown on the left below, in which a current-carrying pencil magnet rotated over the surface of a cone when its lower end was in a pool of mercury, completing the electric circuit.

In 1831, sec. 88 of [54], Faraday gave his first demonstration of an electrical generator/dynamo, in which a copper disk that rotated in an external magnetic field generated a current in a circuit with a sliding contact with the disk, sketched in the middle figure above.

In 1832, secs. 217-227 of [55], Faraday replaced the copper disk and the external magnet by a conducting, rotating magnet, whose self field acting on the “free” charges in the magnet also produced a current in the circuit, which effect is often called a homopolar generator.

A.16.5 Electromagnetism and Light

Airy 1846 ray vibrations

A.16.6 Interactions with W. Thomson

As will be noted further in sec. A.22 below, Faraday interacted with the young W. Thomson from 1845 onwards, when the latter began a program (completed by Maxwell, sec. A.23) to give a mathematical form to Faraday’s concept of lines of force. Hence, the evolution in this period of Faraday’s vision of lines of force may have been influenced by Thomson.

In 1850, sec. 2806 of [71], Faraday wrote:

Any portion of space traversed by lines of magnetic power, may be taken as such a (magnetic) field, and there is probably no space without them. The condition of the field may vary in intensity of power, from place to place, either along the lines or across them... 2807. When a paramagnetic conductor, as for instance, a sphere of oxygen, is introduced into such a magnetic field, considered previously as free from matter, it will cause a concentration of the lines of force on and through it, so that the space occupied by it transmits more magnetic power than before (fig. 1). If, on the other hand, a sphere of diamagnetic matter be placed in a similar field, it will cause a divergence or opening out of the lines in the equatorial direction (fig. 2); and less magnetic power will be transmitted through the space it occupies than if it were away.

Here, one can identify Faraday’s usage of the term “magnetic power” with the magnetic flux Φ = ∫ B · dArea, although Faraday does not extrapolate this usage to a notion of a locally defined field strength B.

A further consequence of his interaction with Thomson appears to be that in 1852, beginning in sec. 3070 of [72], Faraday wrote about “lines of force” more abstractly, but without full commitment to their physical existence independent of matter. Thus, in sec. 3075 he stated:

I desire to restrict the meaning of the term line of force, so that it shall imply no more than the condition of the force in any given place, as to strength and direction; and not to include (at present) any idea of the nature of the physical cause of the phenomena...

A few sentences later he continued:

...for my own part, considering the relation of a vacuum to the magnetic force and the general character of magnetic phenomena external to the magnet, I am more inclined to the notion that in the transmission of the force there is such an action, external to the magnet, than that the effects are merely attraction and repulsion at a distance. Such an action may be a function of the ether; for it is not at all unlikely that, if there be an ether, it should have other uses than simply the conveyance of radiations (2591. 2787.).

In sec. 3175, at the end of [72], he added:

...wherever the expression line of force is taken simply to represent the disposition of the forces, it shall have the fullness of that meaning; but that wherever it may seem to represent the idea of the physical mode of transmission of the force, it expresses in that respect the opinion to which I incline at present.

This has led many to infer that Faraday then believed in the physical existence of the lines of force even though he could not “prove” that.

Faraday’s famous notion, that induced electrical currents are associated with wires “cutting” lines of magnetic force, is presented in sec. 3104, and a version of what is now called Faraday’s law,

EMF = − 1 c d dt ∫ B · Area, (74)

is given verbally in sec. 3115.^{60} In sec. 3117 Faraday noted that magnetic lines of force form closed circuits. In sec. 3118 Faraday (re)affirmed that magnetic field lines do not rotate with a rotating magnet, and performs various experiments with what is now called a unipolar (or homopolar) generator to demonstrate this, which experiments are an early investigation of the relativity of rotating frames.

In 1852, Faraday also published a set of more speculative comments [73] in the Phil. Mag. (rather than Phil. Trans. Roy. Soc. London, the usual venue for his Experimental Researches”), arguing more strongly for the physical reality of the lines of force.

In sec. 3258 he considered the effect of a magnet in vacuum, concluding (perhaps for the first time) that the lines of force have existence independent of a material medium:

A magnet placed in the middle of the best vacuum we can produce...acts as well upon a needle as if it were surrounded by air, water or glass; and therefore these lines exist in such a vacuum as well as where there is matter.

Faraday used examples of magnets and iron filings in various configurations to reinforce his vision of a tension along the lines of forces, and in sec. 3295 added the insight that there is a lateral repulsion between adjacent lines, referring to Fig. 5 below.

60One should not infer from this that Faraday had an explicit notion of the magnetic field B as a measure of the density of lines of magnetic force. Rather, he emphasized the total number of lines within some area (the magnetic flux) as the “amount of magnetic force” (sec. 3109).

Faraday’s last published comments on lines of force are in [74].

A.17 Gauss

In 1867 Gauss published an analysis that he dated to 1835 (p. 609 of [57]), in which he states that a time-dependent electric current leads to an electric field which is the time derivative of what we now called the vector potential. English translation from [231]:

The Law of Induction Found out Jan. 23, 1835, at 7 a.m. before getting up.

1. The electricity producing power, which is caused in a point P by a current-element γ, at a distance from P , = r, is during the time dt the difference in the values of γ/r corresponding to the moments t and dt, divided by dt. where γ is considered both with respect to size and direction. This can be expressed briefly and clearly by, − d(γ/r) dt . (75)

On p. 612 (presumably also from 1835), Gauss notes a relation (here transcribed into vector notation) between the vector A = ∮ dl/r and the magnetic scalar potential Ω of a circuit with unit electrical current (which he relates to the solid angle subtended by the circuit on p. 611), −∇Ω = ∇ × A. (76) While we would identify eq. (76) with the magnetic field H, Gauss called it the “electricitygenerating force”.

In any case, eq. (76) is the earliest appearance of the curl operator (although published later than MacCullagh’s (sec. A.18) use of this.

A.18 MacCullagh A.19 Grassmann

In 1845, Grassmann [61] noted that although Ampère claimed [50] that his force law was uniquement déduite de l’expérience, it included the assumption that it obeyed Newton’s third law. He noted that Ampère’s law (65) implies that the force is zero for parallel current elements whose lie of centers makes angle cos^{−1} √ 2/3 to the direction of the currents, which seemed implausible to him. Grassmann claimed that, unlike Ampère, he would make no “arbitrary” assumptions, but in effect he assumed that there is no magnetic force between collinear current elements, which leads to a force law,

F_{on 1} = ∮ 1 ∮ 2 d^2F_{on 1}, d^2F_{on 1} = I_1dl_1 ×

I_2dl_2 × r̂

c^2r^2

, (77)

in vector notation (which, of course, Grassmann did not use). While d^2F_{on 1} is not equal and opposite to d^2F_{on 2}, Grassmann showed that the total force on circuit 1 is equal and opposite to that on circuit 2, F_{on 1} = −F_{on 2}.

Grassmann’s result is now called the Biot-Savart force law,

F_{on 1} = ∮ 1 I_1 dl_1 × B_2 c , B_2 = ∮ 2 I_2 dl_2 × r̂ cr^2

, (78)

although Grassmann did not identify the quantity B_2 as the magnetic field.

A.20 Neumann

In 1845, Neumann [62] independently arrived at (what is now written as) the form (77), and verified that it gives the same total force between closed circuits as does Ampère’s eq. (65).

In sec. 11 of [62], Neumann also discussed the magnetic energy of two circuits, calling this the “potential”,^{61} U = ∮ 1 ∮ 2 I_1 dl_1 · I_2 dl_2 c^2r

. (79)

We now also write this as, U = ∮ i I_i dl_i · A_j c , A_j = ∮ j I_j dl_j cr , (80)

such that Neumann is often credited in inventing the vector potential A, although he appears not to have factorized his eq. (79) into eq. (80).

61If we write eq. (79) as U = I_1I_2M_{12}, then M_{12} is the mutual inductance of circuits 1 and 2. Neumann included a factor of 1/2 in his version of eq. (79), associated with his choice of units.

A.21 Weber

Weber was perhaps the last major physicist who did not use electric and magnetic fields to describe electromagnetism, preferring an (instantaneous) action-at-a-distance formulation for the forces between charges (1846 [66], p. 144 of [102]),^{62} F = ee^′ r^2 [ 1 − a^2 ( dr dt )_2 + 2a^2r d^2r dt^2 ] . (81)

This was the first published force law for moving charges (which topic Ampère refused to speculate upon). The constant a has dimensions of velocity^{−1}, and was later (1856) written by Weber and Kohlsrausch [78] as 1/C, who noted that their C is the ratio of the magnetic units to electrical units in the description of static phenomenon, which they determined experimentally to have a value close to 4.4 × 10^8 m/s. Apparently, they regarded it as a coincidence that their C is roughly √ 2 times the speed c of light.

Weber’s alternative vector potential......

A.22 W. Thomson (Lord Kelvin)

A.22.1 Force Fields

In 1842 (at age 18!), W. Thomson [60] noted an analogy between the (vector) flow of heat and the “attractive force” of electricity. At that time he was concerned with electrostatics, for which it is natural to consider the force only at the locations of charges and not in the space between them. In contrast, the flow of heat exists in the space between sources and sinks of heat, so Thomson’s analogy perhaps started him thinking about possible significance of electrical forces away from the location of electric charges.

Thomson appears to have become aware of Faraday’s work in 1845, and soon published initial comments [63] about transcribing Faraday’s notions into mathematical form. He noted the contrast between Coulomb’s action-at-distance view of electrical forces, and Faraday’s view (reminiscent of Descarte’s) that these forces are transmitted via some kind of “action of contiguous particles of some intervening medium”, and proceeded to argue that these are what might now be called “dual” explanations of electricity. We see in this discussion the beginning of Thomson’s lifelong vision of a mechanical ether supporting electricity and magnetism.^{63}

In 1846, Thomson [67], p. 63, described the electrical force due to a unit charge at the origin “exerted at the point (x, y, z)” as r/r^3, without explicit statement that a charge exists at the point to experience the force. In the view of this author, that statement is the first mathematical appearance of the electric field in the literature, although neither vector notation nor the term “electric field” were used by Thomson.

62For an extensive discussion of Weber’s electrodynamics, see [238]. Maxwell gave a review of the German school of electrodynamics of the mid 19th century in the final chapter 23 of his Treatise [89].

63“I never satisfy myself until I can make a mechanical model of a thing. If I can make a mechanical model I can understand it. As long as I cannot make a mechanical model all the way through I cannot understand; and that is why I cannot get the electro-magnetic theory,” p. 270 of [97].

He immediately continued with the example of a “point” magnetic dipole m, whose scalar potential is Φ = m · r/r^3, noting that the magnetic force −∇Φ on a unit magnetic pole p can also be written as ∇ × A where A = m × r/r^3 (although Thomson did not assign a symbol to the vector A). This discussion is noteworthy for the sudden appearance of the vector potential of a magnetic dipole (with no reference to Neumann, whose 1845 paper [62] implied this result, but was not explicit about its application to Thomson’s example).

In a major paper on magnetism in 1849 [69], Thomson still did not use the term “field”, but wrote in sec. 48:

The resultant force at a point in space, void of magnetized matter, is the force that the north pole of a unit-bar (or a positive unit of imaginary magnetic matter), if placed at this point, would experience.

The term “magnetic field” in the contemporary sense first appears in 1851 on p. 179 of [70], where Thomson wrote:

Definition.—Any space at every point of which there is a finite magnetic force is called “a field of magnetic force;” or, magnetic being understood, simply “a field of force;” or, sometimes, “a magnetic field.”

Definition.—A “line of force” is a line drawn through a magnetic field in the direction of the force at each point through which it passes; or a line touched at each point of itself by the direction of the magnetic force.

A.22.2 B and H

In sec. 78 of [69], Thomson considered the magnetic-field vector (X, Y, Z) that we now identify with B. In considerations of the effect of the magnetic field on hypothetical magnetic poles inside small cavities in a medium with magnetization density M,

A.23 Maxwell

A.23.1 Electromagnetic Momentum

In Maxwell’s earliest publication (at age 24) on electromagnetism [76], Part II is titled On Faraday’s “Electro-tonic State”. On p. 52 Maxwell says:

Considerations of this kind led Professor Faraday to connect with his discovery of the induction of electric currents the conception of a state in which all bodies are thrown by the presence of magnets and currents. This state does not manifest itself by any known phenomena as long as it is undisturbed, but any change in this state is indicated by a current or tendency towards a current. To this state he gave the name of the “Electro-tonic State”.

Then on p. 65 Maxwell gives his theory of the electro-tonic state:

The entire electro-tonic intensity round the boundary of an element of surface measures the quantity of magnetic induction which passes through that surface, or, in other words, the number of lines of magnetic force which pass through the surface.

In vector notation, with A as the electro-tonic intensity and B as the magnetic induction, ∮ A · dl = ∫ B · dArea. (82)

Thus, we recognize Maxwell’s electro-tonic intensity as the vector potential,^{64} and it is often said that Faraday’s electro-tonic state is the vector potential.

Maxwell continued discussion of his vector A on p. 290 of [82], now calling it the “electrotonic state” and seeking a mechanical interpretation in terms of “molecular vortices”. On p. 339 he associates the vector A with a kind of “reduced momentum”, arguing that if A is changing there is a force on a unit electric charge given by dA/dt.^{65,66}

In his great paper of 1865 [84], Maxwell reinforced this interpretation of his electro-tonic intensity/electrotonic state, now calling it the “electromagnetic momentum”. His discussion in sec. 57, p. 481 concerns the mechanical momentum P_{mech} of a unit charge q subject to the electric field induced by a changing A,

dP_{mech} dt = F = qE = − q c ∂A ∂t , P_{mech} = P_0 − qA c . (83)

A charge q that somehow arrives at a point where the vector potential is A, it will have extracted momentum −qA/c from the electromagnetic field. Supposing that all charges (and possible other masses) started from rest, with zero total initial momentum, for momentum to be conserved it must be that the field now stores momentum qA/c, leading to the interpretation that A is a kind of electromagnetic momentum.

The total electromagnetic momentum stored in the field must be,

P^{(M)}_{EM} =

∑ q_iA_i c → ∫ ρA c dVol, (84)

where the superscript M indicates that this form is due to Maxwell.

64Maxwell noted on p. 59 of [76] that B = ∇×A, and that A can be subject to what is now called a gauge transformation while leaving B unchanged, so he is free to set ∇ · A = 0, this being the first appearance of the Coulomb gauge. On p. 62, Maxwell attributed an energy ∫ J · A dVol to the interaction of a current density with the electro-tonic state, and on p. 64 he remarked that a changing A leads to an electric field E = −(1/c)∂A/∂t (in Gaussian units, which we employ in this note), where c is the speed of light in vacuum. On p. 73 he gives a sample computation of A for a sphere of radius a with a sin θ winding, finding that A_ϕ = (rB_0/2) sin θ for r < a and (a^3B_0/2r^2) sin θ for r > a, where B_0 is the uniform magnetic field inside the sphere.

65Maxwell appears to have reversed the sign of A in [82] compared to the now-usual convention. 66Maxwell discusses the force on a unit charge on p. 342 of [82], giving in eq. (77) what is now called the Lorentz force law.

A.23.2 Electromagnetic Field Energy and Stress Tensor A.23.3 Radiation Pressure

References

[1] P. de Maricourt (Peregrinus), Epistola ad Sigerum (1269),

kirkmcd.princeton.edu/examples/EM/peregrinus_magnet.pdf

[2] W. Gilbert, De Magnete (1600), English translation (1893),

kirkmcd.princeton.edu/examples/EM/gilbert_de_magnete.pdf

[3] R. Descartes, Principia Philosophiæ (1644),

kirkmcd.princeton.edu/examples/EM/descartes_principia.pdf

[4] J. Wallis, A Summary Account of General Laws of Motion, Phil. Trans. 3, 864 (1668),

kirkmcd.princeton.edu/examples/mechanics/wallis_wren_pt_3_864_68.pdf

C. Wren, Lex Naturæde Collisione Corporum, Phil. Trans. 3, 867 (1668). [5] C. Hugens, A Summary Account of the Laws of Motion, Phil. Trans. 4, 925 (1669),

kirkmcd.princeton.edu/examples/mechanics/huyghens_pt_4_925_69.pdf

[6] R. Hooke, Micrographia: or some Physiological Descriptions of Minute Bodies made by Magnifying Glasses with Observations and Inquiries thereupon (1667),

kirkmcd.princeton.edu/examples/EM/hooke_micrographia.pdf

[7] I. Newton, Philosophiæ Naturalis Principia Mathematica (1686),

kirkmcd.princeton.edu/examples/mechanics/newton_principia.pdf

[8] S. Gray, A Letter containing several Experiments concerning Electricity, Phil. Trans.

37, 18 (1731), kirkmcd.princeton.edu/examples/EM/gray_pt_37_18_31-32.pdf

[9] P. Dod and Dr. Cookson, An Account of an extraordinary Effect of Lightning in communicating Magnetism, Phil. Trans. Roy. Soc. London 39, 74 (1735),

kirkmcd.princeton.edu/examples/EM/dod_ptrsl_39_74_35.pdf

[10] J.T. Desaguliers, Experiments made before the Royal Society, Feb. 2. l737-38, Phil.

Trans. 41, 193 (1739-1741), kirkmcd.princeton.edu/examples/EM/desaguliers_pt_41_193_39-41.pdf

[11] J. Michell, A Treatise on Artificial Magnets (Cambridge U. Press, 1750),

kirkmcd.princeton.edu/examples/EM/michell_magnets.pdf

[12] J. Michell, On the Means of discovering the Distance, Magnitude, &c. of the Fixed Stars, in consequence of the Diminution of the Velocity of their Light, in case such a Distinction Should be found to take place in any of them, and such other Data Should be procured from Observations, as would be farther necessary for that Purpose, Phil. Trans. Roy. Soc. London 74 , 35 (1783),

kirkmcd.princeton.edu/examples/GR/michell_ptrsl_74_35_84.pdf

[13] J. Priestley, The History and Present State of Electricity, with Original Experiments (1767), kirkmcd.princeton.edu/examples/EM/Priestley_electricity_67_p731-732.pdf

[14] C.-A. de Coulomb, Premier Mémoire sur l’Électricité et le Magnétisme, Mém. Acad.

Roy. Sci., 569 (1785), kirkmcd.princeton.edu/examples/EM/coulomb_mars_88_569_85.pdf

[15] C.-A. de Coulomb, Second Mémoire sur l’Électricité et le Magnétisme, Mém. Acad. Roy.

Sci., 578 (1785), kirkmcd.princeton.edu/examples/EM/coulomb_mars_88_578_85.pdf

[16] C.-A. de Coulomb, Collection de Mémoires relatifs a la Physique (Gauthier-Villars, 1883), kirkmcd.princeton.edu/examples/EM/coulomb_memoires.pdf

[17] S.D. Poisson, Sur la Distribution de l’Électricité a la Surface des Corps Conducteurs, Mém. Inst. Imp., 1 (1812), 163 (1813), kirkmcd.princeton.edu/examples/EM/poisson_12.pdf

[18] J.C. Örsted, Experimenta circa Effectum Conflictus Electrici in Acum Magneticam (pamphlet, Berlin, 1820), kirkmcd.princeton.edu/examples/EM/oersted_experimenta.pdf

[19] J.C. Oersted, Experiments on the Effect of a Current of Electricity on the Magnetic Needle, Ann. Phil. 16, 273 (1820), kirkmcd.princeton.edu/examples/EM/oersted_ap_16_273_20.pdf

[20] J.C. Oersted, Neure electro-magnetische Versuche, J. Chem. Phys. 29, 364 (1820),

http://kirkmcd.princeton.edu/examples/EM/oersted_jcp_29_364_20.pdf

[21] J.-B. Biot and F. Savart, Note sur la Magnétisme de la pile de Volta, Ann. Chem. Phys.

15, 222 (1820), kirkmcd.princeton.edu/examples/EM/biot_acp_15_222_20.pdf English translation on p. 118 of [153].

[22] A.M. Ampère, Mémoire sur les effets courans électriques, Ann. Chem. Phys. 15, 59 (1820), kirkmcd.princeton.edu/examples/EM/ampere_acp_15_59_20.pdf

[23] A.M. Ampère, Conclusions d’un Mémoire sur l’Action mutuelle de deux courans électriques, sur celle qui existe entre un courant électrique et un aimant, et celle dedeux aimans l’un sur l’autre, J. Phys. 91, 76 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_76_20.pdf

[24] J.-B. Biot and F. Savart, Expériences électro-magnétiques, J. Phys. 91, 151 (1820),

http://kirkmcd.princeton.edu/examples/EM/biot_jp_91_151_20.pdf

[25] A.M. Ampère, Notes de M. Ampère sur les lectures qu’il a faites à l’Académie des Sciences, J. Phys. 91, 166 (1820), http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_166_20.pdf English translation on pp. 47-49 of [34].

[26] A.M. Ampère, Note sur un Mémoire lu à l’Académie royale des Sciences, dans la séance du 4 décembre 1820, J. Phys. 91, 226 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_226_20.pdf

[27] A.M. Ampère, Sur deux Mémoires lus par M. Ampère à l’Académie royale des Sciences, le premier dans la séance du 26 décembre 1820; le second dans les séances des 8 et 15 janvier 1821, J. Phys. 92, 160 (1821),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_92_160_21.pdf

[28] J.-B. Biot, On the Magnetism impressed on Metals by Electricity in Motion, Q. J. Sci.

Lit. Arts 11, 281 (1821), kirkmcd.princeton.edu/examples/EM/biot_qjsla_11_281_21.pdf

[29] A.M. Ampère, Note sur un appareil (2) à l’aide duquel on peut vérifier toutes les propriétés des conducteurs de l’électrici’e voltaique, Ann. Chem. Phys. 18, 88 (1821),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_18_88_21.pdf

[30] A.M. Ampère, Suite de la Note (1) sur un appareil à l’aide duquel on peut vérifier toutes les propriétés des conducteurs de l’électrici’e voltaique, Ann. Chem. Phys. 18, 313 (1821), http://kirkmcd.princeton.edu/examples/EM/ampere_acp_18_313_21.pdf

[31] A.M. Ampère, Notes relatives au Mémoire de M. Faraday, Ann. Chem. Phys. 18, 370 (1821), http://kirkmcd.princeton.edu/examples/EM/ampere_acp_18_370_21.pdf

[32] A.M. Ampère, Sur une mouvelle Expérience électro-magnétique, J. Phys. Chem. 93, 447 (1821), http://kirkmcd.princeton.edu/examples/EM/ampere_jpc_93_447_21.pdf

[33] A.M. Ampère, Mémoires sur 1’Électromagnétisme et l’Électrodynamique (Gauthier- Villars, 1821), http://kirkmcd.princeton.edu/examples/EM/ampere_memoires_1921.pdf

[34] Hatchett, On the Electro-Magnetlc Expariments of MM.ŒRSTED and AMPERE, Phil.

Mag. 57, 40 (1821), http://kirkmcd.princeton.edu/examples/EM/hatchett_pm_57_40_21.pdf

[35] S.D. Poisson, Sur la Théorie du Magnétisme, Mém. Acad. Roy. Sci. 5, 247, 486 (1826),

kirkmcd.princeton.edu/examples/EM/poisson_24.pdf

[36] A.M. Ampère, Expériences relatives à de nouveaux phénomènes électro-dynamiques, Ann. Chem. Phys. 20, 60 (1822), kirkmcd.princeton.edu/examples/EM/ampere_acp_20_60_22.pdf

[37] A.M. Ampère, Mémoire sur la détermination de la formule qui représente l’action mutuelle de deux portions infiniment petites de conducteurs voltaïques, Ann. Chem. Phys. 20, 398, 422 (1822), kirkmcd.princeton.edu/examples/EM/ampere_acp_20_398_22.pdf

[38] M. de La Rive fils, Sur l’Action qu’exerce le globe terrestre sur une portion mobile du circuit voltaïque, Ann. Chemie Phys. 21, 24 (1822),

kirkmcd.princeton.edu/examples/EM/ampere_delarive_acp_21_24_22.pdf

[39] M. Faraday, Description of an Electro-magnetical Apparatus for the Exhibition of Rotatory Motion, Quart. J. Sci. 12, 283 (1822),

kirkmcd.princeton.edu/examples/EM/faraday_qjs_12_283_22.pdf

[40] A. de La Rive fils, Sur l’Action qu’exerce le globe terrestre sur une portion mobile du circuit voltaïque, Ann. Chemie Phys. 21, 24 (1822),

kirkmcd.princeton.edu/examples/EM/ampere_delarive_acp_21_24_22.pdf

[41] S.D. Poisson, Sur la Théorie du magnétisme en mouvement, Mém. Acad. Roy. Sci., 6, 441 (1826), kirkmcd.princeton.edu/examples/EM/poisson_26.pdf

[42] F. Savary, Mémoire sur l’Application du Calcul aus Phénomènes électro-dynamique, J.

Phys. Chem. Hist. Natur. 96, 1 (1823),

kirkmcd.princeton.edu/examples/EM/savary_jpchna_96_1_23.pdf

[43] A.M. Ampère, Extrait d’un Mémoire sur les Phénomènes électro-dynamiques, Ann.

Chem. Phys. 26, 134, 246 (1824),

kirkmcd.princeton.edu/examples/EM/ampere_acp_26_134_24.pdf

[44] A.M. Ampère, Description d’un appareil électro-dynamique, Ann. Chem. Phys. 26, 390 (1824), kirkmcd.princeton.edu/examples/EM/ampere_acp_26_390_24.pdf

[45] J.-B. Biot, Précis Élėmentaire de Physique Expérimentale, 3^{rd} ed., Vol. 2 (Paris, 1820), pp. 704-774, kirkmcd.princeton.edu/examples/EM/biot_precis_24_v2.pdf English translation on p. 119 of [153].

[46] A.M. Ampère, Mémoire sur une nouvelle Éxperience électro-dynamique, sur son application à la formule qui représente l’action mutuelle de deux élemens de conducteurs voltaïques, et sur de nouvelle conséquences déduites de cette formule, Ann. Chem. Phys. 29, 381 (1825), kirkmcd.princeton.edu/examples/EM/ampere_acp_29_381_25.pdf

[47] A.M. Ampère, Sur la théorie mathématique des phénomènes électro-dynamiques uniquement déduite de l’expérience, dans lequel se trouvent réunis les Mémoires que M. Ampère a communiqués à l’Académie royale des Sciences, dans les séances des 4 et 26 décembre 1820, 10 juin 1822, 22 décembre 1823, 12 septembre et 21 novembre 1825, Mém. Acad. Roy. Sci. 6, 175 (1827), http://kirkmcd.princeton.edu/examples/EM/ampere_mars_6_175_26.pdf

[48] A.M. Ampère, Théorie mathématique des Phénomènes électro-dynamiques uniquement déduite de l’Expérience, (Paris, 1826), pp. 40-41,

kirkmcd.princeton.edu/examples/EM/ampere_theorie_26.pdf

English translation in [276], p. 366.

[49] A.M. Ampère, Sur la théorie mathématique des phénomènes électro-dynamiques uniquement déduite de l’expérience, dans lequel se trouvent réunis les Mémoires que M. Ampère a communiqués à l’Académie royale des Sciences, dans les séances des 4 et 26 décembre 1820, 10 juin 1822, 22 décembre 1823, 12 septembre et 21 novembre 1825, Mém. Acad. Roy. Sci. 8 (1827), kirkmcd.princeton.edu/examples/EM/ampere_ars_20-25.pdf

[50] A.M. Ampère, Théorie mathématique des Phénomènes électro-dynamiques uniquement déduite de l’Expérience, 2^{nd} ed. (Paris, 1883),

kirkmcd.princeton.edu/examples/EM/ampere_theorie_26_83.pdf

English translation in [276].

[51] G. Ohm, Die galvanishe Kette (Berlin, 1827),

kirkmcd.princeton.edu/examples/EM/ohm_galvanische_kette.pdf

The Galvanic Circuit Mathematically Investigated (Van Nostrand, 1891),

kirkmcd.princeton.edu/examples/EM/ohm_galvanic_circuit.pdf

[52] G. Green, Mathematical Papers (Macmillan, 1871),

kirkmcd.princeton.edu/examples/EM/green_papers.pdf

[53] A.-M. Ampère, Note sur l’Action mutuelle d’un Aimant et d’un Conduteur voltaïque, Ann. Chim. Phys. 37, 113 (1828),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_37_113_28.pdf

[54] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125 (1832), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[55] M. Faraday, The Bakerian Lecture.—Experimental Researches in Electricity.—Second Series, Phil. Trans. Roy. Soc. London 122, 163 (1832),

kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[56] A.-M. Ampère, Expériences sur les Courans électriques produits par l’influence par d’un autre courant, Ann. Chim. Phys. 48, 405 (1831),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_48_405_31.pdf

[57] C.F. Gauss, Werke, Vol. 5 (Göttingen, 1867),

kirkmcd.princeton.edu/examples/EM/gauss_werke_v5.pdf

[58] M. Faraday, Experimental Researches in Electricity.—Eleventh Series, Phil. Trans. Roy.

Soc. London 128, 1 (1838), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_128_1_38.pdf

[59] J. MacCullagh, An Essay toward a dynamical Theory of crystalline Reflexion and Refraction, Trans. Roy. Irish Acad. 21, 17 (1839),

kirkmcd.princeton.edu/examples/optics/maccullagh_tria_21_17_39.pdf

[60] P.Q.R. (W. Thomson), On the Uniform Motion of Heat in Homogeneous Solid Bodies, and its Connection with the Mathematical Theory of Electricity, Cam. Math. J. 3, 71 (1843), kirkmcd.princeton.edu/examples/EM/thomson_cmj_3_71_42.pdf

[61] H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, 1 (1845),

kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

[62] F.E. Neumann, Allgemeine Gesetze der inducirten elektrischen Ströme, Abh. König.

Akad. Wiss. Berlin 1, 45 (1845), kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_45.pdf

[63] W. Thomson, On the Mathematical Theory of Electricity in Equilibrium, Cam. Dublin Math. J. 1, 75 (1846), kirkmcd.princeton.edu/examples/EM/thomson_cdmj_1_75_46.pdf

[64] M. Faraday, Experimental Researches in Electricity.—Nineteenth Series, Phil. Trans.

Roy. Soc. London 136, 1 (1846), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_136_1_46.pdf

[65] M. Faraday, Experimental Researches in Electricity.—Twentieth Series, Phil. Trans.

Roy. Soc. London 136, 21 (1846), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_136_21_46.pdf

[66] W. Weber, Elektrodynamische Maassbestimmungen, Abh. König. Sächs. Gesell. Wiss.

209 (1846), kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46_english.pdf

[67] W. Thomson, On a Mechanical Representation of Electric, Magnetic, and Galvanic Forces, Cam. Dublin Math. J. 2, 61 (1847),

kirkmcd.princeton.edu/examples/EM/thomson_cdmj_2_61_47.pdf

[68] F.E. Neumann, Über ein allgemeines Princip der mathematischen Theorie inducirter elektrischer Ströme, Abh. König. Akad. Wiss. Berlin, 1 (1847),

kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_47.pdf

[69] W. Thomson, A Mathematical Theory of Magnetism, Phil. Trans. Roy. Soc. London 141, 243, 269 (1851), kirkmcd.princeton.edu/examples/EM/thomson_ptrsl_141_243_51.pdf

[70] W. Thomson, On the Theory of Magnetic Induction in Crystalline and Non-crystalline Substances, Phil. Mag. 1, 177 (1851),

kirkmcd.princeton.edu/examples/EM/thomson_pm_1_177_51.pdf

[71] M. Faraday, Experimental Researches in Electricity.—Twenty-sixth Series, Phil. Trans.

Roy. Soc. London 141, 29 (1851), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_141_21_51.pdf

[72] M. Faraday, Experimental Researches in Electricity.—Twenty-eighth Series, Phil. Trans.

Roy. Soc. London 142, 25 (1852), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_142_25_52.pdf

[73] M. Faraday, On the Physical Character of the Lines of Magnetic Force, Phil. Mag. 3, 401 (1852), kirkmcd.princeton.edu/examples/EM/faraday_pm_3_401_52.pdf

[74] M. Faraday, On some Points of Magnetic Philosophy, Phil. Mag 9, 81 (1855),

kirkmcd.princeton.edu/examples/EM/faraday_pm_9_81_55.pdf

[75] J.C. Maxwell, Abstract: On Faraday’s Lines of Force (Part II), Proc. Camb. Phil. Soc.

1, 163 (1856), kirkmcd.princeton.edu/examples/EM/maxwell_pcps_1_163_56.pdf

[76] J.C. Maxwell, On Faraday’s Lines of Force, Trans. Camb. Phil. Soc. 10, 27 (1856),

kirkmcd.princeton.edu/examples/EM/maxwell_tcps_10_27_56.pdf

[77] R. Kohlsrausch and W. Weber Elektrodynamische Maassbestimmungen inbesondere Zurückführung der Stromintensitäts-Messungen auf Mechansishes Maass, Abh. König. Sächs. Gesell. Wiss. 219 (1856), kirkmcd.princeton.edu/examples/EM/weber_aksgw_219_56.pdf

[78] W. Weber and R. Kohlsrausch, Ueber die Elektricitätsmenge, welche bei galvanischen Strömen durch den Querschnitt der Kette fliesst, Ann. d. Phys. 99, 10 (1856),

kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56.pdf
kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56_english.pdf

[79] G. Gore, Rotation of Metallic Tubes and Spheres by Electricity, Phil. Mag. 15, 519 (1858), kirkmcd.princeton.edu/examples/EM/gore_pm_15_519_58.pdf

[80] G. Gore, On the Rotation of Metallic Tubes and Spheres by Electricity, Phil. Mag. 17, 107 (1859), kirkmcd.princeton.edu/examples/EM/gore_pm_17_107_59.pdf

[81] G. Gore, On the Rotation of Hollow Spheres of Metal by Heat, Phil. Mag. 18, 94 (1859),

kirkmcd.princeton.edu/examples/EM/gore_pm_18_94_59.pdf

[82] J.C. Maxwell, On Physical Lines of Force, Phil. Mag. 21, 161, 281, 388 (1861),

kirkmcd.princeton.edu/examples/EM/maxwell_pm_21_161_61.pdf

[83] P.G. Tait, Note on a modification of the apparatus employed for one of Ampère’s fundamental experiments in electrodynamics, Phil. Mag. 21, 319 (1861),

kirkmcd.princeton.edu/examples/EM/tait_pm_21_319_61.pdf

[84] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[85] W. de Fonveille, Thunder and Lightning (Scribner, 1869),

kirkmcd.princeton.edu/examples/EM/fonvielle_lightning.pdf

[86] J. Stefan, Über die Grundformeln der Elektrodynamik, Sitzber. Kaiser. Akad. Wiss.

Wien 59, II, 693 (1869), kirkmcd.princeton.edu/examples/EM/stefan_skaw_59_2_693_69.pdf

[87] M. Reynard, Nouvelle Théorie des Actions Électrodynamiques, Ann. Chem. Phys. 19, 272 (1870), kirkmcd.princeton.edu/examples/EM/reynard_acp_19_272_70.pdf

[88] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 1 (Clarendon Press, 1873),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v1_73.pdf

Vol. 1, 3^{rd} ed. (Clarendon Press, 1904),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v1_04.pdf

[89] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

Vol. 2, 3^{rd} ed. (Clarendon Press, 1892),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[90] P.G. Tait, Note on the Various Possible Expressions for the Force Exerted by an Element of one Linear Conductor on an Element of another, Proc. Roy. Soc. Edinburgh 8, 220 (1875), kirkmcd.princeton.edu/examples/EM/tait_prse_8_220_75.pdf

[91] E.H. Hall, On a New Action of the Magnet on Electric Currents, Am. J. Math. 2, 287 (1879), kirkmcd.princeton.edu/examples/EM/hall_ajm_2_287_79.pdf

[92] J. Stefan, Über die Abweichungen der Ampère’schen Theorie des Magnetismus von der Theorie der elektromagnetischen Kräfte., Sitzber. Kaiser. Akad. Wissensch. Wien 79, II, 679 (1879), kirkmcd.princeton.edu/examples/EM/stefan_skaw_79_2_679_79.pdf

[93] D.J. Korteweg, Ueber das ponderomotische Elementargesetz, J. Reine Angew. Math.

90, 49 (1881), kirkmcd.princeton.edu/examples/EM/korteweg_jram_90_49_81.pdf

[94] J.J. Thomson, On the Electric and Magnetic Effects produced by the Motion of Electrified Bodies, Phil. Mag. 11, 229 (1881),

kirkmcd.princeton.edu/examples/EM/thomson_pm_11_229_81.pdf

[95] G.F. FitzGerald, On Maxwell’s Equations for the Electromagnetic Action of Moving Electricity, Brit. Assoc. Rep. (1883),

kirkmcd.princeton.edu/examples/EM/fitzgerald_bar_83.pdf

[96] J.H. Poynting, On the Transfer of Energy in the Electromagnetic Field, Phil. Trans.

Roy. Soc. London 175, 343 (1884),

kirkmcd.princeton.edu/examples/EM/poynting_ptrsl_175_343_84.pdf

[97] W. Thomson, Baltimore Lectures on Molecular Dynamics and the Wave Theory of Light, (Johns Hopkins 1884); the quotation does not appear in the revised, 1904 edition,

kirkmcd.princeton.edu/examples/EM/kelvin_baltimore_04.pdf

[98] O. Heaviside, On the Electromagnetic Effects due to the Motion of Electrification through a Dielectric, Phil. Mag. 27, 324 (1889),

kirkmcd.princeton.edu/examples/EM/heaviside_pm_27_324_89.pdf

[99] J.J. Thomson, On the Illustration of the Properties of the Electric Field by Means of Tubes of Electrostatic Induction, Phil. Mag. 31, 149 (1891),

kirkmcd.princeton.edu/examples/EM/thomson_pm_31_149_91.pdf

[100] H.A. Lorentz, La Théorie electromagnétique de Maxwell et son application aux corps mouvants, Arch. Néer. Sci. Exactes Natur. 25, 363 (1892),

kirkmcd.princeton.edu/examples/EM/lorentz_theorie_electromagnetique_92.pdf

[101] J.J. Thomson, Recent Researches in Electricity and Magnetism (Clarendon Press, 1893), kirkmcd.princeton.edu/examples/EM/thomson_recent_researches_sec_1-16.pdf

[102] Wilhelm Weber’s Werke, vol. 3 (Springer, 1893),

kirkmcd.princeton.edu/examples/EM/weber_werke_v3.pdf

[103] O. Heaviside, Electrical Papers, Vol. 1 (Macmillan, 1894),

kirkmcd.princeton.edu/examples/EM/heaviside_electrical_papers_1.pdf

[104] S.P. Thompson, Note on a Neglected Experiment of Ampère, Phil. Mag. 39, 534 (1895),

kirkmcd.princeton.edu/examples/EM/thompson_pm_39_534_95.pdf

[105] A. Liénard, Champ électrique et magnétique produit par une charge électrique contentreé en un point et animée d’un mouvement quelconque, L’Éclairage Élect. 16, 5, 53, 106 (1898), kirkmcd.princeton.edu/examples/EM/lienard_ee_16_5_98.pdf

[106] E. Wiechert, Elektrodynamishe Elementargesetze, Arch. Néerl. 5, 549 (1900); Ann.

Phys. 309, 667 (1901), kirkmcd.princeton.edu/examples/EM/wiechert_ap_309_667_01.pdf

[107] K. Birkeland, Electromagnetic Gun, US Patent 754,637 (filed Jan. 2, 1902),

kirkmcd.princeton.edu/examples/patents/birkeland_us754637_02_gun.pdf

[108] M. Abraham and A. Föppl, Theorie der Elektrizität, Vol. 1 (Teubner, 1904),

http://kirkmcd.princeton.edu/examples/EM/abraham_foppl_elektrizitat_v1_04.pdf

[109] E.F. Northrup, Some Newly Observed Manifestations of Forces in the Interior of an Electric Conductor, Phys. Rev. 24, 474 (1907),

kirkmcd.princeton.edu/examples/EM/northrup_pr_24_474_07.pdf

[110] A. Einstein and J. Laub, Über die im elektromagnetishen Felde auf ruhende Köper ausgeübten ponderomotorishen Kräfte, Ann. Phys. 26, 541 (1908),

kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08.pdf
kirkmcd.princeton.edu/examples/EM/einstein_ap_26_541_08_english.pdf

[111] C. Hering, An Imperfection in the Usual Statement of the Fundamental Law of Electromagnetic Induction, Trans. Am. Inst. Elec. Eng. 27, 1341 (1908),

kirkmcd.princeton.edu/examples/EM/hering_taiee_27_1341_08.pdf

[112] E. Whittaker, A History of the Theories of Aether and Electricity (Longmans, Green, 1910), p. 89, kirkmcd.princeton.edu/examples/EM/whittaker_history.pdf

[113] C.P. Steinmetz, Mechanical Forces in Magnetic Fields, Proc. Am. Inst. Elec. Eng. 29, 1899 (1910), kirkmcd.princeton.edu/examples/EM/steinmetz_paiee_29_1899_10.pdf

[114] C. Hering, The Stretching of a Conductor by Its Current, J. Franklin Inst. 171, 73 (1911), kirkmcd.princeton.edu/examples/EM/hering_jfi_171_73_11.pdf

[115] C. Hering, Revision of Some of the Electromagnetic Laws, J. Franklin Inst. 192, 599 (1921), kirkmcd.princeton.edu/examples/EM/hering_jfi_192_599_21.pdf

[116] C. Hering, Electrodynamic Forces in Electric Furnaces, Trans. Am. Electrochem. Soc.

39, 313 (1921), kirkmcd.princeton.edu/examples/EM/hering_taec_39_313_21.pdf

[117] C. Hering, Electrodynamic Motions in Electric Furnaces, Trans. Am. Electrochem.

Soc. 41, 303 (1922), kirkmcd.princeton.edu/examples/EM/hering_taec_41_303_22.pdf

[118] C. Hering, Electromagnetic Forces; A Search for More Rational Fundamentals; a Proposed Revision of the Laws, Trans. Am. Inst. Elec. Eng. 42, 311 (1923),

kirkmcd.princeton.edu/examples/EM/hering_taiee_42_311_23.pdf

[119] C. Hering, Properties of the Single Conductor: New Fundamental Relations, J. Am.

Inst. Elec. Eng. 45, 31 (1926), kirkmcd.princeton.edu/examples/EM/hering_jaiee_45_31_26.pdf

[120] G. Bruhat, Cours d’Électricité (Masson, 1924),

kirkmcd.princeton.edu/examples/EM/bruhat_24.pdf

[121] V. Bush, The Force between Moving Charges, J. Math. Phys. (MIT) 5, 129 (1926),

kirkmcd.princeton.edu/examples/EM/bush_jmp_5_129_26.pdf

[122] W.F. Dunton, Electromagnetic forces on current-carrying conductors, J. Sci. Instrum.

4, 440 (1927), kirkmcd.princeton.edu/examples/EM/dunton_jsi_4_440_27.pdf

[123] M. Mason and W. Weaver, The Electromagnetic Field (U. Chicago Press, 1929), p. 173,

kirkmcd.princeton.edu/examples/EM/mason_emf_29.pdf

[124] F.F. Cleveland, Magnetic Forces in a Rectangular Circuit, Phil. Mag. 21, 416 (1936),

kirkmcd.princeton.edu/examples/EM/cleveland_pm_21_416_36.pdf

[125] W.F. Dunton, Validity of Laws of Electrodynamics, Nature 140, 245 (1937),

kirkmcd.princeton.edu/examples/EM/dunton_nature_140_245_37.pdf

[126] A. O’Rahilly, Electromagnetic Theory (Longmans, Green, 1938),

kirkmcd.princeton.edu/examples/EM/orahilly_EM.pdf

See p. 102 for discussion of the equivalence of the force laws of Ampère and of Neumann.

[127] W.F. Dunton, A Comprehensive Fundamental Electric Formula, Nature 143, 601 (1939), kirkmcd.princeton.edu/examples/EM/dunton_nature_143_601_39.pdf

[128] S.B.L. Mathur, Biot-Savart Law and Newton’s Third Law of Motion., Phil. Mag. 32, 171 (1941), kirkmcd.princeton.edu/examples/EM/mathur_pm_32_171_41.pdf

[129] J.M. Keller, Newton’s Third Law and Electrodynamics, Am. J. Phys. 10, 302 (1942),

kirkmcd.princeton.edu/examples/EM/keller_ajp_10_302_42.pdf

[130] F. Rasetti, Deflection of mesons in magnetized iron, Phys. Rev. 66, 1 (1944),

kirkmcd.princeton.edu/examples/EM/rasetti_pr_66_1_44.pdf

[131] G.W.O. Howe, A Problem of Two Electrons and Newton’s Third Law, Wireless Eng.

21, 105 (1944), kirkmcd.princeton.edu/examples/EM/howe_we_21_105_44.pdf

[132] L. Page and N.I. Adams Jr, Action and Reaction Between Moving Charges, Am. J.

Phys. 13, 141 (1945), kirkmcd.princeton.edu/examples/EM/page_ajp_13_141_45.pdf

[133] G.W.O. Howe, The Application of Newton’s Third Law to an Electric Circuit, Wireless Eng. 22, 521 (1945), kirkmcd.princeton.edu/examples/EM/howe_we_22_521_45.pdf

[134] I.A. Robertson, An Historical Note on a Paradox in Electrodynamics, Phil. Mag. 36, 32 (1945), kirkmcd.princeton.edu/examples/EM/robertson_pm_36_32_45.pdf

[135] W.A. Tripp, A Paradox in Electrodynamics, Phil. Mag. 38, 149 (1947),

kirkmcd.princeton.edu/examples/EM/tripp_pm_38_149_47.pdf

[136] G.W.O. Howe, The Application of Newton’s Third Law to an Electric Circuit, Wireless Eng. 29, 83 (1952), kirkmcd.princeton.edu/examples/EM/howe_we_29_83_52.pdf

[137] N. Rostoker, Hall Effect and Ponderomotive Force in Simple Metals, Am. J. Phys. 20, 100 (1952), http://kirkmcd.princeton.edu/examples/EM/rostoker_ajp_20_100_52.pdf

[138] A. Sommerfeld, Electrodynamics (Academic Press, 1952).

[139] R.C. Stauffer, Persistent Errors Regarding Oersted’s Discovery of Electromagnetism, Isis 44, 307 (1953), http://kirkmcd.princeton.edu/examples/EM/stauffer_isis_44_307_53.pdf

[140] P. Moon and D.E. Spencer, Interpretation of the Ampère Experiments, J. Franklin Inst. 257, 209 (1954), kirkmcd.princeton.edu/examples/EM/moon_jfi_257_209_54.pdf

[141] P. Moon and D.E. Spencer, The Coulomb Force and the Ampère Force, J. Franklin Inst. 257, 305 (1954), kirkmcd.princeton.edu/examples/EM/moon_jfi_257_305_54.pdf

[142] P. Moon and D.E. Spencer, A New Electrodynamics, J. Franklin Inst. 257, 369 (1954),

kirkmcd.princeton.edu/examples/EM/moon_jfi_257_369_54.pdf

[143] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism (Addison- Wesley, 1955; 2^{nd} ed. 1962), kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

[144] R.C. Stauffer, Speculation and Experiment in the Background of Oersted’s Discovery of Electromagnetism, Isis 48, 33 (1957),

http://kirkmcd.princeton.edu/examples/EM/stauffer_isis_48_33_57.pdf

[145] G. Builder, Electrodynamics, Bull. Inst. Phys. 9, 311 (1958),

kirkmcd.princeton.edu/examples/EM/builder_bip_9_311_58.pdf

[146] J. Huber, Elekctrodynamische Kraftwirkungen an einem auf Eisenbahnshienen beweglichen Radsatz, Elek. Macsh. 76, 169 (1959),

kirkmcd.princeton.edu/examples/EM/huber_em_76_169_59.pdf

[147] L.P. Williams, Ampère’s Electrodynamic Molecular Model, Contemp. J. Phys. 4, 113 (1962), http://kirkmcd.princeton.edu/examples/EM/williams_cp_4_113_62.pdf

[148] W.K.H. Panofsky and M. Phillips, Classical Electricity and Magnetism, 2^{nd} ed., (Addison-Wesley, 1962), http://kirkmcd.princeton.edu/examples/EM/panofsky-phillips.pdf

[149] R.A.R. Tricker, Ampère as a Contemporary Physicist, Contemp. Phys. 3, 453 (1963),

kirkmcd.princeton.edu/examples/EM/tricker_cp_3_453_62.pdf

[150] W.V.G. Rosser, Electromagnetism as a Second Order Effect III. The Biot-Savart Law, Contemp. Phys. 3, 28 (1963), kirkmcd.princeton.edu/examples/EM/rosser_cp_3_28_61.pdf

[151] R.C. Lyness, The Equivalence of Ampère’s Electrodynamic Law and that of Biot and Savart, Contemp. Phys. 4, 453 (1963), kirkmcd.princeton.edu/examples/EM/lyness_cp_4_453_63.pdf

[152] S. Ross, The Search for Electromagnetic Induction 1820-1831, Notes Rec. Roy. Soc.

London 20, 184 (1965), http://kirkmcd.princeton.edu/examples/EM/ross_nrsl_20_184_65.pdf

[153] R.A.R. Tricker, Early Electrodynamics, the First Law of Circulation (Pergamon, 1965),

kirkmcd.princeton.edu/examples/EM/tricker_early_em.pdf

[154] P. Graneau, The Interaction of Current Elements, Int. J. Elec. 20, 351 (1966),

kirkmcd.princeton.edu/examples/EM/graneau_ije_20_351_66.pdf

[155] A.C. English, Force on a Wire in a Magnetic Field, Am. J. Phys. 35, 326 (1967),

kirkmcd.princeton.edu/examples/EM/english_ajp_35_326_67.pdf

[156] E. Breitenberger, Magnetic Interactions between Charged Particles, Am. J. Phys. 36, 505 (1968), kirkmcd.princeton.edu/examples/EM/breitenberger_ajp_36_505_68.pdf

[157] H. Aspden, The Law of Electrodynamics, J. Franklin Inst. 287, 179 (1969),

kirkmcd.princeton.edu/examples/EM/aspden_jfi_287_179_69.pdf

[158] K.M. Polivanov, A.V. Netushil and N.V. Tatarinova, Huber’s Elelctromechanical Effect, Elektrichestov 8, 72 (1973),

kirkmcd.princeton.edu/examples/EM/polivanov_elektrichestov_8_72_73.pdf

[159] E.P. Mosca, Magnetic Forces Doing Work? Am. J. Phys. 42, 295 (1974),

kirkmcd.princeton.edu/examples/EM/mosca_ajp_42_295_74.pdf

[160] J.D. Jackson, The Nature of Intrinsic Magnetic Dipole Moments, CERN-77-17 (1977),

kirkmcd.princeton.edu/examples/EM/jackson_CERN-77-17.pdf

[161] P.-G. Hamamdjian, Contribution d’Ampère au “théorème d’Ampère”, Rev. Hist. Sci.

31, 249-268 (1978). See pp. 261-263 for a reconstruction of Ampère’s argument.

http://kirkmcd.princeton.edu/examples/EM/hamamdjian_rhs_31_249_78.pdf

[162] S.C. Rashleigh and R.A. Marshall, Electromagnetic acceleration of macroparticles to high velocities, J. Appl. Phys. 49, 2540 (1978),

kirkmcd.princeton.edu/examples/EM/rashleigh_jap_49_2540_78.pdf

[163] C.A. Coombes, Work done on charged particles in magnetic fields, Am. J. Phys. 47, 915 (1979), kirkmcd.princeton.edu/examples/EM/coombes_ajp_47_915_79.pdf

[164] J.L. Heilbron, Electricity in the 17th and 18th Centuries (U. Calif., 1979; Dover, 1999).

[165] W.R. McKinnon, S.P. McAlister and C.M. Hurd, Origin of the force on a currentcarrying wire in a magnetic field, Am. J. Phys. 49, 493 (1981),

kirkmcd.princeton.edu/examples/EM/mckinnon_ajp_49_493_81.pdf

[166] K.L. Caneva, Ampère, the Etherians, and the Oersted Connexion, Brit. J. Hist. Sci.

13, 121 (1980), http://kirkmcd.princeton.edu/examples/EM/caneva_bjhs_13_121_80.pdf

[167] C. Blondel, A.M. Ampère et la Création de lÉlectrodynamique (1820-1827) (Bibliothèque National, Paris, 1982), http://kirkmcd.princeton.edu/examples/EM/blondel_ampere.pdf

[168] M.O. Peach and L.K. Shirely, What Ampère could have done: A simple demonstration of the Biot-Savart and magnetic force laws, Am. J. Phys. 50, 410 (1982),

kirkmcd.princeton.edu/examples/EM/peach_ajp_50_410_82.pdf

[169] P. Graneau, Electromagnetic jet-propulsion in the direction of current flow, Nature 295, 311 (1982), kirkmcd.princeton.edu/examples/EM/graneau_nature_295_311_82.pdf

[170] P. Graneau, Application of Ampere’s force law to railgun accelerators, J. Appl. Phys.

53, 5548 (1982), kirkmcd.princeton.edu/examples/EM/graneau_jap_53_6648_82.pdf

[171] P. Graneau, First Indication of Ampere Tension in Solid Electric Conductors, Phys.

Lett. 97A, 253 (1983), kirkmcd.princeton.edu/examples/EM/graneau_pl_97a_253_83.pdf

[172] A.M. Hillas, Electromagnetic jet-propulsion: non-lorentzian forces on currents? Nature 302, 271 (1983), kirkmcd.princeton.edu/examples/EM/hillas_nature_302_271_83.pdf

[173] P. Graneau, Graneau Replies, Nature 302, 271 (1983),

kirkmcd.princeton.edu/examples/EM/hillas_nature_302_271_83.pdf

[174] P.T. Pappas, The Original Ampère Force and Biot-Savart and Lorentz Forces, Nuovo Cim. 76B, 189 (1983), kirkmcd.princeton.edu/examples/EM/pappas_nc_76b_189_83.pdf

[175] P. Graneau, Compatibility of the Ampère and Lorentz Force Laws with the Virtual- Work Concept, Nuovo Cim. 78B, 213 (1983),

kirkmcd.princeton.edu/examples/EM/graneau_nc_78b_213_83.pdf

[176] L.P. Williams, What were Ampère’s Earliest Discoveries in Electrodynamics? Isis 74, 492 (1983), kirkmcd.princeton.edu/examples/EM/williams_isis_74_492_83.pdf

[177] V. Namias, Induced current effects in Faraday’s law and introduction to flux compression theories, Am. J. Phys. 54, 57 (1986),

kirkmcd.princeton.edu/examples/EM/namias_ajp_54_57_86.pdf

[178] P. Graneau, Longitudinal magnet forces? J. Appl. Phys. 55, 2598 (1984),

kirkmcd.princeton.edu/examples/EM/graneau_jap_55_2598_84.pdf

[179] P. Graneau, Ampere Tension in Electric Conductors, IEEE Trans. Mag. 20, 444 (1984),

kirkmcd.princeton.edu/examples/EM/graneau_ieeetm_20_444_84.pdf

[180] J. Nasilowski, Ampere Tension in Electric Conductors, IEEE Trans. Mag. 20, 2158 (1984), kirkmcd.princeton.edu/examples/EM/nasilowksi_ieeetm_20_2158_84.pdf

[181] K.H. Carpenter, On the Nonexistence of “Ampere Tension” in Electric Conductors, IEEE Trans. Mag. 20, 2159 (1984),

kirkmcd.princeton.edu/examples/EM/carpenter_ieeetm_20_2159_84.pdf

[182] P.G. Moyssides and P.T. Pappas, Rigorous quantitative test of Biot-Savart-Lorentz forces, J. Appl. Phys. 59, 19 (1986), kirkmcd.princeton.edu/examples/EM/moyssides_jap_59_19_86.pdf

[183] P. Graneau, Reply by Peter Graneau, IEEE Trans. Mag. 20, 2159 (1984),

kirkmcd.princeton.edu/examples/EM/carpenter_ieeetm_20_2159_84.pdf

[184] J.G. Ternan, Equivalence of the Lorentz and Ampère force laws in magnetostatics, J.

Appl. Phys. 57, 1743 (1985), kirkmcd.princeton.edu/examples/EM/ternan_jap_57_1743_85.pdf

[185] D.C. Jolly, Identity of the Ampere and Biot-Savart Electromagnetic Force Laws, Phys.

Lett. 107A, 231 (1985), kirkmcd.princeton.edu/examples/EM/jolly_pl_107a_231_85.pdf

[186] P. Graneau and P.N. Graneau, Electrodynamic explosions in Liquids, Appl. Phys. Lett.

46, 468 (1985), kirkmcd.princeton.edu/examples/EM/graneau_apl_46_468_85.pdf

[187] P. Graneau, Ampere and Lorentz Forces, Phys. Lett. 107A, 235 (1985),

kirkmcd.princeton.edu/examples/EM/graneau_pl_107a_235_85.pdf

[188] E. Mendoza, Ampère’s experimental proof of his law of induction: i_2 ∝ i_1, Eur. J.

Phys. 6, 281 (1985), http://kirkmcd.princeton.edu/examples/EM/mendoza_ejp_6_281_85.pdf

[189] P. Graneau, Comments on “Equivalence of the Lorentz and Ampère force laws in magnetostatics,” J. Appl. Phys. 58, 3638 (1985),

kirkmcd.princeton.edu/examples/EM/graneau_jap_58_3638_85.pdf

[190] J.G. Ternan, Reply to “Comments on ‘Equivalence of the Lorentz and Ampère force laws in magnetostatics,‘ ” J. Appl. Phys. 58, 3639 (1985),

kirkmcd.princeton.edu/examples/EM/ternan_jap_58_3639_85.pdf

[191] P.T. Pappas and P.G. Moyssides, On the Fundamental Laws of Electrodynamics, Phys.

Lett. 111A, 193 (1985), kirkmcd.princeton.edu/examples/EM/pappas_pl_111a_193_85.pdf

[192] L.P. Williams, Why Ampère did not discover electromagnetic induction, Am. J. Phys.

54, 306 (1986), kirkmcd.princeton.edu/examples/EM/williams_ajp_54_306_86.pdf

[193] J.G. Ternan, Stresses in Rapidly Heated Wires, Phys. Lett. 115A, 230 (1986),

kirkmcd.princeton.edu/examples/EM/ternan_pl_115a_230_86.pdf

[194] P. Graneau, The Ampere-Neumann Electrodynamics of Metallic Conductor, Fortschr.

Phys. 34, 457 (1986), kirkmcd.princeton.edu/examples/EM/graneau_fp_34_457_86.pdf

[195] P. Graneau and P.N. Graneau, The Electromagnetic Impulse Pendulum and Momentum Conservation, Nuovo Cim. 7D, 31 (1986),

kirkmcd.princeton.edu/examples/EM/graneau_nc_7d_31_86.pdf

[196] P. Graneau, Railgun recoil and relativity, J. Phys. D 20, 391 (1987),

kirkmcd.princeton.edu/examples/EM/graneau_jpd_20_391_87.pdf

[197] P. Graneau, Wire Explosions, Phys. Lett. 120A, 77 (1987),

kirkmcd.princeton.edu/examples/EM/graneau_pl_120a_77_87.pdf

[198] P. Graneau, Amperian recoil and the efficiency of railguns, J. Appl. Phys. 62, 3006 (1987), kirkmcd.princeton.edu/examples/EM/graneau_jap_62_3006_87.pdf

[199] C. Christodoulides, Equivalence of the Ampere and Biot-Savart force laws in magnetostatics, J. Phys. A 20, 2037 (1987),

kirkmcd.princeton.edu/examples/EM/christodoulides_jpa_20_2037_87.pdf

[200] C. Christodoulides, Are longitudinal forces predicted in magnetostatics by the Ampère force law in its line-current-element form? Phys. Lett. 120A, 120 (1987),

kirkmcd.princeton.edu/examples/EM/christodoulides_pl_120a_129_87.pdf

[201] J.R. Hofmann, Ampère’s Invention of Equilibrium Apparatus: A Response to Experimental Anomaly, Brit. J. Hist. Sci. 20, 309 (1987),

http://kirkmcd.princeton.edu/examples/EM/hofmann_bjhs_20_309_87.pdf

[202] J.R. Hofmann, Ampère, Electrodynamics, and Experimental Evidence, Osiris 3, 45 (1987), http://kirkmcd.princeton.edu/examples/EM/hofmann_osiris_3_45_87.pdf

[203] J. Huber, Das raumbgebunden Magnetfeld, Raum Zeit 28, 48 (1987),

kirkmcd.princeton.edu/examples/EM/huber_rz_28_48_87.pdf

[204] J. Nasilowski, Comment on Ampere’s Hairpin Experiment, IEEE Trans. Mag. 24, 3260 (1988), kirkmcd.princeton.edu/examples/EM/nasilowksi_ieeetm_24_3260_88.pdf

[205] C. Christodoulides, Comparison of the Ampère and Biot-Savart magnetostatic force laws in the line-element forms, Am. J. Phys. 56, 537 (1988),

kirkmcd.princeton.edu/examples/EM/christodoulides_ajp_56_357_88.pdf

[206] T.A. Weber and D.J. Macomb, On the equivalence of the laws of Biot-Savart and Ampere, Am. J. Phys. 57, 57 (1989), kirkmcd.princeton.edu/examples/EM/weber_ajp_57_57_89.pdf

[207] V. Peoglos, Measurement of the magnetostatic force of a current circuit on a part of itself, J. Phys. D 21, 1055 (1988), kirkmcd.princeton.edu/examples/EM/peoglos_jpd_21_1055_88.pdf

[208] C.K. Whitney, Current Elements in Relativistic Field Theory, Phys. Lett. 128A, 232 (1988), kirkmcd.princeton.edu/examples/EM/whitney_pl_128a_232_88.pdf

[209] C.K. Whitney, On the Ampere/Biot-Savart discussion, Am. J. Phys. 56, 871 (1988),

kirkmcd.princeton.edu/examples/EM/whitney_ajp_56_871_88.pdf

[210] P. Graneau and P.N. Graneau, Electromagnetic momentum measurements, J. Phys. D 21, 1826 (1988), kirkmcd.princeton.edu/examples/EM/graneau_jpd_21_1826_88.pdf

[211] J.E. Allen and T.V. Jones, Relativistic recoil and the railgun, J. Appl. Phys. 67, 18 (1990), http://kirkmcd.princeton.edu/examples/EM/allen_jap_67_18_90.pdf

[212] P.G. Moysiddes, Calculation of the Sixfold Integrals of the Biot-Savart-Lorentz Force Law in a Closed Circuit, IEEE Trans. Mag. 25, 4298 (1989),

kirkmcd.princeton.edu/examples/EM/moyssides_ieeetm_25_4298_89.pdf

[213] P.G. Moysiddes, Calculation of the Sixfold Integrals of the Ampere Force Law in a Closed Circuit, IEEE Trans. Mag. 25, 4307 (1989),

kirkmcd.princeton.edu/examples/EM/moyssides_ieeetm_25_4307_89.pdf

[214] P.G. Moysiddes, Experimental Verification of the Biot-Savart-Lorentz and Ampere Force Laws in a Closed Circuit, Revisited, IEEE Trans. Mag. 25, 4317 (1989),

kirkmcd.princeton.edu/examples/EM/moyssides_ieeetm_25_4313_89.pdf

[215] J. Strnad, Stefan’s equations of electrodynamics, Eur. J. Phys. 10, 276 (1989),

kirkmcd.princeton.edu/examples/EM/strnad_ejp_10_276_89.pdf

[216] P.N. Graneau, Energy Deficiency of the Electromagnetic-Impulse Pendulum with Respect to the Biot-Savart-Lorentz Force Law, Nuovo Cim. 11D, 649 (1989),

kirkmcd.princeton.edu/examples/EM/graneau_nc_11d_649_89.pdf

[217] A. Egeland, Birkeland’s Electromagnetic Gun: A Historical Review, IEEE Trans. Mag.

17, 73 (1990), http://kirkmcd.princeton.edu/examples/EM/egeland_ieeetps_17_73_90.pdf

[218] P.T. Pappas, The Nonequivalence of the Ampère and Lorentz/Grassmann Force Laws and Longitudinal Contact Interactions, Phys. Essays 3, 15 (1990),

kirkmcd.princeton.edu/examples/EM/pappas_pe_3_15_90.pdf

[219] P.T. Pappas, On Ampère Electrodynamics and Relativity, Phys. Essays 3, 117 (1990),

kirkmcd.princeton.edu/examples/EM/pappas_pe_3_117_90.pdf

[220] P. Graneau, Longitudinal Forces in Ampère’s Wire-Arc Experiment, Phys. Lett. 137A, 87 (1989), kirkmcd.princeton.edu/examples/EM/graneau_pl_137a_87_89.pdf

[221] J. Strnad, On forms of the force law for current elements, Phys. Lett. 137A, 11 (1989),

kirkmcd.princeton.edu/examples/EM/strnad_pl_137a_11_89.pdf

[222] P. Cornille, On the difference between the Lorentz and Ampère force laws in magnetostatics, J. Phys. A 22, 4075 (1989), kirkmcd.princeton.edu/examples/EM/cornille_jpa_22_4075_89.pdf

[223] C. Christodoulides, On the Equivalence of the Ampere and Biot-Savart magnetostatic force laws, Am. J. Phys. 57, 680 (1989),

kirkmcd.princeton.edu/examples/EM/christodoulides_ajp_57_680_89.pdf

[224] J.P. Wesley, On Peoglos’ measurement of the force on a portion of a current loop due to the remainder of the loop, J. Phys. D 22, 849 (1989),

kirkmcd.princeton.edu/examples/EM/wesley_jpd_22_849_89.pdf

[225] F. Donachie, Ball-bearing motor, Elec.. Wireless World, 621 (1989),

kirkmcd.princeton.edu/examples/EM/donachie_eww_621_89.pdf

[226] M. Rambaut and J.P. Vigier, The Simultaneous Existence of EM Grassman-Lorentz Forces (Acting on Charged Particles) and Ampère Forces (Acting on Charged Conducting Elements Does Not Contradict Relativity Theory, Phys. Lett. A142, 447 (1989),

kirkmcd.princeton.edu/examples/EM/rambaut_pl_142a_447_89.pdf

[227] R. Delellis, H. Kelly and A. Marquez, On the electromotive force in moving conductors, Am. J. Phys. 58, 1064 (1990), kirkmcd.princeton.edu/examples/EM/delellis_ajp_58_1064_90.pdf

[228] T.E. Phipps and T.E. Phipps Jr, Observation of Ampere Forces in Mercury, Phys.

Lett. A146, 6 (1990), kirkmcd.princeton.edu/examples/EM/phipps_pl_146a_6_90.pdf

[229] D.J. Griffiths and M.A. Heald, Time-Dependent Generalizations of the Biot-Savart and Coulomb Laws, Am. J. Phys. 59, 111-117 (1991),

kirkmcd.princeton.edu/examples/EM/griffiths_ajp_59_111_91.pdf

[230] M. Rambaut and J.P. Vigier, Ampère forces considered as collective non-relativistic limit of the sum of all Lorentz interactions acting on individual current elements: possible consequences for electromagnetic discharge stability and tokamak behaviour, Phys. Lett. A148, 229 (1990), kirkmcd.princeton.edu/examples/EM/rambaut_pl_148a_229_90.pdf

[231] J.J. Roche, A Critical Study of the Vector potential, in Physicists Look Back: Studies in the History of Physics, J.J. Roche ed. (Adam Hilger, 1990), p. 144,

kirkmcd.princeton.edu/examples/EM/roche_144_90.pdf

[232] M. Rambaut, Macroscopic non-relativistic Ampère EM interactions between current elements reflect the conducting electron accelerations by the ions electric fields, Phys. Lett. A154, 210 (1991), kirkmcd.princeton.edu/examples/EM/rambaut_pl_154a_210_91.pdf

[233] A.V. Netushil, The Electromechanical Effect of Huber and its Development, Elec. Tech.

3, 57 (1992), kirkmcd.princeton.edu/examples/EM/netushil_et_3_57_92.pdf

[234] R. Saumont, Mechanical effects of an electrical current in conductive media. 1. Experimental investigation of the longitudinal Ampère force, Phys. Lett. A165, 307 (1992),

kirkmcd.princeton.edu/examples/EM/saumont_pl_a165_307_92.pdf

[235] A.K.T. Assis and F.M. Peixoto, On the Velocity in the Lorentz Force Law, Phys.

Teach. 30, 480 (1992), kirkmcd.princeton.edu/examples/EM/assis_tpt_30_480_92.pdf

[236] A.E. Robson and J.D. Sethian, Railgun recoil, ampere tension, and the laws of electrodynamics, Am. J. Phys. 60, 1111 (1992),

kirkmcd.princeton.edu/examples/EM/robson_ajp_60_1111_92.pdf

[237] D.B. Watson and A.M. Watson, Linear ball-bearing motor, IEE Proc. Sci. Meas. Technol. 141, 224 (1994), kirkmcd.princeton.edu/examples/EM/watson_ieep_141_224_94.pdf

[238] A.K.T. Assis, Weber’s Electrodynamics (Springer, 1994),

kirkmcd.princeton.edu/examples/EM/assis_weber.pdf

[239] A.K.T. Assis and M. Bueno, Equivalence Between Ampère and Grassmann’s forces, IEEE Trans. Mag. 32, 431 (1996),

kirkmcd.princeton.edu/examples/EM/assis_ieeetm_32_431_96.pdf

[240] D.B. Watson and A.M. Watson, Non-ferromagnetic linear ball-bearing motors, J. Phys.

D 29, 529 (1996), kirkmcd.princeton.edu/examples/EM/watson_jpd_29_529_96.pdf

[241] J.R. Hofmann, André-Marie Ampère: Enlightenment and Electrodynamics Cambridge U. Press, 1995).

[242] A.K.T. Assis and M. Bueno, Longitudinal Forces in Weber’s Eelectrodynamics, Int. J.

¡pd. Phys. B 9, 3689 (1995), kirkmcd.princeton.edu/examples/EM/assis_ijmpb_28_3689_95.pdf

[243] G. Cavalleri, G, Spavieri and G. Spinelli, The Ampère and Biot-Savart force laws, Eur.

J. Phys. 17, 205 (1996), kirkmcd.princeton.edu/examples/EM/cavalleri_ejp_17_205_96.pdf

[244] M. Bueno and A.K.T. Assis, Proof of the identity between Ampère and Grassmann’s forces, Phys. Scr. 56, 554 (1997), kirkmcd.princeton.edu/examples/EM/bueno_ps_56_554_97.pdf

[245] K.T. McDonald, The Relation Between Expressions for Time-Dependent Electromagnetic Fields Given by Jefimenko and by Panofsky and Phillips (Dec. 5, 1996),

kirkmcd.princeton.edu/examples/jefimenko.pdf

[246] D.R. Sadedin, Conservation of Momentum and Recoil in the Railgun, IEEE Trans.

Mag. 33, 599 (1997), kirkmcd.princeton.edu/examples/EM/sadedin_ieeetm_33_599_97.pdf

[247] D.B. Watson, The force on an electrically conducting cylinder rolling on parallel rails, J. Phys. D 30, 2176 (1997), kirkmcd.princeton.edu/examples/EM/watson_jpd_30_2176_97.pdf

[248] P. Graneau and N. Graneau, Railgun Recoil Forces Cannot Be Modeled as Gas Pressure, IEEE Trans. Mag. 33, 4570 (1997),

kirkmcd.princeton.edu/examples/EM/graneau_ieeetm_33_4570_97.pdf

[249] G. Cavalleri et al., Experimental proof of standard electrodynamics by measuring the self-force on a part of a current loop, Phys. Rev. E 58, 2505 (1998),

kirkmcd.princeton.edu/examples/EM/cavallieri_pre_58_2505_98.pdf

[250] I.R. McNab, Early Electric Gun Research, IEEE Trans. Mag. 35, 250 (1999),

http://kirkmcd.princeton.edu/examples/EM/mcnab_ieeetm_35_250_99.pdf

[251] D.B. Watson and W.R. Watson, Ball Bearing and Rolling Cylinder Motors, IEEE Trans. Mag. 35, 562 (1999),

kirkmcd.princeton.edu/examples/EM/watson_ieeetm_35_562_99.pdf

[252] D.B. Watson, S.M. Patel and N.F. Sedcole, Ball-bearing motor effect with rolling cylinders, IEE Proc. Sci. Meas. Technol. 146, 83 (1999),

kirkmcd.princeton.edu/examples/EM/watson_ieepsmt_146_83_99.pdf

[253] P. Graneau and N. Graneau, Electrodynamic force law controversy, Phys. Rev. E 63, 058601 (2001), kirkmcd.princeton.edu/examples/EM/graneau_pre_63_058601_01.pdf

[254] O. Darrigol, Electrodynamics from Ampère to Einstein (Oxford U. Press, 2000),

http://kirkmcd.princeton.edu/examples/EM/darrigol_em_00.pdf

[255] S. Stringari and R.R. Wilson, Romagnosi and the discovery of electromagnetism, Rend.

Fis. Acc. Lincei 11, 115 (2000), kirkmcd.princeton.edu/examples/EM/stringari_rfal_11_115_00.pdf

[256] N. Graneau, T. Phipps Jr, and D. Roscoe, An experimental confirmation of longitudinal electrodynamic forces, Eur. Phys. J. D 15, 81 (2001),

kirkmcd.princeton.edu/examples/EM/graneau_epjd_15_87_01.pdf

[257] G. Cavalleri, G, Spavieri and G. Spinelli, Reply to Electrodynamic force law controversy, Phys. Rev. E 63, 058602 (2001),

kirkmcd.princeton.edu/examples/EM/cavallieri_pre_63_058602_01.pdf

[258] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys.

73, 663 (2001), kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[259] J.P. Wesley, Proposed motors driven solely by Ampère repulsion, Europhys. Lett. 63, 214 (2003), kirkmcd.princeton.edu/examples/EM/wesley_epl_63_214_03.pdf

[260] K.T. McDonald, A Magnetic Linear Accelerator (Mar. 3 2003),

kirkmcd.princeton.edu/examples/lin_accel.pdf

[261] M. Romalis et al., Princeton U. Ph210 Rail Gun Project (May 24, 2004),

https://www.princeton.edu/~romalis/PHYS210/railgun/railgun.html

[262] C.J. Carpenter, Action-reaction forces between current-carrying conductors, IEE Proc.

Sci. Meas. Tech. 153, 73 (2006), kirkmcd.princeton.edu/examples/EM/carpenter_ieepsmt_153_73_06.pdf

[263] V. Courtillot and J.-L. Le Mouël, The Study of Earth’s Magnetism (1269-1950): A Foundation by Peregrinus and Subsequent Development of Geomagnetism and Paleomagnetism, Rev. Geophys. 45, RG3008 (2007),

kirkmcd.princeton.edu/examples/EM/courtillot_rg_45_RG3008_07.pdf

[264] K.T. McDonald, The Fields of a Pulsed, Small Dipole Antenna (Mar. 16, 2007),

kirkmcd.princeton.edu/examples/pulsed_energy.pdf

[265] P.J. Cote et al., On the role of induced fields in railguns, J. Phys. D 40, 274 (2007),

kirkmcd.princeton.edu/examples/EM/cote_jpd_40_274_07.pdf

[266] C. Blondel and B. Wolff, Faraday, Ampere, and the mystery of continuous rotations (June, 2009). See, Was Ampere the author of “Ampere’s theorem”?

http://www.ampere.cnrs.fr/parcourspedagogique/zoom/courant/rotation/index-en.php

[267] K.T. McDonald, Charge Density in a Current-Carrying Wire (Dec. 20 2010),

kirkmcd.princeton.edu/examples/wire.pdf

[268] J.A. Redinz, Forces and work on a wire in a magnetic field, Am. J. Phys. 79, 774 (2011), kirkmcd.princeton.edu/examples/EM/redinz_ajp_79_774_11.pdf

[269] D.J. Griffiths, Introduction to Electrodynamics, 4^{th} ed. (Pearson, 2013),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf
kirkmcd.princeton.edu/examples/EM/griffiths_ex5.3.pdf

[270] S.O. Starr and R.C. Youngquist, A low voltage “railgun”, Am. J. Phys. 81, 38 (2013),

kirkmcd.princeton.edu/examples/EM/starr_ajp_81_38_13.pdf

[271] T.M. Minteer, Magnetostatic Stress: Insightful Analysis and Manipulation of Maxwell’s Stress Equation for Magnetostatics, IEEE Trans. Mag. 49, 5387 (2013),

kirkmcd.princeton.edu/examples/EM/minteer_ieeetm_49_5387_13.pdf

[272] T.M. Minteer, Nonequivalence of the magnetostatic potential energy corresponding to the Ampère and Grassmann current element force formulas, Eur. J. Phys. 34, 805 (2013), kirkmcd.princeton.edu/examples/EM/minteer_ejp_34_805_13.pdf

[273] P.T. Pappas, L.P. Pappas and T.P. Pappas, Ampère cardinal forces-electrodynamics— Proof and prediction of empirical Faraday induction, Phys. Essays 27, 4 (2014),

http://kirkmcd.princeton.edu/examples/EM/pappas_pe_27_4_14.pdf

[274] T.M. Minteer, A magnetic vector potential corresponding to a centrally conservative current element force, Eur. J. Phys. 36, 015012 (2015),

kirkmcd.princeton.edu/examples/EM/minteer_ejp_36_015012_15.pdf

[275] K.T. McDonald, Forces on Magnetic Dipoles (Oct. 26, 2014),

kirkmcd.princeton.edu/examples/neutron.pdf

[276] A.K.T. Assis and J.P.M.C. Chahib, Ampère’s Electrodynamics (Aperion, 2015),

kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf

[277] K.T. McDonald, Birkeland, Darboux and Poincaré: Motion of an Electric Charge in the Field of a Magnetic Pole (Apr. 15, 2015),

kirkmcd.princeton.edu/examples/birkeland.pdf

[278] G. Donoso and C.L. Ladera, The Expected but Well-Hidden EMF in the Jumping Wire Experiment and its Unexpected Role, Phys. Teach. 53, 550 (2015),

kirkmcd.princeton.edu/examples/EM/donoso_pt_53_550_15.pdf

[279] T.G. Engeland E. J. Timpson, A general theory of DC electromagnetic launchers, J.

Appl. Phys. 118, 083902 (2015),

http://kirkmcd.princeton.edu/examples/EM/engel_jap_118_083902_15.pdf

[280] K.T. McDonald, Tuval’s Electromagnetic Spaceship (Nov. 30, 2015),

kirkmcd.princeton.edu/examples/tuval.pdf

[281] C. Blondel and A. Benseghir, The key role of Oersted’s and Ampère’s 1820 electromagnetic experiments in the construction of the concept of electric current, Am. J. Phys. 85, 369 (2017), http://kirkmcd.princeton.edu/examples/EM/blondel_ajp_85_369_17.pdf

[282] K.T. McDonald, Is Faraday’s Disk Dynamo a Flux-Rule Exception? (July 27, 2019),

kirkmcd.princeton.edu/examples/faradaydisk.pdf

[283] M. Finazzi and M. Zani, Origin of the Laplace Force Applied to a Current-Carrying Wire Immersed in a Magnetic Field, Phys. Teach. 61, 286 (2023),

http://kirkmcd.princeton.edu/examples/EM/finazzi_pt_61_286_23.pdf