Weber’s Electrodynamics and the Hall Effect

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (June 5, 2020)

1 Problem

In 1846, Weber used a model of electric current as moving electric charge (of both signs) to give an instantaneous, action-at-a-distance, “microscopic” force law, from which Ampère’s force law between current-carrying circuits could be deduced.^1 In Gaussian units, the force on electric charge e due to moving charge e^′ is, according to Weber,

F_{e,Weber} = − ee^′ r^2 [ 1 − 2 c^2 ( ∂r ∂t )_2 + r c^2

∂^2r ∂t^2 ] r̂, (1)

where r = r_e′ −r_e, and c is the speed of light in vacuum. Following Ampère, Weber supposed that the force between two moving charges (current elements) is along their line of centers, and obeys Newton’s third law (of action and reaction).

This contrasts with the Lorentz force law (given below in Gaussian units), which does not obey Newton’s third law in general,^2 F_{e,Lorentz} = e ( E_e′ + v_e c × B_e′ ) , (2)

where the fields E_e′ and B_e′ are given by the forms of Liénard and Wiechert.^3 Until the late 1870’s the only experiments possible with electric currents were those in which the currents flowed in complete circuits (as studied by Ampère). The first step towards a larger context of electric currents was made by Rowland [52, 65] (1876, working in Helmholtz’ lab in Berlin), who showed that a rotating, charged disk produces magnetic effects. More importantly, Rowland’s student Hall (1878) [55] showed that an electric conductor in a magnetic field B perpendicular to the current I develops an electric potential

1References to original works are given in the historical Appendix below.

2Momentum conservation is satisfied in Maxwellian electrodynamics in that the electromagnetic field carries momentum, with density E × B/4πc (as first noted by J.J. Thomson [85]).

3See, for example, sec. 63 of [70].

If the charges had uniform velocity, then (sec. 38 of [70]),

E_e′ = γ_e′ e^′ r̂ r^2 (1 + γ^2_e′ (v_e′ · r̂)^2/c^2))^{3/2}

, B_e′ = v_e′ c × E_e′ , γ = 1 √ 1 − v^2/c^2

. (3)

Even for |v_e| = |v_e′ | = v, we have,

F_{e,Lorentz} = γee^′ r^2 ( r̂ (1 + γ(v_e′ · r̂)^2/c^2)^{3/2} + v_e c × ( v_e′ c × r̂ (1 + γ(v_e′ · r̂)^2/c^2)^{3/2} ))

= γee^′ r^2 (1 + γ(v_e′ · r̂)^2/c^2))^{3/2} ( (1 − v_e · v_e′ /c^2) r̂ +

(v_e · r̂) v_e′ c^2 ) , (4)

which is not along r̂, and does not equal −F_e′_{,Lorentz}, unless v_e, v_e′ and r̂ are all parallel.

difference in the direction I × B. This effect follows directly from the Lorentz force law (2), which predicts a transverse force on the conduction charges, leading to a transverse charge separation, and a transverse voltage drop.

Does Weber’s force law (1) predict the Hall effect?

2 Solution

Weber had no concept of the magnetic field, but he did associate magnetic effects with electric currents, which he took to be electric charges in motion. So, we consider a magnetic field in the z-direction at the origin as due to n electric charges e^′ moving counterclockwise in a circle of radius a in the x-y plane, centered on the origin, with angular velocity ω. Then, according to the Biot-Savart law, B = ∮ I dl × r̂/c r^2, the magnetic field at the origin is B_e′ = n e^′ω ẑ/c a. The test current is associated with charges e moving along the x-axis with velocity v = v x̂. We desire the force on the latter charges when they are at the origin.

2.1 Force on a Charge Moving at the Center of a Current Loop

According to the Lorentz force law (2), the force on moving charge e is,

F_{e,Lorentz} = e v_e c × B_e′ = − n ee^′v_e ω

c^2a ŷ. (5)

We now consider the Weber force (1) on test charge e at the origin at time t = 0 due to charge e^′ at (x, y, z) = (a cos ϕ, a sin ϕ, 0).

The position of the test charge e varies with time as x_{test} = (v_et, 0, 0), while the charge e^′ has time-dependent position (a cos(ϕ + ωt), a sin(ϕ + ωt), 0).

The distance r between these two charges is, r = √ (a cos(ϕ + ωt) − v_et)^2 + (a sin(ϕ + ωt))^2 = √ a^2 + v^2_e t^2 − 2a v_et cos(ϕ + ωt), (6) ∂r ∂t = 2v^2_e t − 2a v_e cos(ϕ + ωt) + 2a v_e ωt sin(ϕ + ωt) 2 √ a^2 + v^2_e t^2 − 2a v_et cos(ϕ + ωt)

, (7)

∂^2r ∂t^2 = 2v^2_e + 4a v_e ω sin(ϕ + ωt) + 2a v_e ω^2t cos(ϕ + ωt) 2 √ a^2 + v^2_e t^2 − 2a v_et cos(ϕ + ωt) − (2v^2_e t − 2a v_e cos(ϕ + ωt) + 2a v_e ωt sin(ϕ + ωt))^2 4(a^2 + v^2_e t^2 − 2a v_et cos(ϕ + ωt))^{3/2}

. (8)

Our calculation is at time t = 0, when,

r(0) = a,

∂r(0) ∂t = −v_e cos ϕ,

∂^2r(0) ∂t^2 = v^2_e + 2a v_e ω sin ϕ a − v^2_e cos^2 ϕ a . (9)

The Weber force on charge e at the origin due to charge e^′ at azimuth ϕ at time t = 0 is,

F_{e,Weber} = − ee^′ a^2 [ 1 − 2v^2_e cos^2 ϕ c^2 + a c^2 v^2_e sin^2 ϕ + 2a v_e ω sin ϕ a ] (cos ϕ, sin ϕ, 0). (10)

The number density of charge around the loop of radius a is uniform, dn/dϕ = n/2π, so integrating eq. (10) over ϕ implies that the total Weber force has only a y-component,

F_{e,Weber,y} = − ee^′ a^2

∫_{2π} 0 2a v_e ω sin^2 ϕ c^2 n dϕ 2π = − ee^′ a^2

2a v_e ω

c^2 n 2π π = − n ee^′v_e ω

c^2 a

, (11)

in agreement with the Lorentz force (5).

Hence, the Hall effect does not distinguish the Lorentz force law from that of Weber.

2.2 The Hall Voltage

The preceding analysis tacitly assumed that the charge e was “free”, but in practice it is part of the electric current I inside a conductor connected to a battery, as sketched below.

Then, in the steady state, the total (Lorentz) force on charge e is zero,

0 = e ( E + v_e c × B ) . (12)

Neglecting the small magnetic field due to the current I, we infer that the electric field inside the conductor includes a y-component,^4 such that a nonzero (Hall) voltage difference ΔV_H = V_b − V_a is observed across the conductor,

E_y = − v_e c B_e′ =

V_a − V_b W , ΔV_H = V_b − V_a = v_eB_e′ W c . (13)

For metallic conductors, the Hall voltage is positive. If the conduction charges e were positive, then positive charges would accumulate along edge b. such that edge b would become negatively charged, and the Hall voltage ΔV_H would be negative. Thus, the observed positive Hall voltage implies that the conduction charges in metals are negative.

Weber generally assumed that the conduction charges were half positive and half negative, moving with equal and opposite velocities. In this case, the Hall voltage would be zero, in contrast to the observed positive value. That is, the Hall effect rules out the symmetric form of electric currents favored by Weber. However, if the conduction charges in metals are taken to be negative in Weber’s electrodynamics, then it does predict the Hall effect.

4In addition, there is an x-component, E_x = J/σ = I/σtW , where σ is the electrical conductivity and tW is the cross sectional area of the conductor of length L, thickness t and width W .

2.3 The Hall Constant R_H

Hall reported the quantity,

R_H =

E_y J_xB_e′ = − 1 c n e

, (14)

recalling eq. (13) and noting that the x-component of the current density J can be written as J_x = n e v_e, where n is the number density of the conduction charges e. For copper, Hall measured that R_H = 6 × 10^{−25} Gaussian units.

We can also write J_x = σE_0, where E_0 is the electric field strength inside the conductor due to the battery. Then, we have that,

E_y = J_xB_e′ R_H = σE_0B_e′ R_H = − v_e c B_e′ , v_e = −c σE_0R_H. (15)

For example, with E_0 = 1 V/m = 0.01 V/cm = 10^6/c Gaussian units, v_e = −0.5 cm/s. Thus, Hall’s experiment also gave the first indication of the very small (drift) velocity of the conduction charges in metals for circuits driven by batteries of order 1 volt.

A Appendix: Historical Comments

These comments are extracted from the longer survey in Appendix A of [89].

A.1 Ørsted

In 1820, Ørsted [2]-[5],[16] published decisive evidence that electric currents exert forces on permanent magnets and vice versa, indicating that electricity and magnetism are related.^5 Ørsted’s term “electric conflict”, used in his remarks on p. 276 of [3], is a precursor of the later concept of the magnetic field:

It is sufficiently evident from the preceding facts that the electric conflict is not confined to the conductor, but dispersed pretty widely in the circumjacent space. From the preceding facts we may likewise infer that this conflict performs circles.

A.2 Biot and Savart

Among the many rapid responses in 1820 to Ørsted’s discovery was an experiment by Biot and Savart [6, 9] on the force due to an electric current I in a wire on one pole, p, of a long, thin magnet. The interpretation given of the result was somewhat incorrect, which

5Reports have existed since at least the 1600’s that lightning can affect ship’s compasses (see, for example, p. 179 of [49]), and an account of magnetization of iron knives by lightning was published in 1735 [1]. In 1797, von Humboldt conjectured that certain patterns of terrestrial magnetism were due to lighting strikes (see p. 13 of [83], a historical review of magnetism). A somewhat indecisive experiment involving a voltaic pile and a compass was performed by Romagnosi in 1802 [80].

Historical commentaries on Ørsted’s work include [59, 60, 88].

was remedied by Biot in 1821 and 1824 [13, 25] with a form that can be written in vector notation (and in SI units) as, F = μ_0 p 4π ∮ I dl × r̂ r^2

, (16)

where r is the distance from a current element I dl to the magnetic pole. There was no immediate interpretation of eq. (16) in terms of a magnetic field,^6 B = F/p, B = μ_0 4π ∮ I dl × r̂ r^2

, (17)

which expression is now commonly called the Biot-Savart law.

Biot and Savart did not discuss the force on an electric current, but the expression, F = ∮ I dl × B, (18)

is now also often called the Biot-Savart law.

A.3 Ampère

Between 1820 and 1825 Ampère made extensive studies [7, 8, 10, 11, 12, 14, 15, 17, 18, 19, 20, 21, 23, 24, 26, 27, 28] of the magnetic interactions of electrical currents.^7 Already in 1820 Ampère came to the vision that all magnetic effects are due to electrical currents.^{8,9} In 1822-1823 (pp. 21-24 of [28]), Ampère examined the force between two circuits, carrying currents I_1 and I_2, and inferred that this could be written (here in vector notation) as,

F_{on 1} = ∮ 1 ∮ 2 d^2F_{on 1}, d^2F_{on 1} = μ_0 4π I_1I_2[3(r̂ · dl_1)(r̂ · dl_2) − 2 dl_1 · dl_2] r̂ r^2

= −d^2F_{on 2}, (19)

where r = l_1 − l_2 is the distance from a current element I_2 dl_2 at r_2 = l_2 to element I_1 dl_1 at r_1 = l_1..^{10,11} The integrand d^2F_{on 1} of eq. (19) has the appeal that it changes sign if

6Although the concept of the magnetic field is latent in discussions of magnetic force by Michell, Coulomb, Poisson and Ørsted (and many other in the years 1820-45), the first use of the term “magnetic field” seems to be due to Faraday, Art. 2147 of [35].

7Discussion in English of Ampère’s attitudes on the relation between magnetism and mechanics is given in [64, 79, 87]. Historical surveys of 19th-century electrodynamics are given in [58, 81], and studies with emphasis on Ampère include [61, 63, 67, 68, 69, 72, 73, 74, 88]. See also sec. IIA of [82].

8See, for example, [69].

9The confirmation that permanent magnetism, due to the magnetic moments of electrons, is Ampèrian (rather than Gilbertian = due to pairs of opposite magnetic charges) came only after detailed studies of positronium (e^+e^− “atoms”) in the 1940’s [66, 86].

10Ampère sometimes used the notation that the angles between dl_i and r are θ_i, and the angle between the plane of dl_1 and r and that of dl_2 and r is ω. Then, dl_1 · dl_2 = dl_1 dl_2(sin θ_1 sin θ_2 cos ω + cos θ_1 cos θ_2), and the force element of eq. (19) can be written as, d^2F_{on 1} = μ_0 4π I_1I_2 dl_1 dl_2(cos θ_1 cos θ_2 − 2 sin θ_1 sin θ_2 cos ω) r̂ r^2

= −d^2F_{on 2}. (20) 11Ampère also noted the equivalents to,

dl_1 = ∂r ∂l_1 dl_1, r · dl_1 = r · ∂r ∂l_1 dl_1 = 1 2 ∂r^2 ∂l_1 dl_1 = r ∂r ∂l_1 dl_1, dl_2 = − ∂r ∂l_2 dl_2, r · dl_2 = −r ∂r ∂l_2 dl_2, (21)

elements 1 and 2 are interchanged, and so suggests a force law for current elements that obeys Newton’s third law. However, the integrand does not factorize into a product of terms in the two current elements, in contrast to Newton’s gravitational force, and Coulomb’s law for the static force between electric charges (and between static magnetic poles, whose existence Ampère doubted). As such, Ampère (correctly) hesitated to interpret the integrand as providing the force law between a pair of isolated current elements, i.e., a pair of moving electric charges.^{12}

An important qualitative consequence of eq. (19) is that parallel currents attract, and opposite current repel.

Around 1825, Ampère noted, p. 214 of [27], p. 29 of [28], p. 366 of the English translation in [87], that for a closed circuit, eq. (19) can be rewritten as,^{13}

F_{on 1} = μ_0 4π I_1I_2 ∮ 1 ∮ 2 (dl_1 · r̂) dl_2 − (dl_1 · dl_2) r̂ r^2 = μ_0 4π ∮ 1 ∮ 2 I_1dl_1 ×

I_2 dl_2 × r̂ r^2

, (25)

in vector notation (which, of course, Ampère did not use). Ampère made very little comment on this result,^{14} and certainly did not factorize it into the forms now related to the Biot- Savart law(s) (17)-(18).

Ampère performed an experiment in 1821-22 [18, 22, 30] that showed a weak effect of electromagnetic induction, which was largely disregarded at the time.^{15}

A.4 Gauss

In 1867 Gauss posthumously published an analysis that he dated to 1835 (p. 609 of [48]), in which he stated that a time-dependent electric current leads to an electric field which is the

where l_1 and l_2 measure distance along the corresponding circuits in the directions of their currents. Then,

dl_1 · dl_2 = −dl_1 · ∂r ∂l_2 dl_2 = − ∂ ∂l_2

(r · dl_1) dl_2 = − ∂ ∂l_2 ( r ∂r ∂l_1 ) dl_1 dl_2 = − ( ∂r ∂l_1 ∂r ∂l_2 + r ∂^2r ∂l_1∂l_2 ) dl_1 dl_2, (22)

and eq. (19) can also be written in forms closer to those used by Ampère,

d^2F_{on 1} = μ_0 4π I_1I_2dl_1dl_2 [ 2r ∂^2r ∂l_1∂l_2 − ∂r ∂l_1 ∂r ∂l_2 ] r̂ r^2 = μ_0 4π 2I_1I_2dl_1dl_2

∂^2 √ r ∂l_1∂l_2 r̂ √ r = −d^2F_{on 2}. (23)

12If we follow Ampère in defining a “current element” as being electrically neutral, which is a good (but not exact [84]) approximation for currents in electrical circuits, then a moving charge is not a “current element”, and such elements cannot exist except in closed circuits (contrary to remarks such as in [75]).

13Note that for a fixed point 2, dl_1 = dr, and dr = dr · r̂ = dl_1 · r̂. Then, for any function f(r), df = (df/dr) dr = (df/dr) dl_1 · r̂. In particular, for f = −1/r, df = dl_1 · r̂/r^2, so the first term of the first form of eq. (25) is a perfect differential with respect to l_1. Hence, when integrating around a closed loop 1, the first term does not contribute, and it is sufficient to write (as first noted by Neumann, p. 67 of [38]),

F_{on 1} = − μ_0 4π I_1I_2 ∮ 1 ∮ 2 dl_1 · dl_2 r^2 r̂ = −F_{on 2}. (24)

14As a consequence, the form (25) is generally attributed to Grassmann [37], as in [82], for example. 15Reviews of this experiment include [57, 63, 71, 72].

time derivative of what we now called the vector potential. English translation from [76]:

The Law of Induction Found out Jan. 23, 1835, at 7 a.m. before getting up.

1. The electricity producing power, which is caused in a point P by a current-element γ, at a distance from P , = r, is during the time dt the difference in the values of γ/r corresponding to the moments t and dt, divided by dt. where γ is considered both with respect to size and direction. This can be expressed briefly and clearly by − d(γ/r) dt . (26)

Gauss’ unpublished insight that electromagnetic induction is related to the negative time derivative of a scalar quantity was probably communicated in the late 1830’s to his German colleagues, of whom Weber was the closest.

On p. 612 (presumably also from 1835), Gauss noted a relation (here transcribed into vector notation) between the vector A = ∮ dl/r and the magnetic scalar potential Ω of a circuit with unit electrical current (which he related to the solid angle subtended by the circuit on p. 611), −∇Ω = ∇ × A. (27)

While we would identify eq. (27) with the magnetic field H, Gauss called it the “electricitygenerating force”.

In any case, eq. (27) is the earliest appearance of the curl operator (although published later than MacCullagh’s use of this, p. 22 of [32].

A.5 Grassmann

In 1845, Grassmann [37] remarked that although Ampère claimed [28] that his force law was uniquement déduite de l’expérience, it included the assumption that it obeyed Newton’s third law. He noted that Ampère’s law (19) implies that the force is zero for parallel current elements whose lie of centers makes angle cos^{−1} √ 2/3 to the direction of the currents, which seemed implausible to him. Grassmann claimed that, unlike Ampère, he would make no “arbitrary” assumptions, but in effect he assumed that there is no magnetic force between collinear current elements, which leads to a force law,

F_{on 1} = ∮ 1 ∮ 2 d^2F_{on 1}, d^2F_{on 1} = μ_0 4π I_1dl_1 ×

I_2dl_2 × r̂

r^2

, (28)

in vector notation (which Grassmann did not use in [37], although he invented the notion of an exterior product of vectors in an n-dimensional space [34]). While d^2F_{on 1} is not equal and opposite to d^2F_{on 2}, Grassmann showed that the total force on circuit 1 is equal and opposite to that on circuit 2, F_{on 1} = −F_{on 2}.

Grassmann’s result is now called the Biot-Savart force law, eqs. (17)-(18),

F_{on 1} = ∮ 1 I_1 dl_1 × B_2, B_2 = μ_0 4π ∮ 2 I_2 dl_2 × r̂ r^2

, (29)

although Grassmann did not identify the quantity B_2 as the magnetic field.

In 1844, Grassmann [34] invented linear algebra, which went largely unrecognized for 30 years. In 1877 [53], he related this to the algebra of Hamilton’s quaternions [47], which together with a paper by Clifford (1878) [54], form the basis of contemporary geometric algebra.

A.6 Neumann

In 1845, Neumann [38] inferred from Lenz’ law [31] that a conduction line segment ds that moves with velocity v near a magnet experiences a (scalar) electromotive force dE (with dimensions of energy) of the form (eq. (1), p. 15 of [38]),

dE = E.Ds = −ϵvC.Ds, (30)

where ϵ is a constant and C is a function of the magnet (and its geometric relation to the conducting line segment).

Although E is a scalar, Neumann had an intuition that the other quantities in his equation were not simply scalars but rather were what we now call vectors. For example, at the bottom of p. 66 he considered two line segments of lengths Ds and Dσ with components (Dx, Dy, Dz) and Dξ, Dη, Dζ) with respect to rectangular axes, and mentioned the equality DxDξ + DyDη + DzDζ = cos(Dσ, Ds)DσDs, we recognize as the scalar product Dσ · Ds of vectors Dσ and Ds.

This has led many people to transcribe eq. (30) as,

dE = E · Dss = v × B · Ds, (31)

and to credit Neumann with having been the first to identify the motional EMF = ∮ loop v ×

B · dl, although, like Ampère, Neumann had no concept of a magnetic (or electric) field.

On p. 67 of [38], Neumann discussed (what is now written as) the form (24), and verified that it gives the same total force between closed circuits as does Ampère’s eq. (19).

Neumann did appreciate that electromagnetic induction occurs not only for moving conductors near a fixed magnet, but also for conductors at rest near a time-dependent magnet. This leads some people to credit him with also having stated the generalized flux law, EMF = −dΦ_B/dt.

Following the examples of Lagrange, Laplace and Poisson in relating forces of gravity and electrostatics to potentials, Neumann sought a potential for Ampère’s force law between two (closed) current loops. For this, he noted that this force law can be rewritten in the form (24), which permits us to write F_{on1} = −∇U where, U is the scalar potential (energy) given on p. 67 of [38],^{16} U = μ_0 4π I_1I_2 ∮ 1 ∮ 2 dl_1 · dl_2 r (32)

in SI units. We now also write this as,

U = I_i ∮ i dl_i · A_j = I_i ∫ dArea_i · ∇ × A_j = I_i ∫ dArea_i · B_j = I_iΦ_{ij} , (33)

16If we write eq. (32) as U = I_1I_2M_{12}, then M_{12} is the mutual inductance of circuits 1 and 2.

where Φ_{ij} is the magnetic flux through circuit i due to the current I_j in circuit j, and,

A_j = μ_0 4π ∮ j I_j dl_j r , (34)

such that Neumann is often credited in inventing the vector potential A, although he appears not to have written his eq. (32) in any of the forms of eq. (33). Yet, we can say that while Neumann had no concept of the magnetic field, he did emphasize a quantity with the significance of magnetic flux linked by a circuit.^{17}

One application of his potential was given by Neumann in his eq. (4), p. 65 of [38]), which he expressed verbally on p. 68. This concerned the time integral (Stromintegral) of the current I_1 in one circuit, (with electrical resistance R_1, called 1/ϵ^′ by Neumann), due to the motion of a second circuit whose current I_2 remains constant, ∫ I_1 dt = I_2

V_i − V_f R_1

, where V = μ_0 4π ∮ i ∮ j dl_1 · dl_2 r (36)

and V_{i,f} are the initial and final potentials for unit currents (i.e., the initial and final mutual inductances). This result has the implication that the EMF induced in circuit 1 due to the motion of circuit 2 has the form,

E = −I_2 dV dt = − d dt (I_2V ) = − dΦ_{1,2} dt , (37)

where Φ_{1,2} is the magnetic flux linked by circuit 1 due to the current in circuit 2. This was not explicitly stated by Neumann in [38], but apparently many astute readers did infer that the induced EMF is the negative time derivative of an appropriate version of Neumann’s potential. Hence, Neumann is often credited with formulating an early version of what we now call Faraday’s law.

A.7 Weber

The term unipolar induction for Faraday’s homopolar dynamo is due to Weber (1839) [33].

Weber was perhaps the last major physicist who did not use electric and magnetic fields to describe electromagnetism, postulating instead an (instantaneous) action-at-a-distance formulation for the (central) force between charges (1846, p. 376 of [39], p. 144 of [56]),^{18}

F_{Weber} = − ee^′ r^2 [ 1 − a^2 16 ( ∂r ∂t )_2 + a^2r 8 ∂^2r ∂t^2 ] r̂ (38)

17Note also that using our eq. (22), due to Ampère, the magnetic flux can be written as,

Φ_{ij} = μ_0I_j 4π ∮ i ∮ j dl_i · dl_j r = − μ_0I_j 4π ∮ i ∮ j ∂r ∂l_1 ∂r ∂l_j dl_i dl_j r = − μ_0I_j 4π ∮ i ∮ j (dl_1 · r̂)(dl_1 · r̂) r , (35)

since the integral of ∂^2r/∂l_i∂l_j around a closed loop vanishes, and the third form follows from the second recalling eq. (21).

18For an extensive discussion of Weber’s electrodynamics, see [78]. Maxwell gave a review of the German school of electrodynamics of the mid 19th century in the final chapter 23 of his Treatise [50].

where r = r_e′ − r_e. This was the first published force law for moving charges (which topic Ampère refused to speculate upon). The constant a has dimensions of velocity^{−1}, and was later (1856) written by Weber and Kohlsrausch, p. 20 of [46], as 4/C, who noted that their C is the ratio of the magnetic units to electrical units in the description of static phenomenon, which they determined experimentally to have a value close to 4.4 × 10^8 m/s. Apparently, they regarded it as a coincidence that their C is roughly √ 2 times the speed c of light.

In 1848, p. 229 of [41], Weber related his force law (38) to the (velocity-dependent) potential,^{19,20}

U_{Weber} = ee^′ r [ 1 − a^2 16 ( dr dt )_2] . (40)

Weber showed that his eq. (38) can be used to deduce Ampère’s force law, as well as Neumann’s potential (32) (as also discussed by the latter in sec. 5 of his 1847 paper [40]).^{21} In secs. 28 and 30 of [39], Weber consider the induction in a current element dl^′ due to a variable current I in element dl, with both elements at rest, and deduced that,

d^2E^′ = − μ_0 4π (dl_1 · r̂)(dl_1 · r̂) r dI dt , whose integral is E^′ = − μ_0 4π ∮ ∮ dl · dl^′ r dI dt = −M dI dt ,(41)

recalling eq. (35), and where M is the mutual inductance in the case the elements dl and dl^′ are in different circuits. Weber seemed little concerned with circuit analysis, did not mention integral form of eq. (41), and downplayed the merits of Neumann’s “potential” compared to his own, eq. (40). However, it may be the Weber was the first to explicitly note that induced EMF’s are proportional to a time derivative (although this result is implicit in Faraday’s discussion, starting with that in [29]).

Weber’s electrodynamics was more ambitious than that of Neumann’s (which was tacitly restricted to quasistatic examples with low-velocity charges), as Weber sought to describe charges with arbitrary velocities and accelerations. Neumann’s contributions, within their realm of applicability have aged well, while Weber’s electrodynamics is largely forgotten as it does not contain electromagnetic radiation.

Weber’s most lasting contribution to electrodynamics was his theory of paramagnetism [42, 44], developed following Faraday’s studies of diamagnetism [35, 36] and paramagnetism [43] (which terms were coined by Faraday). Weber considered that paramagnetic “atoms” are objects with a permanent electric current circulating around a diameter.^{22}

19Weber had in effect deduced this potential in 1846, p. 375 of [39], but did not identify it as such. 20Weber’s force law (38) has the form F = f(r, t), r̂, where r = x − x^′ with x(x^′) being the positions of charges e(e^′). If the force can be deduced from a potential U according to F = −∇U, we expect that U is also a function only of r and t. In this case [∇U]_x = ∂V/∂x = (∂U/∂r)∂r/∂x = (∂U/∂r)(x − x^′)/r. That is, −∇U = −(∂U/∂r) r̂. For Weber’s potential (40), we have, − ∂U_{Weber} ∂r = ee^′ r^2 [ 1 − a^2 16 ( ∂r ∂t )_2 + a^2 8 r ∂r ∂t ∂ ∂r ∂r ∂t ] and ∂ ∂r ∂r ∂t = ∂t ∂r ∂^2r ∂t^2

, (39)

so indeed F_{Weber} = −∇U_{Weber}.

21A comparison of the theories of Neumann and Weber is given in sec. 2 of [77], which also includes a review of Helmholtz’ later theories [51].

22This view was discussed by Faraday (1854) [45], and by Maxwell in Art. 843 of [50].

References

[1] P. Dod and Dr. Cookson, An Account of an extraordinary Effect of Lightning in communicating Magnetism, Phil. Trans. Roy. Soc. London 39, 74 (1735),

kirkmcd.princeton.edu/examples/EM/dod_ptrsl_39_74_35.pdf

[2] J.C. Örsted, Experimenta circa Effectum Conflictus Electrici in Acum Magneticam (pamphlet, Berlin, 1820), kirkmcd.princeton.edu/examples/EM/oersted_experimenta.pdf

[3] J.C. Oersted, Experiments on the Effect of a Current of Electricity on the Magnetic Needle, Ann. Phil. 16, 273 (1820),

kirkmcd.princeton.edu/examples/EM/oersted_ap_16_273_20.pdf

[4] J.C. Oersted, Sur un effet que le courant de la Pile excite dans l’Aiguille aimantée, J.

Phys. 91, 72 (1820), http://kirkmcd.princeton.edu/examples/EM/oersted_jp_91_72_20.pdf

[5] J.C. Oersted, Nouvelles Expériences Électro-Magnétiques, J. Phys. 91, 78 (1820),

http://kirkmcd.princeton.edu/examples/EM/oersted_jp_91_78_20.pdf

[6] J.-B. Biot and F. Savart, Note sur la Magnétisme de la pile de Volta, Ann. Chem. Phys.

15, 222 (1820), kirkmcd.princeton.edu/examples/EM/biot_acp_15_222_20.pdf English translation on p. 118 of [64], and p. 441 of [62].

[7] A.M. Ampère, Mémoire sur les effets courans électriques, Ann. Chem. Phys. 15, 59 (1820), kirkmcd.princeton.edu/examples/EM/ampere_acp_15_59_20.pdf

[8] A.M. Ampère, Conclusions d’un Mémoire sur l’Action mutuelle de deux courans électriques, sur celle qui existe entre un courant électrique et un aimant, et celle dedeux aimans l’un sur l’autre, J. Phys. 91, 76 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_76_20.pdf

[9] J.-B. Biot and F. Savart, Expériences électro-magnétiques, J. Phys. 91, 151 (1820),

http://kirkmcd.princeton.edu/examples/EM/biot_jp_91_151_20.pdf

[10] A.M. Ampère, Notes de M. Ampère sur les lectures qu’il a faites à l’Aca’emie des Sciences, J. Phys. 91, 166 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_166_20.pdf

[11] A.M. Ampère, Note sur un Mémoire lu à l’Académie royale des Sciences, dans la séance du 4 décembre 1820, J. Phys. 91, 226 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_91_226_20.pdf

[12] A.M. Ampère, Sur deux Mémoires lus par M. Ampère à l’Académie royale des Sciences, le premier dans la séance du 26 décembre 1820; le second dans les séances des 8 et 15 janvier 1821, J. Phys. 92, 160 (1821),

http://kirkmcd.princeton.edu/examples/EM/ampere_jp_92_160_21.pdf

[13] J.-B. Biot, Sur l’Aimantation imprimée aux métaux par l’électricité en mouvement, J.

Savans 11, 281 (1821), http://kirkmcd.princeton.edu/examples/EM/biot_js_221_21.pdf On the Magnetism impressed on Metals by Electricity in Motion, Q. J. Sci. Lit. Arts 11, 281 (1821), kirkmcd.princeton.edu/examples/EM/biot_qjsla_11_281_21.pdf

[14] A.M. Ampère, Note sur un appareil (2) à l’aide duquel on peut vérifier toutes les propriétés des conducteurs de l’électrici’e voltaique, Ann. Chem. Phys. 18, 88 (1821),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_18_88_21.pdf

[15] A.M. Ampère, Suite de la Note (1) sur un appareil à l’aide duquel on peut vérifier toutes les propriétés des conducteurs de l’électrici’e voltaique, Ann. Chem. Phys. 18, 313 (1821), http://kirkmcd.princeton.edu/examples/EM/ampere_acp_18_313_21.pdf

[16] J.C. Oersted, Considérations sur l’Electro-Magnétisme, J. Phys. 93, 161 (1821),

http://kirkmcd.princeton.edu/examples/EM/oersted_jp_93_161_21.pdf

[17] A.M. Ampère, Notes relatives au Mémoire de M. Faraday, Ann. Chem. Phys. 18, 370 (1821), http://kirkmcd.princeton.edu/examples/EM/ampere_acp_18_370_21.pdf

[18] A.M. Ampère, Sur une mouvelle Expérience électro-magnétique, J. Phys. Chem. 93, 447 (1821), http://kirkmcd.princeton.edu/examples/EM/ampere_jpc_93_447_21.pdf

[19] A.M. Ampère, Mémoires sur l’Électromagnétisme et l’Électrodynamique (Gauthier- Villars, 1821), http://kirkmcd.princeton.edu/examples/EM/ampere_memoires_1921.pdf

[20] A.M. Ampère, Expériences relatives à de nouveaux phénomènes électro-dynamiques, Ann. Chem. Phys. 20, 60 (1822), kirkmcd.princeton.edu/examples/EM/ampere_acp_20_60_22.pdf

[21] A.M. Ampère, Mémoire sur la détermination de la formule qui représente l’action mutuelle de deux portions infiniment petites de conducteurs voltaïques, Ann. Chem. Phys. 20, 398, 422 (1822), kirkmcd.princeton.edu/examples/EM/ampere_acp_20_398_22.pdf

[22] A. de La Rive fils, Sur l’Action qu’exerce le globe terrestre sur une portion mobile du circuit voltaïque, Ann. Chemie Phys. 21, 24 (1822),

kirkmcd.princeton.edu/examples/EM/ampere_delarive_acp_21_24_22.pdf

[23] A.M. Ampère, Extrait d’un Mémoire sur les Phénomènes électro-dynamiques, Ann.

Chem. Phys. 26, 134, 246 (1824),

kirkmcd.princeton.edu/examples/EM/ampere_acp_26_134_24.pdf

[24] A.M. Ampère, Description d’un appareil électro-dynamique, Ann. Chem. Phys. 26, 390 (1824), kirkmcd.princeton.edu/examples/EM/ampere_acp_26_390_24.pdf

[25] J.-B. Biot, Précis Élėmentaire de Physique Expérimentale, 3^{rd} ed., Vol. 2 (Paris, 1820), pp. 704-774, kirkmcd.princeton.edu/examples/EM/biot_precis_24_v2.pdf English translation on p. 119 of [64].

[26] A.M. Ampère, Mémoire sur une nouvelle Éxperience électro-dynamique, sur son application à la formule qui représente l’action mutuelle de deux élemens de conducteurs voltaïques, et sur de nouvelle conséquences déduites de cette formule, Ann. Chem. Phys. 29, 381 (1825), kirkmcd.princeton.edu/examples/EM/ampere_acp_29_381_25.pdf

[27] A.M. Ampère, Sur la théorie mathématique des phénomènes électro-dynamiques uniquement déduite de l’expérience, dans lequel se trouvent réunis les Mémoires que M. Ampère a communiqués à l’Académie royale des Sciences, dans les séances des 4 et 26 décembre 1820, 10 juin 1822, 22 décembre 1823, 12 septembre et 21 novembre 1825, Mém. Acad. Roy. Sci. 8 (1827), http://kirkmcd.princeton.edu/examples/EM/ampere_memoires_23-25.pdf

[28] A.M. Ampère, Théorie mathématique des Phénomènes électro-dynamiques uniquement déduite de l’Expérience, 2nd ed. (Paris, 1883),

kirkmcd.princeton.edu/examples/EM/ampere_theorie_26_83.pdf

English translation in [87].

[29] M. Faraday, Experimental Researches in Electricity, Phil. Trans. Roy. Soc. London 122, 125 (1832), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_122_163_32.pdf

[30] A.-M. Ampère, Expériences sur les Courans électriques produits par l’influence par d’un autre courant, Ann. Chim. Phys. 48, 405 (1831),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_48_405_31.pdf

[31] E. Lenz, Ueber die Bestimmung die Richting der durch elektrodynamische Vertheilung erregten gavanischen Ströme, Ann. d. Phys. 31, 483 (1834),

http://kirkmcd.princeton.edu/examples/EM/lenz_ap_31_483_34.pdf

Partial translation, p. 511 of [62].

[32] J. MacCullagh, An Essay toward a dynamical Theory of crystalline Reflexion and Refraction, Trans. Roy. Irish Acad. 21, 17 (1839),

kirkmcd.princeton.edu/examples/optics/maccullagh_tria_21_17_39.pdf

[33] W. Weber, Unipolare Induction, in Resultate aus der Beobachtungen des magnetishes Vereins im Jahre 1839, C.F. Gauss and W. Weber, eds. (Weidemanns, Leipzig, 1940), p. 63, http://kirkmcd.princeton.edu/examples/EM/weber_40.pdf Ann. d. Phys. 52, 353 (1841),

http://kirkmcd.princeton.edu/examples/EM/weber_ap_52_353_41.pdf

[34] H. Grassmann, Die Wissenschaft der extensiven Grösse oder die Ausdehnungslehre (Wigand, Leipzig, 1844), http://kirkmcd.princeton.edu/examples/EM/grassmann_44.pdf

[35] M. Faraday, Experimental Researches in Electricity.—Twentieth Series, Phil. Trans.

Roy. Soc. London 136, 21 (1846), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_136_21_46.pdf

[36] M. Faraday, Experimental Researches in Electricity.—Twenty-first Series, Phil. Trans.

Roy. Soc. London 136, 41 (1846), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_136_41_46.pdf

[37] H. Grassmann, Neue Theorie der Elektrodynamik, Ann. d. Phys. 64, 1 (1845),

kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45.pdf
kirkmcd.princeton.edu/examples/EM/grassmann_ap_64_1_45_english.pdf

[38] F.E. Neumann, Allgemeine Gesetze der inducirten elektrischen Ströme, Abh. König.

Akad. Wiss. Berlin 1, 45 (1845), kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_45.pdf

[39] W. Weber, Elektrodynamische Maassbestimmungen, Abh. König. Sächs. Gesell. Wiss.

209 (1846), kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46_english.pdf

[40] F.E. Neumann, Über ein allgemeines Princip der mathematischen Theorie inducirter elektrischer Ströme, Abh. König. Akad. Wiss. Berlin, 1 (1847),

kirkmcd.princeton.edu/examples/EM/neumann_akawb_1_47.pdf

[41] W. Weber, Elektrodynamische Maassbestimmungen, Ann. d. Phys. 73, 193 (1848),

http://kirkmcd.princeton.edu/examples/EM/weber_apc_73_193_48.pdf
http://kirkmcd.princeton.edu/examples/EM/weber_apc_73_193_48_english.pdf

[42] W. Weber, Ueber die Erregung und Wirkung des Diamagnetismus nach den Gesetzen induciirter Ströme, Ann. d. Phys. 73, 241 (1848),

http://kirkmcd.princeton.edu/examples/EM/weber_apc_73_241_48.pdf
http://kirkmcd.princeton.edu/examples/EM/weber_apc_73_241_48_english.pdf

[43] M. Faraday, Experimental Researches in Electricity.—Twenty-fifth Series, Phil. Trans.

Roy. Soc. London 141, 7 (1851), kirkmcd.princeton.edu/examples/EM/faraday_ptrsl_141_7_51.pdf

[44] W. Weber, Ueber den Zusammenhang der Lehre vom Diamagnetismus mit der Lehre von dem Magnetismus und der Elektricität, Ann. d. Phys. 87, 145 (1852),

http://kirkmcd.princeton.edu/examples/EM/weber_ap_87_145_52.pdf
http://kirkmcd.princeton.edu/examples/EM/weber_ap_87_145_52_english.pdf

[45] M. Faraday, On Magnetic Hypotheses, Proc. Roy. Inst. 1, 457 (1854),

http://kirkmcd.princeton.edu/examples/EM/faraday_pri_v1.pdf

[46] W. Weber and R. Kohlsrausch, Ueber die Elektricitätsmenge, welche bei galvanischen Strömen durch den Querschnitt der Kette fliesst, Ann. d. Phys. 99, 10 (1856),

kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56.pdf
kirkmcd.princeton.edu/examples/EM/weber_ap_99_10_56_english.pdf

[47] W.R. Hamilton, Elements of Quaternions, (Longmans, Green, 1866),

http://kirkmcd.princeton.edu/examples/EM/hamilton_elements_of_quaternions_66.pdf

[48] C.F. Gauss, Werke, Vol. 5 (Göttingen, 1867),

kirkmcd.princeton.edu/examples/EM/gauss_werke_v5.pdf

[49] W. de Fonveille, Thunder and Lightning (Scribner, 1869),

kirkmcd.princeton.edu/examples/EM/fonvielle_lightning.pdf

[50] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873),

http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf
http://kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[51] H. Helmholtz, Ueber die Theorie der Elektrodynamik. Dritte Abhandlung. Die Elektrodynamische Kräfte in bewegten Leitern, J. Reine Angew. Math. 78, 273 (1874), p. 309,

http://kirkmcd.princeton.edu/examples/EM/helmholtz_jram_78_273_74.pdf

[52] H.A. Rowland, On the Magnetic Effect of Electric Convection, Am. J. Sci. 15, 30 (1878),

http://kirkmcd.princeton.edu/examples/EM/rowland_ajs_15_30_78.pdf

[53] H. Grassmann, Der Ort der Hamilton’schen Quaternionen in der Ausdehnungslehre, Math. Ann. 12, 375 (1877), http://kirkmcd.princeton.edu/examples/EM/grassman_ma_12_375_77.pdf

[54] W.K. Clifford, Applications of Grassmann’s Extensive Algebra, Am. J. Math. 2, 705 (1878), http://kirkmcd.princeton.edu/examples/EM/clifford_ajm_1_350_78.pdf

[55] E.H. Hall, On a New Action of the JMagnet on Electric Currents, Am. J. Math. 2, 287 (1879), http://kirkmcd.princeton.edu/examples/EM/hall_ajm_2_287_79.pdf

[56] Wilhelm Weber’s Werke, Vol. 3 (Springer, 1893),

kirkmcd.princeton.edu/examples/EM/weber_werke_v3.pdf

[57] S.P. Thompson, Note on a Neglected Experiment of Ampère, Phil. Mag. 39, 534 (1895),

http://kirkmcd.princeton.edu/examples/EM/thompson_pm_39_534_95.pdf

[58] E. Whittaker, A History of the Theories of Aether and Electricity (Longmans, Green, 1910), kirkmcd.princeton.edu/examples/EM/whittaker_history.pdf

[59] R.C. Stauffer, Persistent Errors Regarding Oersted’s Discovery of Electromagnetism, Isis 44, 307 (1953), http://kirkmcd.princeton.edu/examples/EM/stauffer_isis_44_307_53.pdf

[60] R.C. Stauffer, Speculation and Experiment in the Background of Oersted’s Discovery of Electromagnetism, Isis 48, 33 (1957),

http://kirkmcd.princeton.edu/examples/EM/stauffer_isis_48_33_57.pdf

[61] L.P. Williams, Ampère’s Electrodynamic Molecular Model, Contemp. J. Phys. 4, 113 (1962), http://kirkmcd.princeton.edu/examples/EM/williams_cp_4_113_62.pdf

[62] W.F. Magie, A Source Book in Physics (Harvard U. Press, 1963),

http://kirkmcd.princeton.edu/examples/EM/magie_63.pdf

[63] S. Ross, The Search for Electromagnetic Induction 1820-1831, Notes Rec. Roy. Soc.

London 20, 184 (1965), http://kirkmcd.princeton.edu/examples/EM/ross_nrsl_20_184_65.pdf

[64] R.A.R. Tricker, Early Electrodynamics, the First Law of Circulation (Pergamon, 1965),

http://kirkmcd.princeton.edu/examples/EM/tricker_early_em.pdf

[65] J.D. Miller, Rowland and the Nature of Electric Currents, Isis 63, 5 (1972),

http://kirkmcd.princeton.edu/examples/EM/miller_isis_63_5_72.pdf

[66] J.D. Jackson, The Nature of Intrinsic Magnetic Dipole Moments, CERN-77-17 (1977),

kirkmcd.princeton.edu/examples/EM/jackson_CERN-77-17.pdf

[67] K.L. Caneva, Ampère, the Etherians, and the Oersted Connexion, Brit. J. Hist. Sci. 13, 121 (1980), http://kirkmcd.princeton.edu/examples/EM/caneva_bjhs_13_121_80.pdf

[68] C. Blondel, A.M. Ampère et la Création de lÉlectrodynamique (1820-1827) (Bibliothèque National, Paris, 1982), http://kirkmcd.princeton.edu/examples/EM/blondel_ampere.pdf

[69] L.P. Williams, What were Ampère’s Earliest Discoveries in Electrodynamics? Isis 74, 492 (1983), kirkmcd.princeton.edu/examples/EM/williams_isis_74_492_83.pdf

[70] L.D. Landau and E.M. Lifshitz, The Classical Theory of Fields, 4^{th} ed. (Butterworth- Heinemann, 1975), http://kirkmcd.princeton.edu/examples/EM/landau_ctf_71.pdf

[71] E. Mendoza, Ampère’s experimental proof of his law of induction: i_2 ∝ i_1, Eur. J. Phys.

6, 281 (1985), http://kirkmcd.princeton.edu/examples/EM/mendoza_ejp_6_281_85.pdf

[72] L.P. Williams, Why Ampère did not discover electromagnetic induction, Am. J. Phys.

54, 306 (1986), http://kirkmcd.princeton.edu/examples/EM/williams_ajp_54_306_86.pdf

[73] J.R. Hofmann, Ampère’s Invention of Equilibrium Apparatus: A Response to Experimental Anomaly, Brit. J. Hist. Sci. 20, 309 (1987),

http://kirkmcd.princeton.edu/examples/EM/hofmann_bjhs_20_309_87.pdf

[74] J.R. Hofmann, Ampère, Electrodynamics, and Experimental Evidence, Osiris 3, 45 (1987), http://kirkmcd.princeton.edu/examples/EM/hofmann_osiris_3_45_87.pdf

[75] J.P. Wesley, On Peoglos’ measurement of the force on a portion of a current loop due to the remainder of the loop, J. Phys. D 22, 849 (1989),

kirkmcd.princeton.edu/examples/EM/wesley_jpd_22_849_89.pdf

[76] J.J. Roche, A Critical Study of the Vector potential, in Physicists Look Back: Studies in the History of Physics, J.J. Roche ed. (Adam Hilger, 1990), p. 144,

kirkmcd.princeton.edu/examples/EM/roche_144_90.pdf

[77] O. Darrigol, The Electrodynamics of Moving Bodies from Faraday to Hertz, Centaurus 36, 245 (1993), http://kirkmcd.princeton.edu/examples/EM/darrigol_centaurus_36_245_93.pdf

[78] A.K.T. Assis and D.S. Thober, Unipolar Induction and Weber’s Electrodynamics, in Frontiers of Fundamental Physics, M. Barone and F. Selleri, eds. (Plenum Press, 1994), p. 409, http://kirkmcd.princeton.edu/examples/EM/assis_ffp_409_94.pdf

[79] J.R. Hofmann, André-Marie Ampère: Enlightenment and Electrodynamics Cambridge U. Press, 1995).

[80] S. Stringari and R.R. Wilson, Romagnosi and the discovery of electromagnetism, Rend.

Fis. Acc. Lincei 11, 115 (2000), kirkmcd.princeton.edu/examples/EM/stringari_rfal_11_115_00.pdf

[81] O. Darrigol, Electrodynamics from Ampère to Einstein (Oxford U. Press, 2000).,

http://kirkmcd.princeton.edu/examples/EM/darrigol_em_00.pdf

[82] J.D. Jackson and L.B. Okun, Historical roots of gauge invariance, Rev. Mod. Phys. 73, 663 (2001), kirkmcd.princeton.edu/examples/EM/jackson_rmp_73_663_01.pdf

[83] V. Courtillot and J.-L. Le Mouël, The Study of Earth’s Magnetism (1269-1950): A Foundation by Peregrinus and Subsequent Development of Geomagnetism and Paleomagnetism, Rev. Geophys. 45, RG3008 (2007),

kirkmcd.princeton.edu/examples/EM/courtillot_rg_45_RG3008_07.pdf

[84] K.T. McDonald, Charge Density in a Current-Carrying Wire (Dec. 20 2010),

kirkmcd.princeton.edu/examples/wire.pdf

[85] K.T. McDonald, J.J. Thomson and Hidden Momentum (Apr. 30, 2014),

kirkmcd.princeton.edu/examples/thomson.pdf

[86] K.T. McDonald, Forces on Magnetic Dipoles (Oct. 26, 2014),

kirkmcd.princeton.edu/examples/neutron.pdf

[87] A.K.T. Assis and J.P.M.C. Chaib, Ampère’s Electrodynamics (Aperion, 2015),

kirkmcd.princeton.edu/examples/EM/assis_ampere_15.pdf

[88] C. Blondel and A. Benseghir, The key role of Oersted’s and Ampère’s 1820 electromagnetic experiments in the construction of the concept of electric current, Am. J. Phys. 85, 369 (2017), http://kirkmcd.princeton.edu/examples/EM/blondel_ajp_85_369_17.pdf

[89] K.T. McDonald, Is Faradays Disk Dynamo a Flux-Rule Exception? (July 27, 2019),

http://kirkmcd.princeton.edu/examples/faradaydisk.pdf