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1 Problem

In sec. 8 of his 1905 paper introducing special relativity [1], Einstein noted: It is remarkable
that the energy and the frequency of a light complex (Lichtkomplex) vary with the state of
motion of the observer in accordance with the same law. In that paper he did not interpret
the ratio of energy to frequency as the number of photons in the “light complex”, but this
notion was likely on his mind. We are led to the appealing conclusion that the number of
photons associated with a “light complex” is Lorentz invariant.

Einstein’s argument about a “light complex” was for a finite volume in which the fields
were approximated as a monochromatic plane wave (reasonably well realized by a laser
beam). Details of the fields near the boundary of the volume were not considered. A variant
of Einstein’s argument was given by Zeldovich [2], but again its application to a well-defined
volume that contained the fields was not pursued. Avron et al. [3] considered a cavity filled
with monochromatic waves in its rest frame, and noted that one can obtain conflicting results
as to the number of photons according to an observer moving with respect to the cavity.!

Consider a hollow rectangular cavity of perfectly conducting material with inner dimen-
sions d, x d, X d, in its rest frame, where it contains electromagnetic energy U in a single
cavity mode of angular frequency w. The number of photons in this classical electromag-
netic field is said to be N = U/hw, where h is Planck’s constant h/27.%3 Show that in an
inertial frame where the cavity has uniform velocity v, an observer reports the same number
of photons. You may assume that the motion is perpendicular to a face of the cavity.

2 Solution

2.1 The Cavity Is at Rest

The standing-wave solutions for electromagnetic fields E and B of angular frequency w inside
a perfectly-conducting, rectangular cavity of extent 0 <z < d,, 0 <y <d,, 0 < 2 < d, can
be written (in Gaussian units) as,*

!See also [4, 5].

2An amusing polemic against the use of the term “photon” has been given by Lamb [6].

3Planck’s constant h was introduced by him in 1899 [7] as b in the equation before his eq. (51), for the
energy spectrum U(v,T) of an electromagnetic oscillator at temperature T as a function of its frequency
v, inspired by Wien’s discussion of blackbody radiation [8]. This was more that a year before Planck’s
identification [9] of b = h as the quantum of action of an oscillator. Already in 1899, Planck recognized the
importance of his constant b = h, and discussed what are now called the Planck mass and time in sec. 26 of
[7].
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for any set of integers {/, m,n}, and ¢ is the speed of light in vacuum (and inside the cavity).
Further, Faraday’s law,

10B

VxE=—--"2,  impliesthat By =k x E,
c Ot

(4)
S0,
kyEOz - sz0y> k:Eow — ko Eos, krEOy — kyEOr)

BO . EO = 0, |B()| = |E0| s and ZBO = ( 2
(5)

The free-space Maxwell equations V - B =0 = V - E imply that,
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For each set of nonzero integers {/, m, n} there are two orthogonal polarizations of the vectors
E( and By. As usual, the physical fields are the real parts of eqgs. (1)-(2).
The electromagnetic energy stored in the cavity is,
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independent of the polarization of the fields, and of the mode indices {l, m,n}. The classical

number of photons in the cavity (at rest) is therefore,
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°The fields (1)-(2) can be decomposed into eight plane waves with the eight wave vectors
(£ln/dy, £mm/d,, £n7/d.), that each propagate with phase velocity c. See sec. 2.9 of [10].
6Nontrivial cavity modes exist only with two or three of {l,m,n} nonzero, so there is no cavity mode
in which the wave vector k is parallel to a wall of the cavity. Hence, the arguments of Einstein [1] and of
Avron et al. [3] are not strictly applicable to the present example.




For completeness, we compute the total electromagnetic field momentum P in the rest
frame of the cavity, as the volume integral of the field momentum density p = E x B /47c,
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In particular,
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Both terms of eq. (10) involve the factor,

d d
x 1 x
/ sin k,x cos kyx dr = 5 / sin 2k, x dr = 0, (11)
0 0

and hence P, = 0. Similarly, P, = 0 = P,, and the total electromagnetic field momentum
is zero, P = 0, at all times in the rest frame of the cavity (while the local field momentum
density p is nonzero and oscillatory).

2.2 The Cavity Has Velocity v = v X'.

We now consider the cavity as observed in the ’ frame, in which it has velocity v =v X' = v x.

The fields inside the cavity are no longer perceived as standing waves, but rather as the
sum of waves of two different frequencies. To prepare for this, we re-express the standing
wave (1)-(2) in the rest frame of the cavity as a sum of waves traveling in the +x and —z
directions: E=E, + E_, B =B, + B_, where,
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We also note that the total energies of the left- and right-moving waves are equal, and
each equal to U/2,
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since the cross terms in the first integral involve fodz cos(2k,z) doz = 0.
We now need expressions for the fields (12)-(15) in the ' frame, where 2’ = y(z — vt),

v =y, 2 =2t =7t +vx/c?), and v = 1//1 — v2/c2

The phase of a plane wave is a Lorentz invariant, so we can write,
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The Lorentz transformations of the wave 4-vectors (wy = ke, kyac = £kyc, kye, k.c) are,
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Waves that move in the +2’ (right) direction have the higher frequency «”, .
The transformations of the electromagnetic fields are,
v v
E.=E, E =~ (Ey + EBZ) , E.,=~ (E - EBy) : (20)
and,
v v
B.=B, B :»y(By—EEZ), B :»y(Bz—l—EEy), (21)
To calculate the electromagnetic energy inside the moving cavity at time ¢’ we need,
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The volume of the moving cavity is d,d,d. /v, due to the Lorentz contraction. Also, the cross
terms due to fields with different frequencies will vanish in the calculation the time-average
energy stored in the moving cavity, so we can write,”
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T(Nov. 29, 2020) The electromagnetic field energy U’ is not constant in time, but oscillates, as discussed
at the end of sec. 3 of [13]. Conservation of energy is presumably satisfied by the existence of an oscillatory
energy associated with the stresses in the cavity walls. See also sec. 2.3 below.
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Using eq. (5) and noting that k - Ej = 0, we have,
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Thus, recalling eq. (7),
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The total field energy U’, eq. (23), inside the moving cavity is independent of time,
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The numbers of classical photons in the moving cavity are, recalling egs. (8) and (19),
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While there are more photons of higher frequency (w, right-moving) than of lower frequency
(w—, left-moving) in the moving cavity, the total number N' = N + N’ = N of photons
observed at a time ¢’ is the same as in a frame where the cavity is at rest (at a time ¢).5?

8For observations in the / frame at time ¢’ = 0, the corresponding times of observation in the rest frame
are t = 0 for the left wall at z = 0 and t = —wvd, /c? for the right wall at 2 = d,. The ’ observer counts some
photons near the right wall as being right-moving at time ¢’ = 0 (¢ < 0), while the rest frame observer will
count these as left-moving at the later time ¢t = 0 after they have reflected off the right wall. That is, the ’
observer counts more right-moving (higher-energy) than left-moving photons.

9(Nov. 22, 2020) Thanks to William Celmaster for spotting several typos in a previous version of this
section.



2.3 Is the Field Energy Part of the Rest Energy of the System?

A side issue of possible interest is the question of whether the field energy U can/should be
considered as contributing to the “rest” energy of the system, such that,

U():MC2+U, (30)

in the rest frame of the cavity, whose rest mass without fields inside is M.
If so, then in the frame where the cavity has velocity v = v X, the energy of the system
should be,
U =~yUy =~y(Mc +U). (31)

However, in this frame the cavity itself has energy,

(/:avity = P)/MC27 (32)
and the fields have energy,
k2 0?2
U =~U (1+k_;_2) , (33)
so that the actual energy of the system is,
k’2 2
U’:’y{MCQ—l—U(l—Fk—;z—Q)], (34)

rather than expression (31).

Missing from the above analysis is the energy associated with the stress on the walls of
the cavity due to the “radiation pressure” of the fields inside. If these stresses, and their
Lorentz transformations, were included in the analysis, a meaningful rest energy could be
defined for the system, and the total energy-momentum of the system would constitute a
4-vector.'? See [13] for a model of stresses in the walls of a box that contains bouncing,
massive particles. For the simpler case of a capacitor with a dielectric block between its
plates, see [12].

10(Dec. 8, 2020) Rohrlich [11] has proposed that we define an energy-momentum 4-vector Pronslich,y for
electromagnetic fields that have zero field momentum in some inertial frame * (as holds for the present
example), taking this 4-vector to be simply (U*,0) in the * frame, where U* = [(E*? 4+ B*?) dVol* /8 is the
total electromagnetic field energy, and the total electromagnetic field momentum P* = [ E* x B* dVol* /4rc
is zero.

Then, in the’ frame, which has velocity —v with respect to the * frame, Pronrtich,p = (Uonstich » P Rohlich) =
Uru,/c = ~U*(1,v/c), where u, = (¢, v) is the velocity 4-vector of the * frame relative to the ' frame,
Uk onticn and Pro, . are given by egs. (3.23-24) of [11] (noting that d3¢” = v dVol'), and are not the volume
integrals of the field energy and momentum densities in the ' frame; their physical significance is unclear.
See also footnote 4, p. 5, of [12].

Rohrlich’s prescription could be applied to any scalar quantity @* measured in some rest frame, to define a
4-vector ), = Q*u,. This had been applied to @* being the temperature 7™, and to the inverse temperature
1/T*, in the rest frame of some thermodynamic system, prior to Rohrlich’s usage, as reviewed in [14].



2.4 Blackbody Radiation (Dec. 6, 2020)

If the rectangular cavity is heated, but otherwise not excited, the electromagnetic cavity
radiation approximates the (continuous) Planck spectrum [15]-[17].}' Blackbody radiation
in a rectangular cavity can be thought of as a sum of the electromagnetic cavity modes of
the same cavity but with perfectly conducting walls.!?!3 The electromagnetic field energy,
in the rest frame of the cavity, is the sum over the energies of the excited cavity modes with
various wave vectors k,

U= ZUk, (35)

and according to eq. (28), the (time average) field energy of a mode with wave vector k in
the rest frame of the cavity is,

k2 v?
/ x
U=~ E (14-?6—2) Uk, (36)
k

in a frame where the (rectangular) cavity has velocity vx. In the rest frame of the cavity,
blackbody radiation is isotropic, and independent of the shape of the cavity, which implies

'The radiation that Planck studied was obtained inside metallic cavities, lined with an optically thick,
black, metal-oxide layer [18]-[20]. Blackbody radiation is absorbed and re-emitted by the cavity wall with
a cos f (Lambert) angular distribution, in contrast to the specular reflection of electromagnetic waves by a
perfect conductor. Also, the waves reflected by a perfect conductor have the same frequency as the incident
wave, in the rest frame of the reflector, while an ideal black body emits waves of all frequencies upon
absorption of one with a single frequency.

12This argument was introduced by Rayleigh in 1900 [21], but using modes of sound waves in a cavity as
an analogy. The famous Rayleigh-Jeans law followed in 1905 [22], in which Jean’s contribution was to point
out a factor of 8 error by Rayleigh [23, 24]. The counting of electromagnetic modes in a cavity with perfectly
conducting walls was discussed by Jeans in [25].

13 Jan. 5, 2021. Further development of the quantum theory of blackbody radiation was slow. In 1907,
Planck intuited (p. 567 of [26]) that there should exist nonzero cavity radiation (latente Energie = zero-
point energy of the electromagnetic oscillators) even at zero temperature, and contemplated the gravitational
interaction with this zero-point energy/mass (p. 568 of [26]). (For a black body to emit a photon of energy
higher than that of one absorbed, the body must contain internal energy. In particular, a black body must
have nonzero energy even at zero temperature.) He only gave a more detailed discussion of this notion in
1911-12 [27, 28] (see also [29, 30]). In 1913, Einstein [31] built on his earlier work [32] to note that if one
accepts the notion of zero-point energy, then one can infer the Planck spectrum for blackbody radiation
without any assumption as to quanta of energy (ohne die Annahme von Quanten). Einstein, like Planck,
associated zero-point energy with oscillators, but not with the electromagnetic field, and Einstein needed to
double Planck’s zero-point energy to explain the blackbody spectrum (which, in effect, associates Planck’s
zero-point energy with both the field and the oscillators).

In the 1960’s, Einstein’s (largely forgotten) argument was rediscovered [33, 34], now with emphasis on
the zero-point energy of the fields. This has been enshrined in so-called stochastic electrodynamics (see also
[35]-[37]), a supposedly “classical” theory involving random fluctuations of the electromagnetic field. At
present, the essence of quantum theory is often regarded as the existence of entangled states, and intrinsic
randomness of Nature (both of which bothered Einstein greatly), rather than of quantization (which exists in
some form in many “classical” systems). So, it seems misguided that a theory based on intrinsic randomness
be characterized as “classical” by its proponents.
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The blackbody radiation is associated with a temperature T in its rest frame. While it
is tempting to use the transformation (38) as a basis for defining a temperature 7" for the
radiation according to observers in a ' frame in which the cavity is moving, the procedure
for this is ambiguous. Rather, it seems best to consider that the temperature is only well
defined in the rest frame of the cavity [47].

A Appendix: Are the Cavity Photons Localized?

The cavity photons are “localized” in the sense of being “trapped” inside the cavity. A cavity
photon of energy £ = hw has no momentum, P = 0, and so can be said to have effective
mass m = /B2 — ¢2P2/c* = hw/c?. The cavity photons are “virtual photons”, with nonzero
mass. !0

However, people also speak of “Anderson localization” [48] of quantum waves/particles
in disordered media, when ordinary diffusion is absent, due to the localizing effect of multiple
scattering. Anderson localization of light was perhaps first discussed in [49], and is considered
to have been observed (see, for example, [50], but apparently some reports of this must be
regarded with skepticism (see, for example, [51]).
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