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Introduction

The title of this project is "An Extension of the Classical
Problem of Apollonius into the Third Dimension.'" The
Problem of Apollonius &s one of the classical Greek era,
being to construct a circle tangent to three other circles,
I first encountered the Problem of Apollonius in The VWorld

of lathematics.

I first tried some hit or miss solutions, which almost
resulted in a true solution. Then I obtained some college
geometry books which gave the solution to the problem of
Apollonius. After stydying these, I wondered if this
problem might be extended from the second to the third
dimension, I could find no information on this subject,
s0, as far as T know, this problem is original.

Ihe first part ot this project is dedicated to the
Problem of Apollonius as it is necessary background
information, The last part of the paper is then my
original work on the three dimensional problem. This
section is smalller in volume as it is the culmination
of the previous work which is not repeated.

The final result of this work is the coustruction
- of the points of tangency of a sphere tangent to four
other spheres. I have used the plastic models to
demonstrate the tetrahedron formed by the centers of the
spheres and the various points related to the sections of

the spheres formed by the faces of the tetrahedron.
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The Apollonian Method

*he Problem of 4Apollonius is to construct a circle tan-
gent to three other rircles, #he solutions given here will
derl with cases where the three circles are mutuelly external,
of unecual radii, and centers which are non-collinear,

(tivan this information, there will be eight possible circles
tangent to the other three,

‘here are many solutions to this problem, but I will
demonstrate only the two which have the greatest reference to my
problem, “he first one that 1 will present is similar to
the solution of Apotlonius himself, but with updated
terms, This solution demonstrates the basic foncepts of the
problem, and it shows a woy of 4ke solving the problem with them,
the second in a more modern one called “ergonne's Solution,
which T will use in solving the three dimensional problem,

In the “pollonian kethod, there are three steps to the

solution starting with Froblem 1,

3 . T 1 N -
Froblem ¥: Construct

. . .
) circle passing through two given

points and tangent to a piven circle.
To solve this problem, we must first establish the
radica) axis of two circles., The definition of a radical
axis is the locus of points from which equal tangents may be
dravn to the two cirecles,
Case 1 is when the two circles intersect. When the
cireles intersect, the radical axis is the secant of their

common chord. TLet the two intersecting circles be {Cy) and

(Cp)(Fig. 1), The chord AB produced will be the common

secant of the two circles. Let any point on this secant be P,



and construct tangent PM to circle (Cl). With PM as radius,
construct circle (P) intersecting circle (Cq) at I and N
and Cirele (Co) at O and €, *he tangents PM, FN, FO, and
P are equal as they are all the mean proportional between
secant PA and ils external segment PB, A similar proof
holds true when the circles are tangent,

It was shown above that the radical axis of two inter-
secting circles is the common chord of the two circles and
this chord is perpendicular to the line of centers of the two
circles., From this, the theorm is derived that the radical
axis of any two circles is perpendicular to the line of centers.
of the two circles,t

Case 11 deals with proving the theorm that the radical
axes of three given circles with non-collinear centers are
concurrent, let the given circles be (Cq), (Cp) and (CB)

(Fig., 2). The radical axis of circles {Cy) and (Cp) is line

AT, and the radical axis of circles (02) and (CB) is line DF.
These two lines intersect at point FP. The tangent 'l to

circle (Cy) will equal tangent PM to circle (Cz),Iand tangent
PO te ecircle (CB) will eoual tangent P , Therefore, FU eouals
Pl,, and alil the tangents from P to the three circles arelequal.
Foint P is called the radicel center of the three circles,

Case TITI. Case 17 (IMig. ?2) shows that the tangents
from P te circles {C1) and (03) are equal. Therefore, it

is evident that P is on the radical axis of circles (C.) and
1

“A more complete discussion of this theorm may be found in
Modern College Ceometry by Davis, pp. 30-33




(ﬂ3). Yince the radical axis of two circles is a line per-
pendicular to the line of centers, the radical axis of circles
(Cq) and (03) is the perpendicular from I' Lo line €103,

To construect the radical axis of two mutuvally external
circles, first draw a third circle intersecting them both,
fhen draw the two common secants, and where they intersect,
dfop a perpendicular to the line of centers of the two circles,
fhis line will be the radical axis of the two cirecles,

With these theorms and constructions, it is now nosaible
to solve Yroblem 1. 7The circle (Cl) and the points Py and
Ps are piven (Fig. 3)., Since the required circle must pass
through'Pl and Pp, the center must be on the perpendicular
bisector of line ' P,. HNext, using any point 02 of line AD,
the perpendicular bisecctor of Plp2’ construct circle (02)
passing through point Py and Pp, and intersecting circle (Cl)’
The common secant €3 of circles (C1) and (C2) will be their
radical axis. Since the cirecle (02} and the reguired circles
(C3} and (C)) will pass though points Py and Pp, line PqPj
produced will be the radical axis of those two circles. The
intersection of P1Ps and QS will determine p-int R, the radical
center of all four circles,

sirice the radical axes of the reguired circles through
ﬁ will be perpendicular to the line of centers of these circles,
and the circles will bhe tangent, the tangents from & to circle
(Cl) will determine the points of tangency of the required

circles. ‘hese points, Ty and Tp drawn through point Cq




Pz

[




reouired circles.

Froblem 1I: Construct a circle tangent to two mutually
external circles that passes throvgh a given point ouvtside
the circles,

To solve this problem by the Apollonian method, a
discussion of homothetics is necessary now. Homothetic is
defined as "similar and similary placed'. Tuo figures may
be either directly or inverselv hemothetic., ‘he homothetic
figures to be used in the following constructions will all
be circles with positive radii and therefore all directly
homothetie,

Any two eircles are homnthetic as they are all similar
in shape and remain in the sare relation to each other
throughout rotation, All homothetic figures have a homo-
thetic ratic: and that of two circles is the ratic of their
radii, Any two c¢ireles have two homothetic centers which
divide their line of centers internally and externally in the
ratio of their racdii,

Uiven two circles (Cq) and (Co), draw their line of
centers and produce it (Fig. h). Then draw any two parallel
radii, Cyfyand CpAp on the same side of line €0, and produce
line Ajho until it meets line GG, at K, the external homo-
thetic center. This makes two similar triavgles, Next,
produce line C,A, until it meets cirele (C,) ot A3, Line

Aph3 intersects line €102 at T, the internal homothetic

center. Yhis also forms two similar triangles. From the



similar triangles ClAjE and Cofisli, this equation is obtained:

A Y

T o=t = k

BGy b
wCo - .?.;Ag - ro

e et

when vy is the radius of circle (C1) and rp is the radiuvs of
cirele (C») and k is the homothetic ratio.

From the similar triangles C3A37 ard Cpdpf a similar
equation holds true, showinrg that T divides the line of
centers internally in the ratio of the radii, 1t also noted
that the commen internal and external tangents to the two
circles intersect the line of centers at the internal and
external homothetic centers respectively, as they are also
determined bv paratlel radii.,

The above construction holds true for circles be they
tangent, mubtually externsal, intersecting, or one inside the
other as long as they are of unequal radii. 1f the circles
are concurrent, the homothetic centers are infinity and the
real center of the circle.

Homothetic centers are sometimes referred to as centers
of similitude.

Also in Figure &, i%t is noted that line Eﬂgﬂl intersccts
cirele (02) at B, and L, and circle {C1) at By and Ay, The
pairgs of points By and Bp, and A and Ap are said to be anti-
homologous. “he same holds true for the pairs of noints Ay
and AB and Dy end Dy, Any line drawn from either the inter-
nal or external homothetic center intersecting both circles
will produce this relationship,

To get a better picture of the solution to Problem IX,




Fig. 6



it is First necessary to take the solved problem and work
backwards to get the solution, ‘he two given circles are

(Cq) and (C,) and the required circle is (03)(Fig. 5). The
Lines of centers 0163 and 0203 intersect the circles at the
points of tangency X and Y, “Yhe line XY produced intersects
the line of centers (40, atb FE, the external homothetic center,
Therefore X and Y are anti-homologous, The common external
tangent T4T, is drawn from-F to circles (Cl) and (C5).

Point P is the given point and ( is the intersection of circle
(03) and line WP, ¥Yoints Al and Ao are the intersections of
line CqCo with their respective circles internally and there-
fore, they are anti-homologous.

From the theorm? that the product of the linesdetermined
by two anti-homologous peoints and a homothetic center equals
the product of the tangents from the same homothetic center
to the two circles, this equation is obtained:

RO ¢ BP = EX « BY = BAy « BAp = BTy o ETp
Line EC is the unknown and points Ay and Ay are the most
readily usable. Therefore, point ¢ is found by constructing
the angle EA,L equal to angle EPA;, becauvse of similar trian-
gles, FPoint C having been found, the given is the same as in
problem T, which is used to complete the problem, I'he circle
tangent to oﬁe of the circles will be tangent to the olher
also as ( is a function of both circles.

Problem 11T7: Construct a circle tangent to three given circles.

o2 e wns wun mn e @ Dob S

Plodern College Geometry by Davis, pp. 93-9%
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The three given circles are (C3), (Co) and (C3)(¥ig.().

Since FProblem Il provides a solution to a circle

two circles and passing through
three circles must be reducedto
radii corrected for this, This
subtracting one radius from the
the

The first case is when

A8

tracted from the other two,

tangent 1o
a.given point, onk of the

a point, with the other

is done by either adding or
other two circles,

radius of one circle is sub-

the circles must all have

positive radii, only the smallest radius may be subtracted

from the other two, this being circle (€3} in Figure 0,

With

this construction completed, there are circles concurrent to

!l 5
(Cl and (02}

ely. It is seen then, that any

inside them labeled (013) and (023) respective-

cirele tanpgent to circles (013)

and {(C,,) and passing through point C, will have the same center
23 P h g 3

as the circle that is tangent to the three given circles.

The completed construction

Y, (C¢.) and (C

circles are (Cl" 5 3

and (05).
and (02) leaving circles {613
rest of the construction is c

it is the same as Problems 1

}, and the reguired circles (C

and

The given

)

is seen in Figure 7.

by

The radius of (03) has been subtracted from (Cq)
) and (023), and point G, The

arried out without letters, but

1T, This construction supplies

the completely internally and externally tangent circles, (Ch)

and (7,)-)o

the construction of Figure

7 sunplies two of the eight

solutions, leaving six to be supplied by the cases where the

radii are added, Figvre 6 also

adding the radii.

The radius of circle (Cp) is added to the

shows the construction for
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others making the lerge circles (Cy,) and (032)° this sclution
will supply the circle tangent internally to (Cg) and extern-
ally to (Cq) and (02), and a circle tangent externally to (C,)
and internally to the other two.

The completed construetion is seen in Figure 8. The given
cireles are (Cl?, (02) and (03) and the reonired circles (Ch)
and (65). The circles with the added radii are (012) and (632),

The other four cireles may be constructed by adding the

raditi of circles (C]) and (83) to the other two circles respec-

tively,
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lergonne's 3olution
The seccond solution to the problem of Apollonius is
Gergonne's solubion, the neatest and most famous of all,
Gerponne's construction is: "lMind the poles with respect to
the given circles of a line containing a triad of homothetic
centers of the circles taken in pairs. The lines connecting

these poles with the radical center of the three circles will
a pair of

meet, the three circles at the points of contact of/the circles
sought." The three circles are mutually external and the
pairs of circles found will be made up of two opposites, i.e,
internal and external,

i#rom the nrevious infor%ation, it will be easier to work
from the bsck to the front in this construction, Yo find the
radical center of three mutually external circles, first [ind
the radical axis of a bair of them. This construction is
reviewed in Figure €@, Then find the radical axis of anotner
pair of them, Where the radical axes meel is the radical
center of the three circles. "This construction is shown in
Figure 10. The three given circles are (Cp), (C,) and (03).

4

The two inked lines are the readical axes of two pairs of the
circles, and they intersect at R, the radical center.

Lhé construction for the lines containing a triad of
homothetic centers is as follows. The three given cirecles

2
centers for esch pair of circles, i.e. I3, and FEy, for circles

are (Cl), (C..) and (CB)(Fig.ll). Jonstruet the homothetic

(Gl) and (C?), etec., until there are three internal and three

external homothetic centers, These six points may be connected
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bv four lines, each containing three centers. These lines
are the triacs of homothetic centers referred to in' Gergonne's
construction,

A brief summary of poles and polars is necessary before
this construction may be completed.3 Given circle (Cl) and
roint Ty outside the circle (Fig, 12), find point P2 on line

CqPy inside the circle so that the product of PyCjyand Poly
equals the radius of circle {Cy) squared. The perpendicular
AB to line PlCl at ¥, is the polar of point P, with respect
to circle (Cq), and point Py is the pole of line AP,B with
respect to the circle.

To construct the nolar of a point with respect to a circle,
first draw the line from the. given exbernal point, Py, to
the center of the circle (Cl)(Fig. 13}, Then construct the
two tangents from Py to circle (Cl)’ FyTy and PyTo. The line
joining points Ty and T, is the polar of" Py with respect to
circle (Cl), If point P, is inside the circle (Cl) as in
Figure 12, erect the perpendicular AP,B to line CyPp. AL
point A, construct a tangent, and where this tangent intersects
line €y, extended, erect a perpendicular., This perpendicular

s

is the neolar of point P? with respect to circle (Cl)' It is

seen, as point P apvroaches the center of the circle, its
polar approaches being an infinite distance away, and as the
point P approaches an infinite distance from the center, its

polar approaches the center,

34 more complete discussion msy be found in Collpge Geometry
by Altshiller-Court, pp, 148-151
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To construct the nole of a line with respect to a circle,
construcet the perpendicular from the center of the circle,
(C}), to the line p (Fig, 14). AL the point of intersection,

Pl, construet the tangents to the circle, PlTl and Psz. Lhe

1ntersgct10n of the line llf2 vi th line ClP‘1 at P? is the pole
of line p with respect to circle (C1)s If line p is inside
‘the circle, F, the pole, will be the intersection of the two

tangents to the circle at the points that line p intersects

the circle. Again it is to be noted that as the line approaches -

an infinite distance from the circle, the pole approaches the
;

cénter, and as the line approaches the center, the pole
approaches being an infinite distance away, until, when the
Line is a diameter, there are two poles, eesch an infinite
distance away.

With the construction for Figure 14, it 1s possible to

I ; . L s .

construct LIergonne's Solution, he three given circles are

(Cy), (C?) and (CB)’ and the reouired circles are (C,) and
> +

(65)(ﬁig. 15). As only one pair of cireles is to he found
in the first construction, only one of the lines containing
a triad of homothetic centers will be used, 1In this case,
it is the one with the three external homothetic centers,
Bioy Yqg, md Bog. Then, drop the perpendiculars to line

312E23 from the centers of the three given circle, and construct
the three pbles, Pys Pop, and FB with respect to their respect-
ive circles; Construct the radical center of the three

circles, R, and connect it with the three poles to get the

Ei
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points of contact Ty, T,, TB’ and 37, 5,5, and SB' These

are the points of tangency of the required circles. The

two required circles will be circumscribed around triangles
TiTzTB and 818283. The line of centers of these two circles
will pass thrdugh R and be perpendicular to E12E23.

In Figure 16, another case is shown, The line of homo-
thetic centers used is E23113112. This arrangement carried on
will determine a circle tangent externally to circles (Cop)
and (C4) and internally to circle (Cy), and a circle that is
the exact opposite. The other two lines of homothetic

centers will determine the other four circles.
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Fig, 16
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The Spheres Tangent to Four Yiven Spheres

Lhe Problem of Apollonius is to construct a circle
tangent to three other circles, If, instead of circles, you
are given spheres, the problem is considerably changed. If
three spheres are given, using Gergonnet's Solution, a line
perpendicular to the plane of the centers of the spheres
may be found which is the locus of the centers of the spheres
tangent to the other three. Therefore, a fourth sphere is
necessary to give the problem meaning.

The three dimensional problem is then, construct a sphere
tangent to four other spheres., If the spheres are mutually
external, their centers not coplanar, and of unequal radii,
there will be a maximum of sixteen solutions. In solving
this problem, Yergonne's Solution will be used. Because a
new dimension has been added, the construction needs to be
altered accordingly. The resulting construction is this:
"¥ind the planes formed by the intersectionsof the lines
containing a triad of homothetic centers of the four spheres.
taken in pairs. Then find the poles of one of these planes
with respect to the four spheres., GConnect these four poles
with the radical céenter of the spheres to find the points of
contact of a pair of the spheres sought for."

The solution begins with the planes formed by the lines
of homothetic centers. The four given spheres are (S1), (Sp2),
(83), and (Sh)(Fig. 17). By joining the centers of these

spheres, a tetrahedron is formed. Ior ease of construction,
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T have used a regular tetrahedron, though the construction
holds true for irregular ones also. Hach of the faces of
the tetrahedron contains three circular sections of the
spheres, The first step is to construct the homothetic
centers of the sets of circles in the four faces. Because
the eireles along an edge between any two adjoining faces
of the tetrahedron are sections of the same sphere, their
homothetic centers will be located at the same place along
their line of centers. And also, as these two homothetic
centers will be tﬁe parts of two separate triads of homothetic
centers, their triads meet asta point to determine a plane.
Because of the number of the homothetic certers, there are
eight of these planes all told.

If Figure 17, only the external homothetic cenbers are
used. JFrom the analogy stated above, tliere will be a plane
formed. The plane is represented by the flat sheet of
plastic and called plane P, Yhe tetrahedron is formed by
the centers of the spheres 1aﬁled {51), (55) etc. The
homothetic centers are all external and labled Eq,, Eyg ete.

The next part of the problem is to find the poles of
the plane found in Figure 17 with respect to the spheres.
This is shown in Figure 18, The four given spheres are
(81}, (8,), (83), and (Sh)' The plastic sheet represents
the plane P, which, in this case, is determined by only
a portion of *igure 17. Yo find the poles required, drop

the perpendiculars from the centers of the spheres to plane P,
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The poles are then found by taking any plane containing

the perpendicular and using the construction stated in
Gergonne's construction, As plane 328384 was very nearly
perpendiciilar to plane P, by chance, I have constructed the
poles to those spheres right in the plane stated. The
resulting poles are labled Py, Py, P3, and P .

The third part of the problem is to find the radical
center of the four given sphexs. The spheres are (Sy), (S,),
(53), and (8,)(Fig. 19). The first step is to find the
radical center of the spheres in one of the faces of the
tetrahedron formed by the centers of the spheﬁ%. Face 818283
vas used first, and point Rjsq, the radical center of the
circles in that plane found. The perpendicular at Rjp3 o
the face was erected. This is the locus of points from
which equal tangents may be drawn to the three spheres.

Then face 53345, was used and a similar construction carried
through. FPolnt Rpgy is the radical center of the face and
the perpendicluar through it is also erected, As this line
is the locus of points from ﬁhich equal tangents may be
drawn o the three spheres in that face, the intersection

of the two perpendiculars through the radical centers will
be the radical center of a1l four spheres.

With these constructions, it is possible to solve the
problem, The four given spheres are (S,), (S,), (SB)’ and
(5,) (Fig. 20). Figure 20 is a combination of Figures 18 and
19, The radical center is found by using the method given

in Figure 19 using faces 81828A and $18283. The four poles
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are found as shown in Figure 18. The last step is to connect
the radical center with these poles. Fach of the four lines
will intersect its sphere in two points, I for the points of
contact for the completely internal sphere, and E for the
points of contact of thercompletely external one. The
srheres circumscribed about the two tetrahedrons formed will
be the required ones,

Fach of the seven remaing pairs of spheres may be found
by using a similar construction for each of the planes
formed by the various lines containing a triad of hHomothetic

centers,
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