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This note gives a prescription for fitting a set of m points, {z;,y,}, (perhaps from digi-
tization of an image) to an ellipse, with the general form (with 5 parameters a;),

a17% + asxy + azy® + asr +azy — 1 =0 (a1, az >0, a3 < 4aiaz). (1)

In addition, we give an estimate of the errors on the best-fit values of the parameters a;.

1 Errors on the Parameters of the Quadratic Form (1)
We first define the auxiliary data set {z;;}, i =1,5,7 = 1,m,
zig = (03, 595,45, 75, 95)- (2)

Among many possible measures of the goodness of fit of the data {z;;} to the ellipse (1),
we adopt the simplest,! writing,
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where o; is the measurement uncertainty associated with the data point (x;,y;). The best-fit
parameters @; are those that minimize the function x? for a set of measurements {z;;}.

We consider the case that the o; are not known, but can be assumed to have the common
value o. Then, by supposing that the function x? is actually a chi-square [3, 4, 5, 6, 7, §]
with m — 5 degrees of freedom, the best-fit (minimum) x? has most probable value m — 5.
Assuming (naively) that the best-fit x? has this value, the unknown o is determined, and
error estimates for the best-fit parameters a; follow via standard procedures.?

A great insight is that exp(—x?/2) can be thought of another way. It is also the (un-
normalized) probability distribution that the polynomial coefficients have values a; when
their best-fit values are @; with uncertainties due to the measurements {z;,y,}. Expressing
this in symbols,

exp(—x?/2) = const x exp < ZZ (ax = )@ = al)) , (4)

202
=1 =1 kl

or equivalently,
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'For a survey of 13 measures of goodness of fit, see [1]. For discussion of the measure (3), see [2].
2For a discussion of this approach for polynomial fitting, see Appendix D of [9].



The uncertainty on ay is ok in this notation. In egs. (4) and (5) we have introduced the
important concept that the uncertainties in the coefficients a; are correlated. That is, the
quantity o3, is a measure of the probability that the values of a; and @; both have positive
fluctuations at the same time. In fact, o7, can be negative indicating that when a; has a
positive fluctuation then a; has a correlated negative one.

One way to see the merit of minimizing the x? is as follows. According to eq. (5) the
derivative of y? with respect to ay, is,
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so that all first derivatives of x? vanish when all a; = @;. That is, x? is a minimum when the
coefficients a; take on their best-fit values a;. A further benefit is obtained from the second
derivatives,
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For our particular x? (3), with ¢; = o, the first derivatives are,
ox? " zk(Zf: a;zi; — 1) 1 & 1 —
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and the second derivatives are,
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Using the matrix My, introduced in eq. (9), the condition that the first derivatives (8) vanish
at the best-fit coefficients a; can be written as,
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We then calculate the inverse matrix M ~! and apply it to find the best-fit coefficients ay
(which do not depend on the as-yet-unknown value of o),
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Comparing eqgs. (7) and (9) we have,
1 My . , 0’
0_%12?7 1.€., O'kl:M—kl. (12)

The uncertainty in best-fit coefficient a; is then reported as,

o
Og; = Oy =
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All that remains is to find the value of the unknown uncertainty ¢ = o; on the measure-
ments. For this, we set the y? for the best-fit parameters a; equal to the number of degrees
of freedom, m — 5,

C@)=m—5=) Tl U7 (14)

such that o is determined to be,
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2 Errors on the Conventional Ellipse Parameters

An alternative description of the ellipse of eq. (1) is that it has semimajor axis of length a
which makes angle 6 to the z-axis, semiminor axis of length b, and center at (xo, o). The
shape parameters a, b and 6 depend only on a;, as and as, while the center of the ellipse
depends on all five of the a;. We now deduce the alternative parameters, and their fit errors,
in terms of the a; and the errors on the latter as found in sec. 1.

We first translate the coordinates according to ' = x — x¢ and vy’ = y — yo such that the
resulting parameters a; of the quadratic form have,

ay =ai, ay=as, ay=as, ay=2a1%0+ asYo+ a4, a5 = asro+ 2asyo+as. (16)
For the ellipse to be centered at 2’ = 0 = 3’ we need a), = 0 = aj, which leads to,

A2ay5 — 2@3@4 Aoy — 2@1@5

Yo = (17)
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daras — a3 darasz — a3

As a check, we note that if ay = 0 = a5 then the original ellipse was centered on the origin,
and indeed eq. (17) implies that zo = 0 = yq.
To deduce the error on, say, xg we first consider the differential,

asdas + asdas — 2asdas — 2azday — xo(dasday + 4ag.das — 2asdas)

2
4aias — aj

2

2, When we identify

Then, on squaring this we can identify (dzg)? with the squared error o
the products da; da; with the ¢7; found in eq. (12).
The determine the shape parameters a, b and 6 we perform a coordinate rotation by

angle 6 with respect to the z/-axis® (which is parallel to the z-axis),

2" =1’ cosf + 1/ sin 6, ' =a"cosf —y"sinb, (19)
1

y' = —a'sinf + v cos b, Yy = a"sinf + 4" cos 0, (20)

3We could also make the rotation directly from the (x,y) coordinates, with no affect on the shape
parameters as these don’t depend on a4 and as. However, if parameters xy and yy are deduced only after
this rotation, they appear to depend on 6, which complicates the expressions for their errors.



and require that a4 = 0, in which case @} = 1/a® and aj = 1/b?. This leads to,

a2 a1 — asg . a2
tan20 = , cos20 = , sin26 = , (21
a1 — a3 Va3 + (a1 — a3)? Va3 + (a1 — az)? 2y
cos” 2 2 2 2 2 2 2 2
2 |a1 — a3|
and,
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Note that 1/b* < 1/a?, which means that b is the semimajor axis, and a is the semiminor
axis. Note also that tan20 = tan2(f — 7/2), so there is an ambiguity in eq. (21) as to
whether 6 is the angle to the semimajor or the semiminor axis.

As a measure of the departure of the ellipse from a circle we introduce the ellipticity
(flattening) ¢,

- 62:a1+a3+\/a§+(a1—a3)2:g (25)
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Taking the differential, we have,

d0_|_ — 62 dC_ _ 01 da1 —+ 02 dag —+ 03 da3

2¢ de = el el ,

(26)

where,

Cy = a1+a3i\/a§+(a1—a3)2=a1+a3i5, 55\/@§+(a1—a3)27 (27)
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1As zgj = xfy? = 21,23, the definition (9) implies that M3 = Mas = Ms,. Furthermore, 22 +92 > 22y,
so that z%+y* > 222y?, and hence My + M3z3 > 2Mj3. Then, it can be that 03, +0%3 = 02/My1+02/Ms3 <
202/My3 = 2075, and the argument of the square root in eq. (22) can be negative (as verified in numerical
examples). Similarly, the argument of the square root in eq. (31) can be negative. This suggests that the
matrix o7, of eq. (16) may not be a good representation of the correlation in the uncertainties on the five
parameters a;.

In numerical calculations, one could use the absolute value of the arguments of the square roots.
°If we define ¢ = (b—a)/a = ¢ — 1, so that ¢ = 0 for a circle, then . = 0.
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Then, the error o, on the ellipticity € is given by,

1
S W\/ D202, + D203, + D202, — 2D, Da0’, — 2Dy D302, + 2Dy D302, . (31)

Of course, the “error” computed this way assumes that the fit is “good”, which might

not be the case. The user should make a separate judgment as to whether the fit is indeed
“good” before taking seriously the error estimates presented here (which in any case are
subject to the doubt raised in footnote 4).
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