Charge Density in a Current-Carrying Wire

Kirk T. McDonald Joseph Henry Laboratories, Princeton University, Princeton, NJ 08544 (December 23, 2010; updated January 19, 2019)

1 Problem

Discuss the volume densities ρ_+ and ρ_− < 0 of positive and negative electric charges in a wire that carries a steady current, assuming that in the lab frame the positive charges are at rest and the current is due to negative charges (electrons) that all have speed v.

This problem seems to have been first considered in 1877 by Clausius [1, 2], who argued that the force on an electric charge at rest outside the wire is zero in the lab frame of the wire, but it was noticed [3, 4] that this implies a nonzero force in the rest frame of the charges whose motion in the lab constitutes the electrical current there.^1

2 Solution

Discussions of the force on a charged particle outside a current-carrying wire often assume that the wire is electrically neutral.^2 This problem explores how this assumption is not quite correct for resistive, current-carrying wires.

We give solutions both in the lab frame and in the rest frame of the conduction electrons, using both Maxwell’s equations and special relativity.

We note that for current to flow in a resistive wire, there must be an axial electric field inside the wire, which requires a surface charge distribution that varies with position along the wire. See, for example, [8]-[48]. The surface charge distribution could include a uniform term of any magnitude. These surface charges are kept from leaving the surface by quantum effects often summarized by the term “work function.” Likewise, the positive charges in the interior of the wire are held together in a lattice by quantum effects. We suppose that the positive charge density ρ_+ is uniform in the lab frame.

In this problem we assume that the conduction electrons can be described classically. Then, for steady axial motion, there must be zero radial force on these electrons.

We use a cylindrical coordinate system (r, ϕ, z) whose axis is the axis of the wire. We suppose that the flow of conducting electrons is purely axial, and azimuthally symmetric. The negative charge density, ρ_−, could depend on the radius r. The electric field E has no azimuthal component, while the magnetic field B has only an azimuthal component.

1A related issue is that a conductor moving in a (static) magnetic field is also not quite electrically neutral [5, 6, 7].

2This assumption was advocated by Clausius [1], who also argued that electrical current is due only to the flow of one sign of charge, as can be assumed in this problem. See the Appendix for discussion of currents of both signs.

2.1 Lab Frame

For steady flow of current, the axial component of the electric field must be independent of z. Then, assuming that there is no azimuthal component to the electric field, Maxwell’s first equation tells us that,

∇ · E = 1 r ∂ ∂r (rE_r) = 4πρ(r) = 4π[ρ_+ + ρ_−(r)] (1)

(in Gaussian units). The radial component of the electric field vanishes at r = 0, so we find that, E_r(r) = 4π r ∫_r 0 r^′[ρ_+ + ρ_−(r^′)] dr^′ (2)

(in Gaussian units).

The azimuthal magnetic field is due to the motion of the negative charges with velocity v = v ẑ, and Ampère’s law implies that,

B_ϕ(r) = 4πv cr ∫_r 0 r^′ρ_−(r^′) dr^′. (3)

The Lorentz force density on the negative charges is,

f_−(r) = ρ_−(r) ( E(r) + v c × B(r) )

= ρ_−(r) { 4π r̂ r ∫_r 0 r^′ [ ρ_+ + ρ_−(r^′) ( 1 − v^2 c^2 )] dr^′ + E_z(r) ẑ } . (4)

For steady axial motion of the conduction electrons, the radial force on them must vanish at all r inside the wire, which implies that the negative charge density is uniform with value,

ρ_− = − ρ_+ 1 − v^2/c^2

= −γ^2ρ_+, (5)

and the total charge density is,^3

ρ = ρ_+ + ρ_− = ρ_− v^2 c^2

, (6)

where, γ = 1 √ 1 − v^2/c^2

. (7)

The positive charge density is less than the negative by one part in 10^{21} for v = 1 cm/s. This corresponds roughly to 10 more electrons than protons in each cubic millimeter of copper wire.^4

3This result may have first appeared in [17].

4Some authors appear to argue that if a system of battery and wire is electrically neutral before the battery is connected (unlikely to be true in practice), with the initial charge densities ρ_+ and ρ_− being “exactly” equal, it is impossible that this condition changes, even by one part in 10^{21}, after the battery is connected. Some of this debate is reviewed in [46].

Using eq. (5) in eqs. (2)-(3), the radial electric field and azimuthal magnetic field inside the wire are,

E_r(r) = −2π(γ^2 − 1)ρ_+r, B_ϕ(r) = −

2πγ^2vρ_+r c . (8)

Because of the small difference between the positive and negative charge densities, the positive charges experience a small inward radial force density (in addition to the axial force due to collisions with the conduction electrons),

f_{+,r} = ρ_+E_r(r) = −2π(γ^2 − 1)ρ^2_+r = −

2πγ^2v^2ρ^2_+r c^2

. (9)

This example tacitly assumes that the wire can support an internal magnetic field, which requires the wire to have finite conductivity σ. In this case, there must exist a longitudinal electric field inside the wire of magnitude E_z = I/πa^2σ, where a is the radius of the wire. This longitudinal electric field could be due to a “battery”, or it could be induced by a changing magnetic field B_{ext}(t) external to the wire. In the latter case, there would be a (time-dependent) I × B_{ext} force transverse to the wire axis and a (time-dependent) internal electric field transverse to the axis to cancel this force, as noted by Hall [49] for steady external fields. We do not pursue this case further here, but content ourselves by supposing the current is due to a “battery” that can supply whatever charge is needed to maintain the longitudinal electric field E_z, which is associated with a surface electric charge density [35], such that the linear charge density λ(z) of the wire need not be zero.

The results of this section were obtained without use of special relativity (although we use the symbol γ, eq. (7), commonly associated with that theory), and they are based on only the equations of electro- and magnetostatics. However, they do assume that electrical currents can be regarded as due to moving electrical charges (convection currents), which was not considered to be demonstrated until the work of Rowland in 1876 [50, 51]. All of the premises of this section also hold in so-called Galilean electrodynamics, formulated in 1973 [52], and hence the conclusions of this section also hold in that view.

2.2 Rest Frame of the Conduction Electrons

We denote quantities in the rest frame of the conduction electrons with a^⋆. Thus, the velocity of the positively charged particles in the^⋆ frame is v^⋆_+ = −v ẑ.

If the radial electric field E^⋆_r were nonzero the conduction electrons would experience a radial force. Hence, we expect the radial electric field, and the bulk charge density ρ^⋆, to vanish in the^⋆ frame.

The Lorentz contraction of a moving “stick” results in an observer of a “stick of charge” reporting a charge density larger by a factor γ than that in the rest frame of the “stick.” Thus, the density ρ_− of negative charge in the lab frame is larger than that in the^⋆ frame,

ρ_− = γρ^⋆_− [ = γ ( ρ^⋆_− + v · J^⋆_− c^2 )] , (10) since J^⋆_− = 0 in the^⋆ frame. In contrast, the density ρ^⋆_+ of positive charge in the^⋆ frame is larger than that in the lab frame,

ρ^⋆_+ = γρ_+ [ = γ ( ρ_+ − v · J_+ c^2 )] , (11)

since J_+ = 0 in the lab frame. The total charge density in the^⋆ frame is,

ρ^⋆ = ρ^⋆_+ + ρ^⋆_− = γρ_+ − γ^2ρ_+ γ = 0. (12)

Thus, the bulk charge density of a current-carrying wire vanishes in the rest frame of the conduction charges, rather than in the lab frame [25].

The positive charges experience a magnetic Lorentz force density in the^⋆ frame,

f^⋆_{+,r} = − ρ^⋆_+vB^⋆_ϕ c = − 2πρ^⋆_+^2v^2r c^2 = − 2πγ^2v^2ρ^2_+r c^2

= f_{+,r}. (13)

This transverse Lorentz force is the same in the lab and the^⋆ frames, as expected for the transverse spatial component of a 4-vector.^5

2.3 Galilean Electrodynamics

In sec. 2.2 we used Einstein’s theory of special relativity [53], but in the 1800’s it was more natural to assume that quantities in two different (inertial) frames were related by Galilean transformations. Of course, Galileo did not consider the transformation of electromagnetic fields between two frames, but only the transformation of the spacetime coordinates (x, y, z, t).

One consequence of Galilean relativity is that force vectors are invariant. So if the force on the conduction electrons vanishes in the lab frame, it also vanishes in the^⋆ frame of the conduction electrons in Galilean relativity. Hence, considerations of the internal force density in a current carrying wire in two different frames cannot distinguish special relativity from Galilean relativity.

While many workers in the 1800’s considered aspects of the transformation of electromagnetic fields between (inertial) frame, assuming that Galilean relativity was valid here, it is surprising that a consistent view of this did not emerge until 1973 in an interesting paper by LeBellac and Levy-Léblond [52]. In this view there are no electromagnetic waves, and only quasistatic phenomena, so this notion is hardly compatible with Maxwellian electrodynamics,^6 but it can suffice for the present example.

5The Lorentz force f = ρE + J/c × B on a charge-current density 4-vector j_μ = (ρ, J/c) is the spatial component of the 4-vector f_{Lorentz,μ} = (J · E/c, f). Thus, the Lorentz force density is “more relativistic” than the so-called Minkowski force based on the Newtonian relation F = ma, for which the 4-vector relation is f_{Minkowski,μ} = (γF · β, γF) for the force on a particle of velocity v = βc, where γ = 1/ √ 1 − v^2/c^2, in that the Minkowski force has the awkward factor of γ in its spatial components. Of course, the (Minkowski) force F = f dVol on a charged volume element, dVol, is not a component of a 4-vector; however, γF = fγ dVol is.

6It is argued in [54] that people should have deduced special relativity immediately after Maxwell’s equations were written down (and without considerations of propagation of light).

In fact, there are two variants of Galilean electrodynamics, so-called electric Galilean relativity in which the transformations between two inertial frames with relative velocity v are (sec. 2.2 of [52], but given here in Gaussian units),^7

ρ^′_e = ρ_e, J^′_e = J_e − ρ_ev (c |ρ_e| ≫ |J_e|),

E^′_e = E_e, B^′_e = B_e − v c × E_e f_e = ρ_eE_e (electric), (14)

and so-called magnetic Galilean relativity (sec. 2.3 of [52]) with transformations,

ρ^′_m = ρ_m − v c^2

· J_m J^′_m = J_m (c |ρ_e| ≪ |J_e|),

E^′_m = E_m + v c × B_m, B^′_m = B_m f_m = ρ_m ( E_m + v c × B_m ) (magnetic). (15)

For comparison, the low-velocity limit of special relativity^8 has the transformations,

ρ^′_s ≈ ρ_s − v c^2

· J_s J^′_s ≈ J_s − ρ_sv,

E^′_s ≈ E_s + v c × B_s, B^′_s ≈ B_s − v c × E_s (special relativity, v ≪ c). (16)

Only electric Galilean relativity (14) applies to the present example, since the conduction current obeys J = ρ_−v ≪ ρ_−c. Note that there is no v × B_e force in this case. Since electric charge density ρ_e and electric field E_e are invariant, so is the force density f_e, and the force on the conduction electrons vanishes in both the lab frame and the^⋆ frame.

2.4 Clausius’ Paradox

Clausius (1877) [1, 2] did not consider forces on the conduction electrons inside the wire, but rather the force on a charge q outside the wire and at rest with respect to it in the lab frame, arguing that this force must be zero.^9 It seems to this author that Clausius confused the requirement that the radial force on the conduction electrons inside the wire must be zero with the force on an external charge at rest, which latter force need not be zero. As such, he did not make the argument of sec. 2.1 that shows that the volume charge density inside a current carrying wire is nonzero. Instead, assuming that the force on an external charge must be zero, he postulated that the total charge density inside the wire is zero, ρ_+ + ρ_− = 0.^{10} Perhaps the simplicity of this assumption convinced many people that it must be true, as it is often made.^{11}

7In Galilean electrodynamics the symbol c does not represent the speed of light (as light does exist in this theory), but only the function 1/ √ ϵ_0μ_0 of the (static) permittivity and permeability of the vacuum.

8Of course, electromagnetic waves can exist in special relativity, and propagate in vacuum with speed c. 9See the bottom of p. 86 of [1].

10This has been called the Clausius Postulate in [55]. A variation is the claim [33] that while the volume charge density ρ inside a wire can be nonzero, the total linear charge density of a wire must be zero in the lab frame; but the only physical requirement is that the total charge in/on the circuit be the same before and after the current is excited.

11A (surprising) example of the use of the Clausius Postulate is sec. 13-6 of [56]. This postulate is claimed to be “evident” after eq. (7.5), ∇ · E = ∇ · J/σ = 0, of [58], inside a conductor of conductivity σ with steady

Besides having a small nonzero internal charge density, current-carrying resistive wires have a surface charge density [35]. Here, we will follow Clausius (joining his many followers) in ignoring the effect of the surface charge density on the external charge q.

Then, assuming (electric) Galilean relativity for the transformation of the charge density to the^⋆ frame of the conduction electrons, the total charge density is zero in this frame as well as in the lab frame.

However, the positive charges are in motion in the^⋆ frame, and generate a magnetic field of the same strength as the field of the moving electrons in the lab frame, B^⋆ = B.^{12} So, if we believe that there exists a v × B force on charge q in the^⋆ frame, the wire exerts a nonzero force on this charge in this frame, but the force is zero in the lab frame. This is Clausius’ paradox.^{13}

It did not occur to anyone prior to 1973 that electric Galilean relativity [52], eq. (14), has no v × B force, which avoids the paradox from one perspective.

Budde (1880) [60, 61] surmised that the charge densities are not the same in the^⋆ frame and the lab frame, and that the wire has a “compensation charge” in that frame sufficient to bring the Lorentz force to zero. This suggestion is a precursor of the argument of special relativity (given in sec. 13-6 of [56] for the assumption that ρ_+ + ρ_− = 0 in the lab frame), as acknowledged by Lorentz on p. 1242 of [62]. However, we argue that there is actually a small nonzero electromagnetic force (of order v^2/c^2) on the external charge in both the lab frame and in the^⋆ frame, related according to special relativity.^{14}

The ingredients of Clausius’ paradox were mostly in place in 1865 in Maxwell’s Dynamical Theory of the Electromagnetic Field [66]: the Biot-Savart force density, f = ρE + J/c × B, and the time-independent electromagnetic equations, ∇ · E = 4πρ, ∇ × E = 0, ∇ · B = 0, and ∇ × B = 4πJ/c. These have the implication that “static” electricity and magnetism involving currents with charge motion at velocity v include effects of order v^2/c^2 in the lab frame,^{15} and that a consistent view of these effects in a moving frame (such as the rest frame of the moving charges) requires special relativity rather than Galilean relativity. Yet, it took 40 years for these consequences to be appreciated fully.

It is now sometimes said that electricity plus special relativity imply magnetism, but a more historical view is that (static) electricity plus magnetism implies special relativity.

current density J. However, the magnetic field inside the conductor should be included in the generalized Ohm’s law (due to Hall (1879) [49]), J = σ(E + v/c × B), such that 0 = ∇ · J/σ = ∇ · E − v · ∇ × B. Then, the charge density is related by ρ = v · J/c^2 = ρ_−v^2/c^2 as found in eq. (6).

The Clausius postulate was also assumed in sec. 5.9 of [57]. 12This is consistent with the field transformations listed in eq. (14).

13This paradox was actually posed by Fröhlich [3, 4], in the context of the debate between Clausius and Weber as to whether electrical currents involve motion of both positive and negative charges (Weber [59]), or charges of only one sign (Clausius [1]). For an extensive discussion of the themes of this note, including the Clausius-Weber debate, see [41].

14In practice, the necessary surface charges on the current-carrying wire also exert a small force on the external charge, so it is not easy to distinguish the two components of the force in experiments [63, 64, 65].

15Discussion of electricity and magnetism in the early 1800’s was decoupled from the issue of whether the surface of the Earth was a rest frame for the æther that supported propagation of light.

2.5 Circular Loop of Current

The preceding discussion has tacitly assumed that any curvature of the wire can be ignored. For conduction electrons at radius r from the center of a circular loop of wire, the radial electromagnetic force must not be zero, as assumed above, but rather mv^2/r, where m is the (relativistic) mass of the electron, with this force pointing towards the center of the loop. Some azimuthal asymmetry in the current density and/or in the surface charge density is needed to provide this centripetal force.

A Appendix: Currents of Both Signs

The preceding discussion has tacitly assumed that electrical current in resistive conductors consists of the flow of only one sign of charged particles, namely, electrons. This was not clear until Hall’s work in 1879 [49], and Weber’s electrodynamics [41] assumed that the current consisted of flow of charges of both signs.^{16}

Assuming the charge inside the wire consists of only two species with charge densities ρ_+(r) and ρ_−(r) inside the wire with z-velocities v_+ and v_− independent of radius r, the radial electric field inside the wire is still given by eq. (2) while the azimuthal magnetic field is now, B_ϕ(r) = 4π cr ∫_r 0 r^′[v_+ρ_+(r^′) + v_−ρ_−(r^′)] dr^′. (17)

The radial component of the Lorentz force density on the negative charges is,

f_{−,r} =

4πρ_−(r) r ∫_r 0 r^′ [ ρ_+(r^′) + ρ_−(r^′) − v_−v_+ρ_+(r^′) c^2 − v^2_−ρ_−(r^′) c^2 ] dr^′, (18)

and that on the positive charges is,

f_{+,r} =

4πρ_+(r) r ∫_r 0 r^′ [ ρ_+(r^′) + ρ_−(r^′) − v^2_+ρ_+(r^′)

c^2 − v_+v_−ρ_−(r^′) c^2 ] dr^′. (19)

For steady axial motion both radial forces must separately vanish at all r inside the wire, which implies that,

ρ_+(1 − v_+v_−/c^2) = −ρ_−(1 − v^2_−/c^2), ρ_+(1 − v^2_+/c^2) = −ρ_−(1 − v_+v_−/c^2), (20)

(1 − v_+v_−/c^2)^2 = (1 − v^2_−/c^2)(1 − v^2_+/c^2), (21)

v^2_+ − 2v_+v_− + v^2_− = 0, (22)

v_+ = v_−, (23)

16There was a long tradition of the assumption of currents of both signs, including Oersted [67], Ampère [68] and Fechner [69]. Clausius (1877) [1] was perhaps the first to go against this trend.

and then eq. (20) tells us that,

ρ_− = −ρ_+, ρ = ρ_+ + ρ_− = 0, J_z = ρ_+v_+ + ρ_−v_− = 0. (24)

Thus, it appears that a model of steady electrical current as involving flow of two species of charged particles (both of which are in motion) is inconsistent, if the only radial force on the currents is electromagnetic.^{17,18}

B Appendix: Square Current Loop

This Appendix added Oct. 22, 2020, based on a comment by G. D’Abramo.

We discuss how charge conservation applies to a square loop of electric current, as viewed in both its rest frame and in a frame where the loop has velocity v parallel to two of its side. We neglect the surface charge on the wire.

Suppose that in the rest frame of the loop each of its four sides (of rest length L) has positive lattice charge q_+. Then if the speed of the conduction electrons in the rest frame is u, the total charge of the conduction electrons in each of the four sides is (in the rest frame of the loop),

q_− = −q_+(1 − u^2/c^2), (25)

recalling eq. (5).

In any inertial frame, the positive charge observed on each of the four sides of the loop (which does not appear to be square in general) is q_+. And in any inertial frame the total negative charge on all four sides of the loop is 4q_−. However, the negative charge on a particular side of the loop is not, in general, q_−.

We illustrate this for observations of the charge on the sides of the loop at time t^′ = 0 in the^′ frame where the loop has velocity v = v x̂. The loop has its corners at (x, y) = (0, 0), (0, L), (L, 0) and (L, L) in its rest frame. We also suppose that the velocity of the conduction electrons in the side from (0, 0) to (0, L) is u = u x̂.

The coordinates of points in the^′ frame are related to those in the rest frame of the loop by the Lorentz transformations,

x^′ = γ(x − vt), y^′ = y, t^′ = γ ( t − vx c^2 ) , γ = 1 √ 1 − v^2/c^2

. (26)

Then, at t^′ = 0, points with x = L correspond to, t = vL c^2

, x^′ = γ ( L − v^2 c^2 L ) = L γ , (27)

17We could also regard the symbols + and − to represent two flows of the same sign of charge with different charge densities and speeds, and conclude that this is not possible.

18If ρ_− = −ρ_+ and v_− = −v_+, then f_{−,r} = f_{+,r} < 0. So, if the moving charges behave like fluids that can support a pressure with a radial gradient that generates an outward force on the fluid currents, the two-species model can be consistent.

and in the^′ frame the sides parallel to the x-axis (and to v) appear to be Lorentz contracted (with lenght L/γ, while the sides perpendicular to v appear to have the uncontracted length L. Since all points on each of the sides perpendicular to v at time t^′ = 0 correspond to a single time in the rest frame, these side are observed in the^′ frame to have the same negative charge as in the rest frame at a fixed time,

q^′ = q_− [sides from (x, y) = (0, 0) to (0, L) and (L, 0) to (L, L)]. (28)

However, at time t^′ = 0 different points on the sides parallel to v correspond to different times in the rest frame, so the negative (moving) charge in these sides is different from q−.

In particular, the point (x, y) = (0, 0) corresponds to (x^′, y^′) = (0, 0) when t^′ = 0, so an electron at this point at time t = 0 is also the electron at the point (x^′, y^′) = (0, 0) at time t^′ = 0. However, the point (x, y) = (L, 0) corresponds to (x^′, y^′) = (L/γ, 0) and time t = vL/c^2 when t^′ = 0. Thus, the moving, negative charge at this point at time t^′ = 0 was at x = L − ut = L(1 − uv/c^2) in the rest frame at time t = 0, recalling that the velocity of the charge in the side from (0, 0) to (L, 0) is u x̂ in the rest frame. Hence, the charge observed in the^′ frame at t^′ = 0 in this side is only,

q^′ = q_− ( 1 − uv c^2 ) [side from (x, y) = (0, 0) to (L, 0)]. (29)

In contrast, the velocity of the charge in the side from (0, L) to (L, L) is −u x̂ in the rest frame, so the charge at the point (x^′, y^′) = (L/γ, L) at t^′ = 0 was at (x, y) = (L, L − uvL/c^2 at time t = 0, and the charge observed in the^′ frame in this side is greater than that in the rest frame,

q^′ = q_− ( 1 + uv c^2 ) [side from (x, y) = (0, L) to (L, L)]. (30)

The total negative charge observed in the^′ frame at time t^′ = 0 is,

q^′_{−,total} = 4q_−, (31)

consistent with conservation of total negative charge.

We recognize this example as showing how a current loop/magnetic dipole appears to have an electric dipole moment in a frame where the magnetic dipole is in motion. This was first discussed by Lorentz in 1910 [62].^{19}

In detail, we note that the electric current in the lab frame is I = q_−u/L, and the lab-frame magnetic moment of the current loop is, m = IA c = IL^2 c ẑ. (32)

19That a moving current leads to an apparent charge separation was noted in [60] (1880). Considerations of the “motional” electric dipole, p ≈ v/c × m_0 when p_0 = 0, due the motion of a magnetic dipole appears, in eq. (17) of [70]. See also eq. (13) of [71], which was inspired by Art. 600 of [72]. This effect was also discussed by Frenkel [73, 74] following the prediction by Uhlenbeck and Goudsmit [75] that an electron has an intrinsic magnetic moment. For additional comments by the author, see [76].

In the^′ frame the electric dipole moment of the loop appears to be,

p^′ = q^′uvL c^2 ŷ =

IL^2v c^2 ŷ = mv c ŷ = m × v c , (33)

for v = v x̂.

References

[1] R. Clausius, Ueber die Ableitung eines neuen elektrodynamischen Grundgesetzes, J.

Math. 82, 85 (1877), http://kirkmcd.princeton.edu/examples/EM/clausius_jram_82_85_77.pdf

[2] R. Clausius, Ueber die Behandlung der zwischen linearen Strömen und Leitern stattfindenden ponderomotorischen und electromotorischen Kräfte nach dem electrodynamischen Grundgesetze, Ann. d. Phys. 1, 14 (1877),

http://kirkmcd.princeton.edu/examples/EM/clausius_ap_1_14_77.pdf

[3] J. Fröhlich, Bemerkunqen zu den electrodynamishchen Grundgesetzen von Clausius, Riemamn und Weber, Ann. d. Phys. 9, 261 (1880),

http://kirkmcd.princeton.edu/examples/EM/frohlich_ap_9_261_80.pdf

[4] J. Fröhlich, Clausius Gesetz und die Bewegung der Erde im Raume, Ann. d. Phys. 12, 121 (1881), http://kirkmcd.princeton.edu/examples/EM/frohlich_ap_12_121_81.pdf

[5] J. van Bladel, Relativistic Theory of Rotating Disks, Proc. IEEE 61, 250 (1973),

http://kirkmcd.princeton.edu/examples/EM/vanbladel_pieee_61_260_73.pdf

[6] P. Lorrain, Electrostatic charges in v × B fields: the Faraday disk and the rotating sphere, Eur. J. Phys. 33, 179 (2012),

http://kirkmcd.princeton.edu/examples/EM/lorrain_ejp_11_94_90.pdf

[7] E. Bringuier, Electrodynamics of moving conductors in magnetic fields: off the beaten track with Paul Lorrain, Eur. J. Phys. 33, 179 (2012),

http://kirkmcd.princeton.edu/examples/EM/bringuier_ejp_33_179_12.pdf

[8] W. Weber, Werke, Vol. 3 (Springer, Berlin, 1893), Arts. 28-36 of Chap. X, sec. V,

http://kirkmcd.princeton.edu/examples/EM/weber_werke_v3.pdf

Translated in Appendix A of [41].

[9] A. Sommerfeld, Ueber die Fortpflanzung elektrodynamischer Wellen längs eines Drahtes, Ann. d. Phys. 88, 233 (1899), http://kirkmcd.princeton.edu/examples/EM/sommerfeld_apc_67_233_99.pdf

[10] G. Mie, Ein Beispiel für Poyntings Theorem, Z. Phys. Chemie 34, 522 (1900),

http://kirkmcd.princeton.edu/examples/EM/mie_zpc_34_522_00.pdf

[11] W.S. Franklin, Poynting’s Theorem and the Distribution of Electric Field inside and outside of a Conductor Carrying Electric Current, Phys. Rev. 13, 165 (1901),

http://kirkmcd.princeton.edu/examples/EM/franklin_pr_13_165_01.pdf

[12] A. Marcus, The Electric Field Associated with a Steady Current in a Long Cylindrical Conductor, Am. J. Phys. 9, 225 (1941),

http://kirkmcd.princeton.edu/examples/EM/marcus_ajp_9_225_41.pdf

[13] A. Sommerfeld, Electrodynamics (Academic Press, New York, 1952), sec. 17,

http://kirkmcd.princeton.edu/examples/EM/sommerfeld_em_52_sec17.pdf

[14] O. Jefimenko, Demonstration of the Electric Fields of Current-Carrying Conductors, Am. J. Phys. 30, 19 (1962), http://kirkmcd.princeton.edu/examples/EM/jefimenko_ajp_30_19_62.pdf

[15] W.G.V. Rosser, What Makes an Electric Current “Flow”, Am. J. Phys. 31, 884 (1963),

http://kirkmcd.princeton.edu/examples/EM/rosser_ajp_31_884_63.pdf

[16] B.R. Russell, Surface Charges on Conductors Carrying Steady Currents, Am. J. Phys.

36, 527 (1968), http://kirkmcd.princeton.edu/examples/EM/russell_ajp_36_527_68.pdf

[17] M.A. Matzek and B.R. Russell, On the Transverse Electric Field within a Conductor Carrying a Steady Current, Am. J. Phys. 36, 905 (1968),

http://kirkmcd.princeton.edu/examples/EM/matzek_ajp_36_905_68.pdf

[18] T.N. Sarachman, The Electric Field Outside a Long Straight Wire Carrying a Steady Current, Am. J. Phys. 37, 748 (1969),

http://kirkmcd.princeton.edu/examples/EM/sarachman_ajp_37_748_69.pdf

[19] W.G.V. Rosser, Magnitudes of Surface Charge Distributions Associated with Electric Current Flow, Am. J. Phys. 38, 265 (1970),

http://kirkmcd.princeton.edu/examples/EM/rosser_ajp_38_265_70.pdf

[20] S. Parker, Electrostatics and Current Flow, Am. J. Phys. 38, 720 (1970),

http://kirkmcd.princeton.edu/examples/EM/parker_ajp_38_720_70.pdf

[21] M. Heald, Electric fields and charges in elementary circuits, Am. J. Phys. 52, 522 (1984),

http://kirkmcd.princeton.edu/examples/EM/heald_ajp_52_522_84.pdf

[22] C.A. Coombes and H. Laue, Electric fields and charges distributions associated with steady currents, Am. J. Phys. 49, 450 (1981),

http://kirkmcd.princeton.edu/examples/EM/coombes_ajp_49_450_81.pdf

[23] R.N. Varney and L.N. Fisher, Electric fields associated with stationary currents, Am.

J. Phys. 52, 1097 (1984), http://kirkmcd.princeton.edu/examples/EM/varney_ajp_52_1097_84.pdf

[24] W.R. Moreau et al., Charge density in circuits, Am. J. Phys. 53, 552 (1985),

http://kirkmcd.princeton.edu/examples/EM/moreau_ajp_53_552_85.pdf

[25] P.C. Peters, In what frame is a current-carrying conductor neutral? Am. J. Phys. 53, 1165 (1985), http://kirkmcd.princeton.edu/examples/EM/peters_ajp_53_1165_85.pdf

[26] H.S. Zapolsky, On electric fields produced by steady currents, Am. J. Phys. 56, 1137 (1988), http://kirkmcd.princeton.edu/examples/EM/zapolsky_ajp_56_1137_88.pdf

[27] H. Haertel, A Qualitative Approach to Electricity, IRL-87.0001 (Sept. 1987),

http://kirkmcd.princeton.edu/examples/EM/haertel_irl-87.0001.pdf

[28] W.R. Moreau et al., Charge distributions on DC circuits and Kirchhoff’s laws, Eur. J.

Phys. 10, 286 (1989), http://kirkmcd.princeton.edu/examples/EM/moreau_ejp_10_286_89.pdf

[29] T. Ivezić, The “Relativistic” Electric Fields Arising from Steady Conduction Currents, Phys. Lett. A 144, 427 (1990), http://kirkmcd.princeton.edu/examples/EM/ivezic_pl_144a_427_90.pdf

[30] T. Ivezić, Electric fields from steady currents and unexplained electromagnetic experiments, Phys. Rev. A 44, 2682 (1991),

http://kirkmcd.princeton.edu/examples/EM/ivezic_pra_44_2682_91.pdf

[31] J.M. Aguirregabiria et al., An example of surface charge distribution or conductors carrying steady currents, Am. J. Phys. 60, 138 (1992),

http://kirkmcd.princeton.edu/examples/EM/aguirregabiria_ajp_60_138_92.pdf

[32] A.K. Singal, On the charge invariance and relativistic electric fields from a steady conduction current, Phys. Lett. A 162, 91 (1992),

http://kirkmcd.princeton.edu/examples/EM/singal_pl_a162_91_92.pdf

[33] D.C. Gabuzda, The charge densities in a current-carrying wire, Am. J. Phys. 61, 360 (1993), http://kirkmcd.princeton.edu/examples/EM/gabuzda_ajp_61_360_93.pdf

[34] A.K. Singal, The charge neutrality of a conductor carrying a steady current, Phys. Lett.

A 175, 261 (1993), http://kirkmcd.princeton.edu/examples/EM/singal_pl_a175_261_93.pdf

[35] J.D. Jackson, Surface charges on circuit wires and resistors play three roles, Am. J.

Phys. 64, 855 (1996), http://kirkmcd.princeton.edu/examples/EM/jackson_ajp_64_855_96.pdf

[36] J.M. Aguirregabiria et al., Surface charges and energy flow in a ring rotating in a magnetic field, Am. J. Phys. 64, 892 (1996),

http://kirkmcd.princeton.edu/examples/EM/aguirregabiria_ajp_64_892_96.pdf

[37] N.W. Preyer, Surface charges and fields of simple circuits, Am. J. Phys. 68, 1002 (2000),

http://kirkmcd.princeton.edu/examples/EM/preyer_ajp_68_1002_00.pdf

[38] J.A. Hernandes and A.K.T. Assis, The potential, electric field and surface charges for a resistive long straight strip carrying a steady current, Am. J. Phys. 71, 938 (2003),

http://kirkmcd.princeton.edu/examples/EM/hernandes_ajp_71_938_03.pdf

[39] K.T. McDonald, “Hidden” Momentum in a Coaxial Cable (Mar. 28, 2002),

http://kirkmcd.princeton.edu/examples/hidden.pdf

[40] I. Galili and E. Goihbarg, Energy transfer in electrical circuits: A qualitative account, Am. J. Phys. 73, 141 (2005),

http://kirkmcd.princeton.edu/examples/EM/galili_ajp_73_141_05.pdf

[41] A.K.T. Assis and J.A. Hernandes, The Electric Force of a Current (Aperion, Montreal, 2007), Appendix A, http://kirkmcd.princeton.edu/examples/EM/assis_electric_force_07.pdf

[42] M.K. Harbola, Energy flow from a battery to other circuit elements: Role of surface charges, Am. J. Phys. 78, 1203 (2010),

http://kirkmcd.princeton.edu/examples/EM/harbola_ajp_78_1203_10.pdf

[43] M.H. Brill, D. Dameron and T.E. Phipps, Jr, A misapprehension concerning electric current neutrality, Phys. Essays 24, 325 (2011),

http://kirkmcd.princeton.edu/examples/EM/brill_pe_24_325_11.pdf

[44] R. Müller, A semiquantitative treatment of surface charges in DC circuits, Am. J. Phys.

80, 782 (2012), http://kirkmcd.princeton.edu/examples/EM/muller_ajp_80_782_12.pdf

[45] D.V. Redžić, Charges and fields in a current-carrying wire, Eur. J. Phys. 33, 512 (2012),

http://kirkmcd.princeton.edu/examples/EM/redzic_ejp_33_513_12.pdf

[46] R. Folman, On the possibility of a relativistic correction to the E and B fields around a current-carrying wire, J. Phys. Conf. Ser. 437, 012013 (2013),

http://kirkmcd.princeton.edu/examples/EM/folman_jpcs_437_012013_13.pdf

[47] K.T. McDonald, Fields in a Coaxial Cable with a DC Current (Oct. 25, 2018),

http://kirkmcd.princeton.edu/examples/coax_field.pdf

[48] G. D’Abramo, A note on Purcell’s basic explanation of magnetic forces, Eur. J. Phys. 41, 025203 (2020), http://kirkmcd.princeton.edu/examples/EM/dabramo_ejp_41_025203_20.pdf

[49] E.H. Hall, On a New Action of the Magnet on Electric Currents, Am. J. Math. 2, 287 (1879), http://kirkmcd.princeton.edu/examples/EM/hall_ajm_2_287_79.pdf

[50] H.A. Rowland, On the Magnetic Effect of Electric Convection, Am. J. Sci. 15, 30 (1878),

http://kirkmcd.princeton.edu/examples/EM/rowland_ajs_15_30_78.pdf

[51] H.A. Rowland and C.T. Hutchinson, On the Electromagnetic Effect of Convection- Currents, Phil. Mag. 27, 445 (1889),

http://kirkmcd.princeton.edu/examples/EM/rowland_pm_27_445_89.pdf

[52] M. LeBellac and J.-M. Levy-Léblond, Galilean Electromagnetism, Nuovo Cim. 14B, 217 (1973), http://kirkmcd.princeton.edu/examples/EM/lebellac_nc_14b_217_73.pdf

[53] A. Einstein, Zur Elektrodynamik bewegter Körper, Ann. d. Phys. 17, 891 (1905),

http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05.pdf
http://kirkmcd.princeton.edu/examples/EM/einstein_ap_17_891_05_english.pdf

[54] D.J. Dunstan, Derivation of special relativity from Maxwell and Newton, Proc. Roy.

Soc. London A 366, 1861 (2008),

http://kirkmcd.princeton.edu/examples/EM/dunstan_ptrsla_366_1861_08.pdf

[55] U. Bartocci and M.M. Capria, Some remarks on classical electromagnetism and the principle of relativity, Am. J. Phys. 59, 1030 (1991),

http://kirkmcd.princeton.edu/examples/EM/bartocci_ajp_59_1030_91.pdf

[56] R.P. Feynman, R.B. Leighton and M. Sands, The Feynman Lectures on Physics, Vol. 2 (Addison-Wesley, 1963), http://www.feynmanlectures.caltech.edu/II_13.html#Ch13-S6

[57] E.M. Purcell, Electricity and Magnetism, 2^{nd} ed. (McGraw-Hill, 1985),

http://kirkmcd.princeton.edu/examples/EM/purcell_em_85.pdf

[58] D.J. Griffiths, Intrudction to Electrodynamics, 4^{th} ed. (Addison-Wesley, 2012),

http://kirkmcd.princeton.edu/examples/EM/griffiths_em3.pdf

[59] W. Weber, Elektrodynamische Maassbestimmungen, Abh. König. Sächs. Gesell. Wiss.

209 (1846), kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46.pdf

kirkmcd.princeton.edu/examples/EM/weber_aksgw_209_46_english.pdf

[60] E. Budde, Das Clausius’sche Gesetz und die Bewegung der Erde im Raume, Ann. d.

Phys. 10, 553 (1880), http://kirkmcd.princeton.edu/examples/EM/budde_ap_10_553_80.pdf

[61] E. Budde, Mittel zur praktischen Entscheidung zwischen den electrodynamischen Punktgesetzen von Weber, Riemann und Clausius, Ann. d. Phys. 30, 100 (1887),

http://kirkmcd.princeton.edu/examples/EM/budde_ap_30_100_87.pdf

[62] H.A. Lorentz, Alte und neue Fragen der Physik, Phys. Z. 11, 1234 (1910),

http://kirkmcd.princeton.edu/examples/EM/lorentz_pz_11_1234_10.pdf
http://kirkmcd.princeton.edu/examples/EM/lorentz_pz_11_1234_10_english.pdf

[63] W.F. Edwards, C.S. Kenyon, and D.K. Lemon, Continuing investigation into possible electric fields arising from steady conduction currents, Phys. Rev. D 14, 922 (1976),

http://kirkmcd.princeton.edu/examples/EM/edwards_prd_14_922_76.pdf

[64] D.K. Lemon, W.F. Edwards and C.S. Kenyon, Electric potentials associated with steady conduction currents in superconducting coils, Phys. Lett. A 162, 105 (1992),

http://kirkmcd.princeton.edu/examples/EM/lemon_pl_a162_105_92.pdf

[65] G.G. Shishkin et al., Investigation of possible electric potential arising from a constant current through a superconductor coil, J. Phys. D 35, 497 (2002),

http://kirkmcd.princeton.edu/examples/EM/shishkin_jpd_35_497_02.pdf

[66] J.C. Maxwell, A Dynamical Theory of the Electromagnetic Field, Phil. Trans. Roy. Soc.

London 155, 459 (1865), kirkmcd.princeton.edu/examples/EM/maxwell_ptrsl_155_459_65.pdf

[67] H.C. Oersted, Experiments on the Effect of a Current of Electricity on the Magnetic Needle, Ann. Phil. (Thomson) 16, 273 (1820),

http://kirkmcd.princeton.edu/examples/EM/oersted_ap_16_273_20.pdf

[68] M. Ampère, Sur les effets des courans électriques, Ann. Chim. Phys. 156, 59 (1820),

http://kirkmcd.princeton.edu/examples/EM/ampere_acp_15_59_20.pdf

[69] G.T. Fechner, Ueber die Verknüpfung der Faraday’schen Inductions - Erscheinungen mit den Ampère-schcn elektro-dynamischen Erscheinungen, Ann. d. Phys. 164, 337 (1845),

http://kirkmcd.princeton.edu/examples/EM/fechner_ap_64_337_45.pdf

[70] W.G.F. Swann, Unipolar Induction, Phys. Rev. 15, 365 (1920),

http://kirkmcd.princeton.edu/examples/EM/swann_pr_15_365_20.pdf

[71] S.J. Barnett, Electric Fields due to the Motion of Constant Electromagnetic Systems, Phil. Mag. 44, 1112 (1922), http://kirkmcd.princeton.edu/examples/EM/barnett_pm_44_1112_22.pdf

[72] J.C. Maxwell, A Treatise on Electricity and Magnetism, Vol. 2 (Clarendon Press, 1873),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_73.pdf

Vol. 2, 3^{rd} ed. (Clarendon Press, 1892),

kirkmcd.princeton.edu/examples/EM/maxwell_treatise_v2_92.pdf

[73] J. Frenkel, Nature 117, 653 (1926),

http://kirkmcd.princeton.edu/examples/EM/frenkel_nature_117_653_26.pdf

[74] J. Frenkel, Die Elektrodynamik des rotierenden Elektrons, Z. Phys. 37, 246 (1926),

http://kirkmcd.princeton.edu/examples/EM/frenkel_zp_37_243_26.pdf

[75] G.E. Uhlenbeck and S. Goudsmit, Ersetzung der Hypothese vom unmechanischen Zwang durch eine Forderung bezüglich des inneren Verhaltens jedes einzelnen Elektrons, Naturw. 13, 953 (1925), http://kirkmcd.princeton.edu/examples/QM/uhlenbeck_naturw_13_953_25.pdf

[76] V. Hnizdo and K.T. McDonald, Fields and Moments of a Moving Electric Dipole (Nov. 29, 2011), http://kirkmcd.princeton.edu/examples/movingdipole.pdf